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ABSTRACT  

Doubly curved stiffened shells are essential parts of many large-scale engineering structures, such as aerospace, 

automotive and marine structures. Optimisation of active vibration reduction has not been properly investigated 

for this important group of structures. This study develops a placement methodology for such structures under 

motion base and external force excitations to optimise the locations of discrete piezoelectric sensor/actuator 

pairs and feedback gain using genetic algorithms for active vibration control. In this study, fitness and objective 

functions are proposed based on the maximization of sensor output voltage to optimise the locations of discrete 

sensors collected with actuators to attenuate several vibrations modes. The optimal control feedback gain is 

determined then based on the minimization of the linear quadratic index. A doubly curved composite shell 

stiffened by beams and bonded with discrete piezoelectric sensor/actuator pairs is modelled in this paper by 

first-order shear deformation theory using finite element method and Hamilton’s principle. The proposed 

methodology is implemented first to investigate a cantilever composite shell to optimise four sensor/actuator 

pairs to attenuate the first six modes of vibration. The placement methodology is applied next to study a complex 

stiffened composite shell to optimise four sensor/actuator pairs to test the methodology effectiveness. The 

mailto:ac7202@coventry.ac.uk
mailto:jack.hale@ncl.ac.uk
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results of optimal sensor/actuator distribution are validated by convergence study in genetic algorithm program, 

ANSYS package and vibration reduction using optimal linear quadratic control scheme. 

Keywords, sensor, composite, stiffened shell, base excitation, genetic algorithms, vibration 

control 

 

1. INTRODUCTION 
        High specific strength plates and shells stiffened by beams have been intensively used in 

aerospace, hydrospace and automotive structures to optimise loading capacity, energy 

consumption and material cost. These structures are flexible with low damping and may 

operate under external disturbance at resonance frequencies that may cause undesirable 

severe vibrations, lose energy and eventually damage the structures. These vibrations are 

mostly reduced passively by adding masses and dampers or actively by integrating a smart 

lightweight piezoelectric material with the main structure. Active vibration control offers 

great potential for an aerospace application using the lightweight piezoelectric material as 

sensors and actuators that can detect and efficiently reduce low energy structural vibration. 

The first study to formulate the dynamic equation for piezoelectric electro-elasticity was 

proposed by Allik and Hughes using finite element and variational methods [1].  Active 

vibration control of flexible structures bonded with full coverage of piezoelectric 

sensor/actuator pairs was modelled and investigated thoroughly in [2]-[7].  Active vibration 

control of composite shells was examined by Kulkarni and Bajoria who found that the optimal 

damping was obtained at a coverage of 50% of the structure by a piezoelectric material and 

it declined when the coverage was above 60% [4].  Lim studied vibration control of clamped 

plates and reported that the using of segmented piezoelectric sensor/actuator patches in 

specific positions could achieve higher control effects, less power and lighter in weight than 

a structure with full coverage of piezoelectric layer [8].  Meirovitch reported that misallocated 
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sensors and actuators might cause problems such as a lack of observability, controllability and 

spillover [9].  Tzou and Fu also showed that a structure bonded with full coverage of sensors 

and actuators could not control some modes of vibration because of the lack of observability 

and controllability [10].  

 Intensive studies have been carried out on the importance of the placement and sizing 

of piezoelectric sensors and actuators to suppress vibration amplitude and minimize 

controller energy. Piezoelectric placement and sizing are directly determined to attenuate 

vibration of a single mode, while it becomes much more complicated, and optimization 

techniques are required for vibration control of multiple modes. Active vibration reduction 

was investigated for plates by optimally placed actuators collected with sensors using genetic 

algorithms[11]-[13] based on maximization of modal and grammian controllability, [14] based 

on maximization of linear quadratic regulator index, and  [15] based on closed-loop control 

and optimal linear quadratic regulator as objective functions. Roy and Chakraborty 

investigated a composite shell by optimally placed of actuators collected with sensors using 

genetic algorithms based on maximization of controllability [16] and linear quadratic 

regulator[17] as objective functions. Active vibration control of large-scale structures was 

investigated by Gawronski [18] whose placement strategy was to select a sub-search space 

from the overall search space on the basis of engineering experience, technical requirements 

and physical constraints. The optimal number was finally determined by reducing the sub-

search space step by step according to the fitness value of the required numbers of sensors 

or actuators. This placement methodology investigated parts of a structure to reduce 

computation effort. 

          Active vibration control was investigated for plate stiffened by beams bonded with 

continues piezoelectric sensor and actuator either distributed by full coverage structure or 



ASMA Journal of Dynamic Systems, Measurement and Control 

DS-17-1479                                                                                                                                     DARAJI 4 

 

arbitrarily located of discrete sensors and actuators [19]-[21]. Stiffened plate by beams 

bonded with optimally placed sensor/actuator pairs was investigated by Daraji and Hale using 

genetic algorithms based on minimisation of linear quadratic regulator index to locate 

actuators as an objective function [22], effective vibration reduction obtained for all modes 

of vibration required to be attenuated.  Balamurugan and Narayanan studied active vibration 

control of composite cylindrical shell stiffened by beams bonded by a full coverage 

sensor/actuator pair and arbitrarily located, but full coverage is not effective in sensing and 

controlling all modes of vibration [21].   

          To the authors’ best knowledge, the doubly curved shell stiffened by beams has been 

not properly investigated by optimally placed of discrete piezoelectric sensors and actuators. 

In this paper, a placement methodology, fitness and objective functions are proposed to 

optimise the location of number of sensors collected with actuators and control feedback gain 

for a flexible structure under base motion, and external force excitations with applications to 

both small and large-scale structures. The method was implemented for a doubly curved 

composite cantilever shell and a doubly curved composite shell stiffened by beams using 

genetic algorithms. The optimization results were validated using convergence study, ANSYS 

package and structural vibration reduction using optimal linear quadratic control scheme.   

2. MODELLING  

2.1 Finite element modelling  

         The composite shell, stiffener and piezoelectric are modelled based on the first-order 

shear deformation theory using nine nodes isoparametric shell element. The composite shell 

and stiffener laminates are assumed to be equivalent to a solid homogenous composite 

structure, and the structural mass, stiffness, damping and piezoelectric coefficients are 

assumed to be time-invariant and linear elastic.  A doubly curved composite shell element 
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stiffened by beams and bonded with macro fibre composite sensor/actuator pairs is shown 

in Figure 1. The displacements of the shell element  𝑢, 𝑣, 𝑤 are related to mid-surface element 

nodal displacements 𝑢0𝑖, 𝑣0𝑖 ,  𝑤0𝑖, 𝜃𝑥𝑖  and 𝜃𝑦𝑖  by the shape function 𝑁𝑖(𝑠, 𝑟) according to 

equations (1) and (2) below, where the node number 𝑖 = 1 − 9. The shape function 

represents the element geometry and the natural coordinates 𝑠 and 𝑟 varying between -1 and 

1.  

 𝑢(𝑥, 𝑦, 𝑧, 𝑡) = 𝑢𝑜(𝑥, 𝑦, 𝑡) + 𝑧𝜃𝑥(𝑥, 𝑦, 𝑡),      

𝑣(𝑥, 𝑦, 𝑧, 𝑡) = 𝑣𝑜(𝑥, 𝑦, 𝑡) + 𝑧𝜃𝑦(𝑥, 𝑦, 𝑡) ,  

    𝑤(𝑥, 𝑦, 𝑧, 𝑡) = 𝑤𝑜 (𝑥, 𝑦, 𝑡) 

(1) 

 
{

𝑢𝑜
𝑣𝑜
𝑤𝑜
} =∑𝑁𝑖(𝑠, 𝑟)

9

𝑖=1

{

𝑢𝑜𝑖
𝑣𝑜𝑖
𝑤𝑜𝑖

}    ,    {
𝜃𝑥
𝜃𝑦
} =∑𝑁𝑖(𝑠, 𝑟)

9

𝑖=1

{
𝜃𝑥𝑖
𝜃𝑦𝑖
} (2) 

The strains induced in the shell element as a result of bending, membrane and shear effects 

are described by the following equations: 

{𝜺} = {𝜺𝒃} + {𝜺𝒎} + {𝜸} (3) 

{𝜺𝒃} =

{
  
 

  
 𝑧

𝜕𝜃𝑥
𝜕𝑥

𝑧
𝜕𝜃𝑦

𝜕𝑦

𝑧
𝜕𝜃𝑥
𝜕𝑦

+ 𝑧
𝜕𝜃𝑦

𝜕𝑥
−
𝑧𝜕𝑢𝑜
𝑅𝑥𝜕𝑦

−
𝑧𝜕𝑣𝑜
𝑅𝑦𝜕𝑥

 
}
  
 

  
 

=  ∑𝑩𝑏𝑖𝜹𝑖

9

𝑖=1

= 𝑩𝑏𝜹 
(4) 

   𝑩𝑏𝑖 = [

0 0 0
0 0 0

−𝑧𝜕𝑁𝑖 𝑅𝑥𝜕𝑦⁄ −𝑧𝜕𝑁𝑖 𝑅𝑦𝜕𝑥⁄ 0

𝑧𝜕𝑁𝑖 𝜕𝑥⁄ 0

0 𝑧𝜕𝑁𝑖 𝜕𝑦⁄

𝑧𝜕𝑁𝑖 𝜕𝑦⁄ 𝑧𝜕𝑁𝑖 𝜕𝑥⁄
]    

(5) 

{𝜺𝑚} =

{
  
 

  
 

𝜕𝑢𝑜
𝜕𝑥

+
𝑤

𝑅𝑥
𝜕𝑣𝑜
𝜕𝑦

+
𝑤

𝑅𝑦
𝜕𝑢𝑜
𝜕𝑦

+
𝜕𝑣𝑜
𝜕𝑥

+
2𝑤

𝑅𝑥𝑦
  
}
  
 

  
 

=∑𝑩𝑚𝑖𝜹𝑖

9

𝑖=1

= 𝑩𝑚𝜹   (6) 
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𝑩𝑚𝑖 = [

𝜕𝑁𝑖 𝜕𝑥⁄ 0 𝑁𝑖 𝑅𝑥⁄

0 𝜕𝑁𝑖 𝜕𝑦⁄ 𝑁𝑖 𝑅𝑦⁄

𝜕𝑁𝑖 𝜕𝑦⁄ 𝜕𝑁𝑖 𝜕𝑥⁄ 2𝑁𝑖 𝑅𝑥𝑦⁄

    0 0
    0 0
    0 0

] 
(7) 

{𝜸} =

{
 
 

 
 𝜃𝑥 −

𝜕𝑤

𝜕𝑥
+
𝑢𝑜
𝑅𝑥
+
𝑣𝑜
𝑅𝑥𝑦

𝜃𝑦 −
𝜕𝑤

𝜕𝑦
+
𝑢𝑜
𝑅𝑥𝑦

+
𝑣𝑜
𝑅𝑦}
 
 

 
 

=∑𝑩𝑠ℎ𝑖𝜹𝑖 

9

𝑖=1

= 𝑩𝑠ℎ𝜹  (8) 

𝑩𝑠ℎ𝑖 = [
𝑁𝑖 𝑅𝑥⁄ 𝑁𝑖 𝑅𝑥𝑦⁄ −𝜕𝑁𝑖 𝜕𝑥⁄

𝑁𝑖 𝑅𝑥𝑦⁄ 𝑁𝑖 𝑅𝑦⁄ −𝜕𝑁𝑖 𝜕𝑦⁄
𝑁𝑖 0
0 𝑁𝑖

] 
(9) 

𝜹 = {𝜹1 𝜹2 … . 𝜹9}
T   ,   𝜹𝑖 = {𝑢𝑜𝑖 𝑣𝑜𝑖 𝑤𝑜𝑖 𝜃𝑥𝑖 𝜃𝑦𝑖}T 

(10) 

Here 𝑩𝑏 , 𝑩𝑚 and 𝑩𝑠ℎ  are bending, membrane and shear differential matrices that relate 

element strains to element nodal displacements.  

2.2 Piezoelectric constitutive equation  

         Piezoelectric materials produce electric voltage when subjected to mechanical strain and 

vice versa. It is a smart, light weight, large bandwidth and essential part in a control system 

for sensing and actuating vibration in smart structures. However, monolithic piezoceramic 

(PZT) imposes certain restrictions for its practical use in real-world applications. Piezoceramic 

is a brittle material and requires extra attention during the handling and bonding procedures. 

Furthermore, the adaptability to the curved surface is extremely poor requiring extra 

treatment of the surfaces and additional manufacturing capabilities. These restrictions are 

solved by using a composite monolithic piezoelectric layer in manufacturing of a developed 

transducer called macro fibre composite sensor and actuator (MFC). Since MFC sensors and 

actuators are more flexible and adaptable to the curved surface than monolith piezoceramic, 

they are used in this study. The linear constitutive equations of piezoelectric materials relate 

stresses, σ, and electric displacement, 𝑫𝑒 to the strains, ε, and electric field, 𝑬𝑓 , vectors 

according to equation (11). 
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{
𝝈
𝑫𝒆
} = [

𝑪E −𝒆T

𝒆 𝝁σ
] {
𝜺
𝑬𝑓
} (11) 

where 𝑪, 𝒆, and 𝝁 are elasticity, piezoelectric and permittivity matrices. Superscripts E and  𝜎 

denote that the measurements are taken under constant electrical displacement and stress, 

respectively.  

2.3 Hamilton’s principle 

        Hamilton’s principle is used to model the stiffened shell element bonded with 

sensor/actuator pairs, and is as below[2]: 

∫ (
t2

t1

∆T − ∆U + ∆W)dt = 0 (12) 

where T, U  and W  are the time-dependent kinetic energy, strain energy including 

piezoelectric energy and external applied work. The kinetic energy induced in the shell, sensor 

and stiffener is:    

𝑇 = 0.5𝜌∫(�̇�𝑜
2 + �̇�𝑜

2 + �̇�𝑜
2 + 𝑧2�̇�𝑥

2 + 𝑧2�̇�𝑦
2)𝑑𝑣 = 0.5�̇�T𝒎�̇�  (13) 

𝑜𝑟               𝑇 = 0.5�̇�T[𝒎𝑠𝑙 +𝒎𝑝𝑧 +𝒎𝑠𝑡]�̇� = 0.5�̇�
T𝑴�̇�   (14) 

where subscripts 𝑠𝑙 , 𝑝𝑧  and 𝑠𝑡 refer to shell, piezoelectric and stiffener, respectively. The 

total strain energy 𝑈 induced in a shell with stiffeners and piezoelectric sensors, including the 

electrical energy, can be described by the following equation: 

𝑈 =
1

2
∫
𝑣
𝜺T𝝈 𝑑𝑣 −

1

2
∫
𝑣
 𝑬𝑓

T𝑫𝑒𝑑𝑣 (15) 

The distribution of the electrical field, 𝑬𝑓, in the z-direction, 𝐸𝑧, varies linearly across the 

thickness of a piezoelectric element ℎ𝑝𝑧 , and the voltage difference across its thickness is 

constant over its whole area. Hence, 
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   𝐸𝑧 =
𝛥𝜙

ℎ
         ,            𝑬𝑓 = {

0
0

1 ℎ𝑝𝑧⁄
}𝜙 = 𝑩∅𝜙 (16) 

where 𝜙 has a single voltage degree of freedom induced over the top centre surface of the 

piezoelectric.   

𝑈 = 0.5𝜹𝑇∫ {(𝑩𝑏
T𝑫𝑩𝑏 +𝑩𝑚

T 𝑫𝑩𝑚 +𝑩𝑚
T 𝑫𝑩𝑏 +𝑩𝑏

T𝑫𝑩𝑚  + 𝑩𝑠ℎ
T 𝑮𝑩𝑠ℎ + 𝑩∅

T𝒆𝑩𝑏
𝑣

+𝑩∅
T𝒆𝑩𝑚)𝜹 − (𝑩𝑏

T 𝒆T𝑩∅+𝑩𝑚
T 𝒆T𝑩∅ −𝑩∅

T𝝁𝑩∅)𝝓}𝑑𝑣 

(17) 

𝑈 = 0.5(𝜹T𝑲𝜹 − 𝜹T𝑲𝑢∅
𝑠 𝝓−𝝓T𝑲∅𝑢

𝑠 𝜹 −𝝓T𝑲∅∅
𝑠 𝝓− 𝜹T𝑲𝑢∅

𝑎 𝝓−𝝓T𝑲∅𝑢
𝑎 𝜹 − 𝝓T𝑲∅∅

𝑎 𝝓) (18) 

The work done by the mechanical and electric forces is given by:  

∆𝑊 = ∆𝜹T𝑭𝒖  + ∆𝜹
T𝑴𝑰�̈� − ∆𝝓T𝑭𝜙        (19) 

where 𝑭𝑢 , 𝑭𝜙 and �̈� refer to mechanical force, piezoelectric charge and base motion 

excitation, respectively. By substituting equations (14), (18) and (19) into equation (12) the 

following equations are obtained: 

 

∫ (−
t2

t1

∆𝜹T𝑴�̈� − ∆𝜹T𝑲𝜹+ ∆𝜹T𝑲𝑢∅𝝓+ ∆𝝓
T𝑲∅𝑢𝜹 + ∆𝝓

T𝑲∅∅𝝓+ ∆𝜹
T𝑭𝒖 + ∆𝜹

T𝑴𝑰�̈�

− ∆𝝓T𝑭𝜙)dt = 0 

(20) 

𝑴�̈� + 𝑲𝜹 = 𝑭𝒖 +𝑴𝑰�̈� − 𝑲𝑢∅
𝑎 𝝓𝑎 

(21) 

𝑲∅𝑢
𝑎 𝜹 + 𝑲∅∅

𝑎  𝝓𝑎 = 𝑭𝜙 
(22) 

𝑲∅𝑢
𝑠 𝜹 + 𝑲∅∅

𝑠 𝝓𝑠 = 0 
(23) 

Equations (21), (22) and (23) represent the dynamic equilibrium equations for a stiffened shell 

bonded with piezoelectric sensors and actuators. Equation (21) could be improved by adding 

the structural damping force 𝑪𝒅�̇� as follows:  

𝑴�̈� + 𝑪𝒅�̇� + 𝑲𝜹 = 𝑭𝒖 +𝑴𝑰�̈� − 𝑲𝑢∅
𝑎 𝝓𝑎 (21) 
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2.4 Modal coordinate  

          Conversion of the above dynamic equations from physical to modal coordinates 

decouples the equation system so that each mode can be investigated individually and the 

computational cost can be significantly reduced. The relationships between the physical and 

modal displacements are represented by the following equations: 

𝜹 = 𝝋 𝜼       , �̇� = 𝝋 �̇�      ,        �̈� = 𝝋 �̈� (24) 

𝝋T𝑴𝝋 = 𝑰       ,     𝝋T𝑲𝝋 = 𝜴 , 𝝋T𝑪𝒅𝝋 = 2𝝃𝝎 (25) 

where 𝝋 is an open-loop mass-normalised modal matrix obtained by solving the undamped 

eigenvalue  problem and 𝜼 is a single vector of the modal coordinates. The mass, stiffness, 

structural damping factor and damping ratio of the system are denoted by 𝑴,𝑲, 𝑪𝒅 and  𝝃, 

respectively. By substituting equations (24) and (25) into equations (21) and (23), the 

following equations are obtained after adding structural damping: 

�̈�  +  2𝝃𝝎�̇� + 𝝎𝟐 𝜼 = 𝝋T𝑭𝒖 +𝝋
T𝑴𝑰�̈� − 𝝋T𝑲𝑢∅

𝑎 𝝓𝑎 (26) 

𝝓𝑠 = −𝝋
T𝑲∅∅

𝑠 −1
 𝑲∅𝑢

𝑠 𝜼   (27) 

Introducing the state variables 𝑿  and  �̇�  below into equations (26) and (27) yields the 

following state space equations:   

𝑿 = {
𝑿1
𝑿2
} = {

 𝜼
�̇�}        ,           �̇� = {

𝑿1̇
𝑿2̇
} = {

�̇�
�̈�
} (28) 

 

�̇� = [
0 𝜔
−𝜔 −2𝜉𝜔

]𝑿 + [
0

−𝝋T𝑲𝑢∅
𝑎  ] 𝝓𝑎 + [

0
𝝋T 

] 𝑭𝑢 + [
0

−𝝋𝑇𝑴𝝎𝟐𝑰 
]  𝒓 

(29) 

�̇� = 𝑨𝑿 + 𝑩𝟏𝝓𝑎 + 𝑩𝟐𝑭𝑑 +𝑩𝟑𝒓          ,         𝝓𝑠 = 𝑪 𝑿 
(30) 

𝑨𝑖 = [
0 𝜔𝑖
−𝜔𝑖 −2𝜉𝑖𝜔𝑖

]        ,    𝑩1𝑖 = [
0

−𝝋T𝑲𝑢∅
𝑎 ] (31) 

𝑩2𝒊 = [
0
𝝋T 

]           ,         𝑩3𝒊 = [
0

−𝝋T𝑴𝝎𝟐𝑰 
]       

(32) 
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 𝑪𝒊 = [−𝝋𝐓𝝎𝒊
−𝟏 𝑲∅∅

𝒔 −𝟏
𝑲𝒖∅
𝒔 0]    ,               𝑿𝑖 = {𝜔𝑖𝜂𝑖    𝜂�̇� }

T   
(33) 

where 𝑨𝑖  , 𝑩1𝑖  , 𝑩2𝑖  , 𝑩3𝑖  , 𝑪𝑖 and 𝑿𝑖  are individual modal state, input actuator,  external 

mechanical force excitation, external base motion excitation, output sensor  matrices and 

state vector, respectively. The state, sensor and actuator matrices for 𝑛𝑚 modes and 𝑟𝑎 

sensor and actuator patches are given by: 

𝑨(2𝑛𝑚×2𝑛𝑚) = [

𝑨1 ⋯ 0
⋮ ⋱ ⋮
0 ⋯ 𝑨𝑛𝑚

] (34) 

𝑩1(2𝑛𝑚×𝑟𝑎) = [

(𝑩1)1 ⋯ (𝑩1)𝑟𝑎
⋮ ⋯ ⋮

(𝑩1)𝑛𝑚 ⋯ (𝑩1)𝑟𝑎

] (35) 

𝑪(𝑟𝑎×2𝑛𝑚) = [

(𝑪)1 ⋯ (𝑪)𝑛𝑚
⋮ ⋯ ⋮

(𝑪)𝑟𝑎 ⋯ (𝑪)𝑟𝑎

] (36) 

𝑿(2𝑛𝑚×1) = {𝜔1𝜂1      �̇�1 ⋯ 𝜔𝑛𝑚𝜂𝑛𝑚       �̇�𝑛𝑚}
𝑇 (37) 

3. CONTROL SCHEME 
        Optimal linear quadratic control scheme was used to attenuate structural vibration. The 

determination of optimal feedback control gain was based on the minimisation of the 

performance index J:  

𝐽 = ∫ (𝑿𝑇𝑸𝑿+𝝓𝑎
𝑇

∞

0

𝑹𝝓𝑎)𝑑𝑡 (38) 

        The matrices 𝑸  of dimensions 2𝑛𝑚 × 2𝑛𝑚 and 𝑹 of dimensions 𝑟𝑎 × 𝑟𝑎 are diagonal, 

positive definite and real symmetrical matrices. Matrix 𝑸 is directly proportional to the 

vibration reduction and external controller energy. The minimisation of optimal linear 

quadratic index leads to the following Riccati equation: 

𝑨𝑇𝑷+ 𝑷𝑨 −𝑷𝑩𝑹−1𝑩𝑇𝑷+ 𝑸 = 0 
(39) 

𝑲 = 𝑹−1𝑩𝑇𝑷 ,                𝝓𝑎 = −𝑲𝑿 (40) 
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The matrices 𝑨,𝑩, 𝑪, and 𝑲 refer to the structure state space, piezoelectric actuators, sensors 

matrices determined by equations (34-36), and control gain matrices shown in the Simulink 

Figure 2.  

        For a given control system, all the parameters of the Reduced Riccati equation (39) are 

known, from which matrix 𝑷 can be solved. The control system is stable or the closed loop 

control is stable if the trace of matrix 𝑷 is positive definite. Controller gain is obtained after 

substitution of matrix  𝑷 in equation (40). In this study, the optimal actuator matrix 𝑩 was 

determined by pairing actuators with optimal sensor locations to get optimal controller 

feedback gain 𝑲 and actuator feedback voltage 𝝓𝑎 from equation (40). The Simulink diagram 

shown in Figure 2 is based on the optimal linear quadratic control scheme to test the 

effectiveness of the optimal locations of the sensor/actuator pairs for the stiffened shell.   

           In this study, the actuators were located in paired with optimal sensors locations to 

prevent the effect of spillover phenomena at the dominant structure frequencies, however 

in real life application, the spillover phenomena and delay due actuator time constant arises 

during excitation of higher modes.    

4. OBJECTIVE FUNCTION 

        In this study, an objective function is developed for optimal placement of sensor/actuator 

pairs based on the maximisation of sensor output voltage for a structure subjected to either 

motion base excitation or external force excitation. Consider the state space equation (30), 

which describes the dynamic motion of a structure under external actuator voltage 𝝓𝑎, 

force 𝑭𝑢 and base motion 𝒓 excitations: 

�̇� = 𝑨𝑿 + 𝑩𝟏𝝓𝑎 + 𝑩𝟐𝑭𝑑 +𝑩𝟑𝒓    (41) 
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        Firstly, the optimal sensor placement is investigated for a structure under base motion 

excitation 𝒓 to find the optimal sensor location. Taking the Laplace transforms of both sides 

of equation (41), after eliminating the effects of the external actuator excitation voltage 𝝓𝑎 

and the external excitation force 𝑭𝑢, yields: 

   𝒔𝑿(𝑠) = 𝑨𝑿(𝑠) + 𝑩𝟑𝒓(𝑠)      (42) 

  𝑿(𝑠) = 𝑩𝟑𝒓(𝑠) ( 𝒔 − 𝑨)
−1    (43) 

  𝝓𝑠 = 𝑪𝑿 (44) 

Taking the Laplace transform of equation (44) results in: 

  𝝓𝑠(𝑠) = 𝑪𝑿(𝑠) (45) 

From equations (45) and (42): 

  𝝓𝑠(𝑠) = 𝑪 ( 𝒔 − 𝑨)
−1 𝑩𝟑𝒓(𝑠)   (46) 

The output sensor voltage in the frequency domain at a single mode of vibration is: 

    𝝓𝑠 = 𝑪(𝑗𝝎𝑰 − 𝑨)
−1𝑩𝟑𝒓  (47) 

The output voltage of sensor 𝑛𝑠  as a results of applying external base motion excitation  𝒓 at 

multiple modes of vibration 𝑚𝑛 is: 

    𝝓𝑠(𝑛𝑠, 𝑛𝑚) = 𝑪(𝑗𝝎𝑰 − 𝑨)
−1𝑩𝟑 𝒓 (48) 

Secondly, the optimal sensor placement is considered for the structure under external force 

excitation, in the same way, the sensor voltage calculated as a results of applying external 

force excitation at multiple modes of vibration 𝑚𝑛 is:  

    𝝓𝑠(𝑛𝑠, 𝑛𝑚) = 𝑪(𝑗𝝎𝑰 − 𝑨)
−1𝑩𝟐𝑭𝑢  (49) 

The total voltage 𝑉𝑠(𝑥, 𝑦) of the sensors under multiple modes of vibration are the fitness 

function, i.e., 

 𝑉𝑠(𝑥, 𝑦) =∑ 

𝑛𝑚

𝑗=1

∑ 

𝑛𝑠

𝑖=1

𝝓𝑠(𝑖, 𝑗) 
(50) 

𝐽(𝑥, 𝑦) = max (𝑉𝑠(𝑥, 𝑦)), 1/𝑲(𝑥, 𝑦))  (51) 
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Equation (51) represents an objective function under the condition of 𝑥 and 𝑦 𝜖 structural 

dimensions to find the optimal sensor location. The optimal feedback gain 𝑲(𝑥, 𝑦) is 

determined based on the equations (39) and (40) after finding the optimal sensor locations.   

5. PLACEMENT METHODOLOGY USING GENETIC ALGORITHMS   

        Genetic algorithm is a superior guided random method based on the principle of survival 

of the fittest or natural evolution theory, which is invented by Holland in 1975.  It has been 

continuously improved and become a powerful method for searching optimal solutions. The 

search space in an optimisation problem normally consists of a large number of candidate 

solutions directly proportional to the number of, e.g., optimised piezoelectric elements and 

number of possible locations on a structure. Population individuals are the fundamental unit 

of genetic algorithms, each of which is defined by chromosome containing a number of genes.  

Each of these individuals is marked by a fitness value depending on definition of fitness 

function for the optimisation problem and the optimal solution is the fittest one. The 

members of the populations with the highest fitness values are allowed to breed to form the 

next generation, and the process continues until convergence is achieved. The chromosome 

contains a number of genes coded by integer numbers, each of which represents a sensor or 

an actuator with its location properties. The string length of a chromosome is equal to the 

number of sensors or actuators required to be optimised.   

In this study, an optimisation placement methodology was developed and programmed using 

MATLAB m-code to determine optimal locations of a given number of discrete piezoelectric 

sensor/actuator pairs. There are the following main steps.    

1. Use a finite element model to determine the mass normalised free vibration mode shapes and 

the associated natural frequencies for a selected number,𝑛𝑚, of modes of vibration.  
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2. Formulate the state space matrix 𝑨 of dimension  (2𝑛𝑚, 2𝑛𝑚)  for the selected number of 

modes of vibration (see equation 34).  

3. Formulate excitation matrices 𝑩2 for external force excitation, or 𝑩3 for base motion 

excitation to drive the structure at the resonance modes (see equation 32). 

4. Choose a suitably large number of chromosomes randomly from the search space to form the 

initial population.   

5. Calculate the output sensor matrix 𝑪  for each chromosome and for the  𝑛𝑚 modes of vibration 

(see equation 36). 

6. Calculate the fitness value for each member of the population based on the fitness function 

(see equation 50). 

7. Rank the chromosomes by their fitness values and select the largest fitness chromosomes to 

form the breeding population. The selected are called parents, and the remaining less fit 

chromosomes are discarded (see equation 51). 

8. Pair up the members of the breeding populations in the order of fitness and apply a selected 

percentage crossover to each pair. The crossover points are selected randomly and are 

different for each parents. This gives two new offspring (child) chromosomes with new 

properties.  

9. Apply a small percentage mutation rate to the child chromosomes. 

10. Identify any repeated genes from the new chromosomes. Any detected is replaced with a 

gene from the search space. 

11. Calculate the output sensor matrix 𝑪  for each child chromosome. 

12. Repeat the steps from step 7 for a required number of generations. 

 
 

6. RESULTS AND DISCUSSION  

           The proposed sensor placement methodology using genetic algorithms is applied in this 

Section to find the optimal placement of four sensor/actuator pairs for both doubly curved 

composite shell and the doubly curved composite shell stiffened by four curved beams 

located symmetrically as shown in Figures 3 and 4. These optimisation problems create search 

spaces of 3.92 × 106 candidate solutions for the cantilever shell and 1.04 × 108 candidate 

solutions for the stiffened shell, while only one candidate solutions is the global optimal 
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solution for each case. The composite cantilever shell and stiffened composite shell are made 

of laminated carbon fibre composites (T300/5208) with a section profile of [04/454/904].   

6.1 Research problem description  

6.1.1 Doubly curved composite shell 

        The cantilever composite shell shown in Figure 3 represents an optimisation problem of 

moderate complexity. The shell dimensions are 500×500×3 mm with radii of curvature 1500 

mm. The shell surface was discretised into one hundred sub-areas representing 10 × 10 

locations, as shown in Figure 3, where piezoelectric sensor segment of  40×40×0.3 mm were 

bonded. Table 1 shows the properties of the shell and the piezoelectric sensors. The smart 

shell was subjected to external sinusoidal force excitation at structural natural frequencies to 

excite structure resonance. The proposed placement methodology explained in Sections 4 

and 5 were applied to get the optimal distribution of four sensor/actuator pairs and feedback 

gain based on the maximization of sensor output voltages and minimisation of optimal linear 

quadratic index. The importance of this placement methodology based on the external 

excitation force is more effective than other methodologies in the literatures when the 

location of the external excitation vibration force is known.   

6.1.2 Doubly curved stiffened composite shell 

      The stiffened composite shell represents an optimisation problem of larger-scale structure 

and significant complexity. The stiffened shell has dimensions of 1500×1500×3 mm with radii 

of curvature 6500 mm and is stiffened by four curved beams located symmetrically as shown 

in Figure 4.  The surface of the shell was discretised into 225 sub-areas representing 15×15 

individual locations. The stiffened shell was mounted rigidly along all the edges and subjected 

to base motion excitation of sinusoidal displacement at all mounted edges in the z-direction. 

Optimal placement of four macro fibre composite sensor/actuator pairs and feedback gain 
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was optimised using the proposed methodology, and the genetic algorithms explained in 

Sections 4 and 5.  

6.2 Natural frequency  

        The doubly curved composite shell and the stiffened composite shell are modelled by 

ANSYS package to determine the first six natural frequencies.  Table 2 shows the first six 

natural frequencies of the two composite shells with and without sensors in the optimal 

locations. Adding the mass and the stiffness of the macro fibre composite sensors to the main 

structure reduces and increases the natural frequencies, respectively. The results of natural 

frequencies for both shells shown in Table 2 are all slightly increased. Thus increasing in 

natural frequencies demonstrates the effect of the sensor stiffness on the natural frequencies 

is larger than mass effect.   

6.3 Optimal placement for a cantilever shell  

         The optimal placement of four sensor/actuator pairs and feedback gain is investigated 

for the unstiffened shell using the genetic algorithms placement methodology explained in 

Sections 4 and 5. The shell is subjected to a sinusoidal external excitation force of 2.0 N at the 

free end. In this study, a Matlab m-file program is written based on the modelling and 

placement methodology to find the optimal sensor/actuator locations. Figure 5 shows three 

steps of the progressive convergence of the population around the circle with radius r which 

represents the fitness value to be maximized. The first generation of the population is very 

close to the centre with representative of high and low fitness and a range in between. After 

ten generations, the population is much less diverse and have moved away from the centre, 

made up of individuals of high, though not yet optimised fitness. After 50 generations the 
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population has converted to a level of fitness higher than any individual in the first or ten 

generations.  

          The convergence to the optimal solution is shown in another form in Figure 6. Each point 

represents a location of s/a pairs for one of individual of a particular generation. In the first 

generation, these locations are widely spread, having been selected at random. After 10 

generations, they have begun to cluster in a few locations, and after 50 generations the 

clustering is completed with all individual chromosomes coding for sensors at the four most 

efficient locations distributed at the root of the cantilever shell.  

         The genetic algorithms program was repeatedly run to test the effectiveness of the 

placement methodology and repeatability of the optimised s/a locations. The results shown 

in Figure 7 give an indication of the progress of each run by plotting the fitness of the fittest 

member of the breeding population at each generation. It can be seen that the final fitness 

value is almost the same, though the path by which it is reached is different for each run. This 

indicates that the process is robust in finding the optimal solution repeatedly and is a 

powerful method to find the global optimal solution for a complex optimisation problem.  

       The procedure is further applied to optimise the locations of four sensor/actuator pairs 

for the stiffened composite shell mounted rigidly along its four side edges. The shell is 

subjected to sinusoidal base motion excitation of 1mm amplitude. Again, the first six natural 

frequencies are considered. The progression results of the optimal placement are shown in 

Figures 8-10.  

6.4 Results validation  

 To validate the optimal s/a locations and the importance of discrete s/a pairs, two 

stiffened composite shells are considered. The first stiffened composite shell is bonded with 
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a full coverage of a single sensor layer of dimension 1500×1500×0.3 mm and the second 

stiffened shell is bonded with 225 discrete sensors of dimension 90×90×0.3 mm each. Both 

stiffened shells are mounted rigidly from all edges and subjected to base sinusoidal motion 

excitation of 1 mm amplitude at shell’s natural frequencies. Both shells are modelled by 

ANSYS to investigate the distribution of the voltage generated by the sensors and to validate 

the optimal locations of the sensor/actuator pairs obtained in the previous Section using the 

genetic algorithm, and to investigate the importance of locating sensors and actuators 

optimally compared to the full coverage of single s/a pairs for stiffened structures 

investigated in the literature.  

Figures 11 and 12 shows ANSYS result of the electric field distribution and sensor voltage 

generation when the stiffened shell bonded with a full coverage of a single sensor layer is 

forced to vibrate at its first and third natural frequencies. It can be observed from Figure 11 

that the electric field is distributed symmetrically about the horizontal axis and anti-

symmetrically about the vertical axis. This distribution agrees with the results of the optimal 

four sensors locations obtained in the previous Section using the genetic algorithms (Figure 

9). The anti-symmetric distribution of the electric field results in cancellation of any voltage 

generated by the sensor, thus a total output voltage close to zero as shown in Figure 12. The 

voltage cancellation was also observed for the forced vibration at other natural frequencies. 

Figures 11 and 12 approve that there is no sensing and actuating for a composite shell 

stiffened by beams bonded with full coverage of single s/a pair.    

Figure 13 shows sensors voltage distribution ranging between the high and low voltage at 

the first and third modes of vibration for the composite shell stiffened by beams bonded with 

full coverage of 225 discrete independent sensors. The figure also shows that the location of 

maximum sensor voltage distribution agrees well with the optimal four sensor locations 
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obtained at the previous Section using genetic algorithms (Figure 9).  It can be observed from 

Figure 13 that the sensors voltage is much higher (2.18 V for sensor size 90×90 mm) than the 

voltage generated by a single sensor (0.031 V for sensor size 1500×1500 mm) shown in Figure 

12. The study in this Section exhibits the important of using discrete sensors and actuators at 

optimally location for active vibration control.   

6.5 Active vibration reduction 

        Stiffened composite shells bonded with optimally placed and non-optimised four s/a pairs 

are investigated as shown in Figure (14).  A sinusoidal excitation voltage of 100sin𝜔𝑖𝑡 was 

applied on the actuator located at the position 05 for both case study shown in Figure (14), 

to actuate the stiffened shell at the 1st, 2nd, 3rd, 4th, 5th and 6th modes, respectively. A Matlab 

m-file and a Simulink model for active vibration reduction were designed based on the model 

explained in Sections 3 and 4 using optimal linear quadratic control. The controller weighting 

matrices are diagonal and manually tuned by setting 𝑅 to unity and increasing  𝑄 matrix 

gradually to get an effective vibration attenuation with low feedback voltage which found at 

𝑄 equal 108.  The optimisation of vibration reduction at low feedback voltage and high 

response were achieved based optimal location of piezoelectric sensors and actuators.  

        A comparison of sensor voltage generation based on vibration detection was made for 

the two cases study under the same sinusoidal voltage excitation applied on actuator location 

05.  Table 3 shows the output sensor voltage for the optimised and non-optimised sensor 

location. It can be shown from Table 3 that the output sensor voltage for the optimised case 

is much higher than non-optimised case for the same excitation voltage. The lower sensors 

voltage demonstrates that the non-optimised case is unobservable and uncontrollable at 
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most modes of vibration.  This results highlighted the important of discrete sensor, actuator 

and their locations than non-optimised and full coverage of single sensor/actuator pair.  

       Active vibration reduction of the above stiffened composite shells bonded with optimally 

placed four sensor/actuator pairs (case1) is studied using the optimal linear quadratic control 

scheme. Figures (15-17) show the results of the transient and steady state time responses of 

the open loop sensor voltage (OLSV), closed loop sensor voltage (CLSV), actuator feedback 

voltage (CLAV) and external disturbance excitation voltage (EV) of 100sin𝜔𝑖𝑡 at the first, third 

and fifth natural modes of vibration, respectively.  

       A large percentage vibration reduction was found by comparing the CLSV with the OLSV 

and a reduction up to  96.6%, 95%, 99.3%, 98.8%, 97.5% and 99% can be achieved, 

respectively, at the first six modes. These results demonstrate the effectiveness of the optimal 

sensor/actuator pairs and placement method for simple and complex structures.  

       Figures (15-17) show a high speed response of vibration detection by sensors and 

attenuation by actuators at the transient response zone. It can be observed from the Figures 

that the vibration sensing and attenuation started at lower than 0.001 seconds after the 

external disturbance was applied. This indicates that the optimal locations of the 

sensor/actuator pairs on the stiffened composite shell determined by this study are highly 

effective for vibration sensing and suppression.  

7. CONCLUSION   

        In this study, an objective function for active vibration control using genetic algorithm 

was developed based on generating a maximum voltage of the piezoelectric sensor bonded 

on a structure that vibrates under an external force or base motion excitation. The placement 

method is very efficient for a structure under external force excitation, and the placement 
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under base motion excitation could be used for a general simple and complex structures in 

geometry. The placement method was tested using doubly curved shells stiffened with beams 

and bonded with macro fibre composite sensor/actuator pairs. Optimal linear quadratic 

control scheme was used to find optimal feedback control gain and attenuate structural 

vibration.  

       The genetic algorithm optimal placement method was applied for a cantilever composite 

doubly curved shell of dimensions to optimise the locations of four sensor/actuator pairs to 

attenuate the first six modes of vibration; then the method was implemented for a larger 

composite shell stiffened by four curved beams located symmetrically. The optimal 

sensor/actuator pairs was found to be distributed symmetrically about the shell axis of 

symmetry. The optimal locations was validated by running the genetic algorithms computer 

program repeatedly multiple times, giving same optimal sensor locations with different 

routes to reach the same optimal fitness at each time. The optimal location was also tested 

in ANSYS package by covering the whole structure surface by a single piezoelectric sensor to 

find the sensor voltage distribution over the surface. The sensor voltage distribution was 

found to be similar to the optimal sensor locations determined in genetic algorithms. Also, 

the ANSYS test shows the drawback-effect of using single sensor covering the whole structure 

area resulting in cancellation of the sensor voltage output due to the effects of the summation 

of the negative and the positive voltage values.   

       The optimised sensor/actuator locations on the stiffened shell were tested for active 

vibration reduction using optimal linear quadratic control and compared with the non-

optimised location. The non-optimised case was unobservable and uncontrollable since the 

output sensor voltage was found to be much lower than the optimised case. Large vibration 
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reduction was obtained within the high response and low feedback actuator voltage at steady 

state for the first six modes of vibration.  
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Figure Captions List 
Fig.1. Doubly curved shell stiffened by beams and bonded with sensor/actuator pair 

Fig. 2.  Simulink design based on the optimal linear quadratic control scheme 

Fig. 3. Doubly curved composite shell  

Fig. 4. Doubly curved composite shell stiffened by four beams located symmetrically 

Fig.5. Population fitness progression over 50 generations. Each individual is represented as 
one of the points distributed around the circle, with its fitness values, obtained from its 
chromosome, defining its distance from the centre with large radius indication high fitness   

Fig. 6. Sensor/actuator placement for the cantilever composite shell. Each dot shows the 
location of a s/a pair in one of the 100 breeding individuals in each generation. Initially they 
are randomly distributed. After 10 generations, they have begun to group in efficient 
locations. After 50 generations, they have completely converged on four optimal sites at the 
root of the cantilever shell.  

Fig. 7. Fitness value for the best individual in each generation repeated for seven times for 
the cantilever composite shell  

Fig.8. Population fitness progression over 100 generations for the composite stiffened shell. 
Each individual is represented as one of the points distributed around the circle, with its 
fitness values, obtained from its chromosome, defining its distance from the centre.  

Fig. 9. Sensor/actuator placement for the stiffened composite shell mounted rigidly from 
the four side edges. Each dot shows the location of a s/a pair in one of the 100 breeding 
individuals in each generation. Initially, they are randomly distributed. After 20 generations, 
they have begun to group in efficient locations. After 100 generations, they have completely 
converged on four optimal sites.  

Fig. 10. Fitness value for the best individual in each generation repeated for seven times 
for the stiffened composite shell  

Fig. 11. Electric field distribution at the first and third modes for the stiffened composite 
shell bonded with full coverage of single sensor   

Fig. 12. Sensor voltage distribution at the first and third mode for the stiffened composite 
shell bonded with full coverage of single sensor   

Fig. 13. Sensor voltage distribution at the first and third mode for the stiffened composite 
shell bonded with full coverage discrete 225 sensors   

Fig. 14. Cas1 and 2 are optimised and non-optimised, respectively, a location of an actuator 
(05) excited by an external sinusoidal voltage disturbance at first six modes of the stiffened 
composite shell 

Fig. 15. Transient and steady state voltage time responses of the s/a at the optimal location 
01 as a result of applied external sinusoidal voltage on actuator at location 05 at the 1st 
mode for the stiffened shell  
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Fig. 16. Transient and steady state voltage time responses of the s/a at the optimal location01 
as a result of applied an external sinusoidal voltage on actuator at location 05 at the 3rd  mode 
for the stiffened shell  

Fig. 17. Transient and steady state voltage time responses of the s/a at the optimal location 
01 as a result of applied an external sinusoidal voltage on actuator at location 05 at the 5th  
mode for the stiffened shell  

 

Table Captions List 
Table 1 Composite shell, stiffener and macro fibre composite sensor/actuator properties 

Table 2 Natural frequencies  

Table 3 sensor output voltage comparison for optimised and non-optimised 
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Fig.1. Doubly curved shell stiffened by beams and bonded with sensor/actuator pair 
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Fig. 2.  Simulink design based on the optimal linear quadratic control scheme 

test the effectiveness of the optimal sensor/actuator pairs for the stiffened shell  
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Fig. 3. Doubly curved composite shell  
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Fig. 4. Doubly curved composite shell stiffened by four beams located 
symmetrically  
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Fig.5. Population fitness progression over 50 generations. Each individual is represented as 
one of the points distributed around the circle, with its fitness values, obtained from its 
chromosome, defining its distance from the centre with large radius indication high fitness   
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Fig. 6. Sensor/actuator placement for the cantilever composite shell. Each dot shows 
the location of a s/a pair in one of the 100 breeding individuals in each generation. 
Initially they are randomly distributed. After 10 generations, they have begun to 
group in efficient locations. After 50 generations, they have completely converged on 
four optimal sites at the root of the cantilever shell.  
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Fig. 7. Fitness value for the best individual in each generation 
repeated for seven times for the cantilever composite shell  
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Fig.8. Population fitness progression over 100 generations for the composite stiffened 
shell. Each individual is represented as one of the points distributed around the circle, with 
its fitness values, obtained from its chromosome, defining its distance from the centre.  
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Fig. 9. Sensor/actuator placement for the stiffened composite shell mounted rigidly from the four 
side edges. Each dot shows the location of a s/a pair in one of the 100 breeding individuals in each 
generation. Initially they are randomly distributed. After 20 generations, they have begun to group 
in efficient locations. After 100 generations, they have completely converged on four optimal sites.  
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Fig. 10. Fitness value for the best individual in each generation repeated for seven 
times for the stiffened composite shell  
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Fig. 11. Electric field distribution at the first and third modes for the 
stiffened composite shell bonded with full coverage of single sensor   
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Fig. 12. Sensor voltage distribution at the first and third mode for the 
stiffened composite shell bonded with full coverage of single sensor   
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Fig. 13. Sensor voltage distribution at the first and third mode for the 
stiffened composite shell bonded with full coverage discrete 225 sensors   
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Fig. 14. Cas1 and 2 are optimised and non-optimised, respectively, a location of an 
actuator (05) excited by an external sinusoidal voltage disturbance at first six modes of 

the stiffened composite shell 

05 

04 

01 01 

Case1/ Optimised Case2/ Non-optimised 

05 
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Fig. 15. Transient and steady state voltage time responses of the s/a at the optimal location 01 as a 
result of applied external sinusoidal voltage on actuator at location 05 at the 1st mode for the 

stiffened shell  
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Fig. 16. Transient and steady state voltage time responses of the s/a at 
the optimal location01 as a result of applied an external sinusoidal 
voltage on actuator at location 05 at the 3rd  mode for the stiffened shell  
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Fig. 17. Transient and steady state voltage time responses of the s/a at the 
optimal location 01 as a result of applied an external sinusoidal voltage on 
actuator at location 05 at the 5th  mode for the stiffened shell  
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Table 1 Composite shell, stiffener and macro fibre composite sensor/actuator properties 

Properties Shell Stiffened shell stiffeners MFC type d31  

𝐸𝑥 , 𝐸𝑦 , 𝐸𝑧 (GPa) 

𝐺𝑥𝑦 , 𝐺𝑦𝑧, 𝐺𝑥𝑧 (GPa) 

𝜇𝑥𝑦 ,  𝜇𝑦𝑧, 𝜇𝑥𝑧  

      Density (Kg/m
3

) 
𝑅𝑥, 𝑅𝑦 (mm) 

Dimensions (mm) 
𝑒31, 𝑒32, 𝑒33  (C/m

2
) 

𝐶11
𝐸 , 𝐶12

𝐸 , 𝐶13
𝐸 , 𝐶55

𝐸  (GPa) 
𝜇33
𝜎  (F/m) 

51.76, 46.54, 9.68 
4.945,4.945,14.27 
0.475, 0155, 0.153 
1540 
1500 
500×500×3 
--------- 
--------- 
--------- 

same 
same 
same 
same 
6500 
1500×1500×3          
--------- 
--------- 
--------- 

 same 
 same  
 same 
 same 
6495 
1500×10×5 
-------- 
-------- 
-------- 

--------- 
--------- 
--------- 
7000 
6503 
40×40×0.3  
-7.12, -4.53,12.1 
39.4,12.9,8.3,5.5 
1.27×10-8 
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Case 
Fundamental frequencies Hz 

ω1 ω2 ω3 ω4 ω5 ω6 

Cantilever composite shell  16.70 17.34 61.92 67.41 99.42 137.23 

Cantilever composite shell 
bonded with four s/a pairs 

17.05 17.81 63.43 68.09 100.05 140.24 

Stiffened composite shell 72.97 78.92 83.38 85.03 93.50 93.99 

Stiffened composite shell 
bonded with fours s/a pairs 

73.10 79.13 83.27 85.58 93.30 94.27 

 

 

 

 

 

 

 

 

 

 

 

 

 

Table 2 Natural frequencies  
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Case  Steady state sensor voltage output (V)  

1st  2nd  3rd  4th  5th  6th  

Case1 optimised 6.0 2.8 12.5 10.2 6.7 16.0 

Case2 non-optimised 0.15 0.13 3.0 0.14 2.0 0.4 

 

 

Table 3 sensor output voltage comparison for optimised and non-optimised 

sensor location   
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