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Falkner–Skan boundary layer approximation
in Rayleigh–Bénard convection
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Germany

(Received 19 February 2013)

To approximate the velocity and temperature within the boundary layers in turbulent
thermal convection at moderate Rayleigh numbers, we consider the Falkner–Skan ansatz,
which is a generalization of the Prandtl–Blasius one to a non-zero-pressure-gradient case.
This ansatz takes into account the influence of the angle of attack β of the large-scale
circulation of a fluid inside a convection cell against the heated/cooled horizontal plate.
With respect to turbulent Rayleigh–Bénard convection, we derive several theoretical
estimates, among them the limiting cases of the temperature profiles for all angles β, for
infinite and for infinitesimal Prandtl numbers Pr. Dependences on Pr and β of the ratio
of the thermal to viscous boundary layers are obtained from the numerical solutions of
the boundary layers equations. For particular cases of β, accurate approximations are
developed as functions on Pr. The theoretical results are corroborated by our direct
numerical simulations for Pr = 0.786 (air) and Pr = 4.38 (water). The angle of attack β
is estimated based on the information on the locations within the plane of the large-scale
circulation, where the time-averaged wall shear stress vanishes. For the considered fluids
it is found that β ≈ 0.7π and the theoretical predictions based on the Falkner–Skan
approximation for this β leads to a better agreement with the DNS results, compared to
the Prandtl–Blasius approximation for β = π.

Key words: Turbulent Rayleigh–Bénard convection, boundary layer equations, bound-
ary layer thickness, Falkner–Skan equation, Direct Numerical Simulations

1. Introduction

Turbulent thermal convection between two horizontal plates with lower heated and
upper cooled flat surfaces, has been the subject of numerous experimental and numerical
studies. This problem is known as turbulent Rayleigh–Bénard convection (RBC) and for
reviews on it we refer to Siggia (1994); Ahlers et al. (2009); Lohse & Xia (2010); Chillà
& Schumacher (2012).
In turbulent thermal convection for moderate Rayleigh numbers the thermal boundary

layers, which are located close to the heated or cooled horizontal plates, and the viscous
boundary layers, which are attached to all rigid walls, can be transitional or even lami-
nar (Ahlers et al. 2009). In this case the mean flow characteristics within the boundary
layers are usually approximated using the Prandtl–Blasius ansatz, i.e. under the assump-
tion that the wind of turbulence (or Large Scale Circulation – LSC) above the viscous
boundary layer is horizontal and constant, which leads to a zero pressure derivative with
respect to the wind direction.

† Email address for correspondence: Olga.Shishkina@dlr.de
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In contrast to this, recent Direct Numerical Simulations (DNS) of turbulent RBC in
different fluids showed that, first, the time-averaged pressure gradient does not vanish
(Shi et al. 2012); second, the wind is non-constant along its path and, third, the ratio
of the thicknesses of the thermal and viscous boundary layers, although being almost
constant along the wind, is approximately two times larger than that predicted by the
Prandtl–Blasius equations (Wagner et al. 2012). A non-parallel wind or, in other words,
the angle of attack β, β < π, of the large-scale circulation of a fluid inside a RBC cell
against the heated/cooled horizontal plate, influences the flow characteristics within the
boundary layers.
In the present work, in order to account for the influence of the angle β 6= π and,

hence, of the non-parallel and non-constant wind, we make use of the Falkner–Skan
approximation of the boundary layers in turbulent thermal convection, which can be
interpreted as an extension of the Prandtl–Blasius ansatz to a non-zero pressure change
along the wind. As we show in the present work, this approach, compared to a Prandtl–
Blasius one, leads to more reliable predictions of some integrated quantities related to
the thicknesses of the thermal and viscous boundary layers.
Since our theoretical estimates are corroborated against the numerical data, we start

the paper with a short description of the numerical ansatz (§ 2), then discuss the bound-
ary layer equations (§ 3) and their own boundary conditions, i.e. the wind at the edge of
the viscous boundary layer (§ 4). After that the solutions of the obtained system of the
boundary layer equations as well as their limits for Prandtl numbers Pr ≪ 1 and Pr ≫ 1
are derived (§ 5). Finally, the balance between the thicknesses of the thermal and viscous
boundary layers is discussed in § 6 and a corroboration of the theory with the numerical
results, obtained in the DNS of turbulent RBC in water and air, are discussed in § 7.

2. Governing equations and DNS of turbulent RBC

We consider the following system of the governing momentum (2.1), (2.2), (2.3), energy
(2.4) and continuity (2.5) equations for the Rayleigh–Bénard problem in Boussinesq
approximation:

ũt̃ + ũũx̃ + ṽũỹ + w̃ũz̃ + p̃x̃/ρ̃ = ν̃ (ũx̃x̃ + ũỹỹ + ũz̃z̃) , (2.1)

ṽt̃ + ũṽx̃ + ṽṽỹ + w̃ṽz̃ + p̃ỹ/ρ̃ = ν̃ (ṽx̃x̃ + ṽỹỹ + ṽz̃z̃) + α̃g̃(T̃ − T̃mid), (2.2)

w̃t̃ + ũw̃x̃ + ṽw̃ỹ + w̃w̃z̃ + p̃z̃/ρ̃ = ν̃ (w̃x̃x̃ + w̃ỹỹ + w̃z̃z̃) , (2.3)

T̃t̃ + ũT̃x̃ + ṽT̃ỹ + w̃T̃z̃ = κ̃
(
T̃x̃x̃ + T̃ỹỹ + T̃z̃z̃

)
, (2.4)

ũx̃ + ṽỹ + w̃z̃ = 0, (2.5)

where ũ and w̃ are the horizontal components of the velocity along the axes x̃ and z̃,
respectively, and ṽ is the vertical component of the velocity along the axis ỹ, t̃ denotes
time and p̃ the pressure. A variable marked as a subindex denotes the partial derivative
with respect to this variable, e.g. ũt̃ ≡ ∂ũ/∂t̃, ũx̃ ≡ ∂ũ/∂x̃, etc. Further, T̃mid is the

arithmetic mean of the top temperature T̃top and bottom temperature T̃bot, T̃bot > T̃top,
ρ̃ denotes the density, ν̃ the kinematic viscosity, κ̃ the thermal diffusivity, α̃ the isobaric
thermal expansion coefficient and g̃ the acceleration due to gravity. The velocity van-
ishes on the domain’s boundary, according to the impermeability and no-slip boundary
conditions, while the normal derivative of the temperature on the vertical wall is equal
to zero, because of its adiabaticity.
Substituting the factorization X̃ = X̃ref X for each dimensional variable X̃ in the

system (2.1)–(2.5), where X is a dimensionless variable and X̃ref the corresponding
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Pr Ra Nr Nφ Nz nT ňT nu ňu Nu τ
0.786 107 96 256 192 8 4 8 3 16.9±0.2 3775

108 192 512 384 11 5 11 5 31.9±0.2 1240
109 384 1024 768 13 7 12 6 63.1±0.4 318

4.380 107 64 512 128 6 3 9 5 16.2±0.5 200
108 192 512 384 9 4 14 6 32.9±0.2 760
109 384 512 768 16 6 25 9 64.7±0.7 250

Table 1. DNS parameters for the Prandtl number 0.786 and 4.38: the number of mesh nodes in
the direction Ni (i = r;φ; z), the number of nodes in the thermal and viscous BLs as used in the
DNS (nT and nu) and as required by theory (Shishkina et al. 2010) (ňT and ňu), the Nusselt
number Nu with its maximal deviation and the number of dimensionless time units τ used for
the statistical averaging. The data for Pr = 0.786 are adopted from Wagner et al. (2012).

reference value, x̃ref = D̃, ũref =
(
α̃gD̃ ∆̃

)1/2
, t̃ref = x̃ref/ũref , T̃ − T̃mid = ∆̃T ,

∆̃ ≡ T̃bot− T̃top, p̃ref = ũ2
ref ρ̃, D̃ the width of the container and H̃ its height, we obtain

the following system of dimensionless equations:

ut + uux + vuy + wuz + px = Γ−3/2Ra−1/2Pr1/2(uxx + uyy + uzz),

vt + uvx + vvy + wvz + py = Γ−3/2Ra−1/2Pr1/2(vxx + vyy + vzz) + T,

wt + uwx + vwy + wwz + pz = Γ−3/2Ra−1/2Pr1/2(wxx + wyy + wzz), (2.6)

Tt + uTx + vTy + wTz = Γ−3/2Ra−1/2Pr−1/2(Txx + Tyy + Tzz),

ux + vy + wz = 0,

Here Ra and Pr are the Rayleigh number and Prandtl number,

Ra = α̃g̃∆̃H̃3/(ν̃κ̃), Pr = ν̃/κ̃,

respectively, and Γ ≡ D̃/H̃ is the aspect ratio. The dimensionless temperature varies
between Tbot = 0.5 at the bottom and Ttop = −0.5 at the top horizontal walls and
satisfies ∂T/∂n = 0 on the vertical walls, where n is the normal vector. All velocity
components are equal to zero on the domain’s boundary.
DNS of turbulent RBC in air and water in a cylindrical domain of the aspect ratio Γ = 1

are performed using the same finite-volume code as in Shishkina & Wagner (2005), Horn
et al. (2011). The computational grids used in the DNS resolve Kolmogorov and Batchelor
scales in the whole domain. According the conducted a posteriori grid resolution analysis,
we take up to two times more grid nodes within the thermal and viscous boundary layers
than in the theoretical estimates derived in Shishkina et al. (2010) for the minimally
required numbers of the nodes,Nth andNv, respectively. Further details on the conducted
DNS can be found in table 1.
In figure 1 one can see temperature patterns, or so-called sheet-like plumes, which

develop at the edges of the thermal boundary layers. These snapshots are obtained in the
DNS of turbulent RBC for Ra = 107, 108 and 109 and Pr = 0.786 (air) and Pr = 4.38
(water). The direction of the wind can already be visually identified in the instantaneous
temperature fields, presented in figure 1. The horizontal cross-sections are arranged in
such a way that the mean LSC above the viscous boundary layer goes from left to right.
Thus, the cold fluid from the top hits the lower hot boundary layer at the left side, the
wind blows along the plate and sweeps up material along its path, resulting in smaller
structures on the right side, which then detach as plumes and move upwards.
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More qualitatively, the directions of the mean wind are evaluated in the same way as it
was done in Wagner et al. (2012). For each simulation we first determine the time periods
without serious changes of the local wind direction, i.e. without cessations and reversals of
the large-scale circulation (Funfschilling & Ahlers 2004; Xi & Xia 2007; Kaczorowski et al.
2011; Weiss & Ahlers 2011; Xia 2011). The wind direction is extracted in a similar way
as in Brown & Ahlers (2006), based on the information on the temperature distribution
at the vertical wall at the height H/2 from the bottom. Once the time period and the
direction of the mean LSC are fixed, we conduct the time averaging of the main flow
characteristics in the vertical cross-section, which corresponds to the LSC, and in another
vertical cross-section, which is orthogonal to it (LSC⊥).
In figure 2 one can see distributions of the time-averaged temperature in the LSC- and

LSC⊥-planes for Ra = 108 and both considered operating fluids. The arrows there show
the directions of the mean velocity vectors. As one can see for both fluids, in the LSC-
plane there are three relatively large rolls: the LSC itself, which has a counterclockwise
direction of rotation, and two secondary rolls, which locate in the upper right and lower
left corners and rotate in the clockwise direction. In the plane, orthogonal to LSC (LSC⊥)
one observes four-roll structures, also for both fluids. Here at a half height from the
bottom the fluid moves from the vertical walls towards the center.
Note that the mean flow distributions presented in figure 2, although looking two-

dimensional (2D), are obtained in well-resolved three-dimensional (3D) DNS of turbulent
RBC in a cylinder. In the next paragraphs we develop and check our theoretical estimates
against the numerical data obtained in these DNS.

3. Boundary layer equations

In this section we develop the boundary layer equations, which solutions approxi-
mate the temperature and velocity fields within the laminar viscous boundary layers
in Rayleigh–Bénard convection. Here we admit a non-zero pressure gradient along the
considered horizontal isothermal wall.
Without restriction of generality we assume that the coordinate system (x̃, ỹ, z̃) is

chosen in such a way that at the edge of the viscous boundary layer the horizontal z̃-
component of the wind is negligible, compared to its other horizontal component along
the x̃-axis. Thus, taking w̃ ≡ 0 in the equations (2.1)–(2.5) and assuming that the flow is
laminar within the viscous boundary layer and, hence, the time dependences of the flow
components are negligible, one obtains the following system of equation for the steady
and two-dimensional boundary-layer flow:

ũũx̃ + ṽũỹ + p̃x̃/ρ̃ = ν̃ũx̃x̃ + ν̃ũỹỹ, (3.1)

ũṽx̃ + ṽṽỹ + p̃ỹ/ρ̃ = ν̃ṽx̃x̃ + ν̃ṽỹỹ + α̃g̃(T̃ − T̃mid), (3.2)

ũT̃x̃ + ṽT̃ỹ = κ̃T̃x̃x̃ + κ̃T̃ỹỹ, (3.3)

ũx̃ + ṽỹ = 0. (3.4)

Following Prantl’s ansatz (Schlichting & Gersten 2000), we estimate separately the order
of magnitude of each component in the above equations. The viscous boundary layer is
thin and, hence, δ̃u(x̃) ≪ x̃, where δ̃u is the thickness of the viscous boundary layer. For

the representative length L̃ in the horizontal direction holds x̃ ∼ L̃, ỹ ∼ δ̃u. Assuming
that ∂a/∂b ∼ a/b for any a and b and that ũ ∼ Ũ , where Ũ is the horizontal component
of the wind velocity above the boundary layer, from the continuity equation (3.4) one

obtains that ṽ ∼ Ũ δ̃u/L̃.
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Tbot

T

Ttop

(a) (b) (c)

(d) (e) (f)

Figure 1. Instantaneous temperature distribution at the edges of the thermal boundary layers,
as obtained in DNS of turbulent RBC for Ra = 107 (a, d), 108 (b, e) and 109 (c, f) for air (a, b,
c), Pr = 0.786, and water (d, e, f), Pr = 4.38. Here the mean wind above the viscous boundary
layer goes from left to right.

Tbot

T

Ttop

(a)

Tbot

T

Ttop

(b)

Figure 2. Distributions of the time-averaged temperature in the vertical planes of LSC (left)
and LSC⊥ (right), as obtained in DNS of turbulent RBC for Ra = 108 for (a) air, Pr = 0.786,
and (b) water, Pr = 4.38. The arrows show the mean velocity (wind) vectors.

m = 0, β = π m = 1/3, β = 3π/4 m = 1/2, β = 2π/3 m = 1, β = π/2
Figure 3. Streamfunctions (colours) for flows inside corners of the size β = π/(m+1) for m = 0
(Prandtl–Blasius flow), m = 1/3, m = 1/2 and m = 1 (stagnation-point flow). The arrows show

the velocity vectors with the components Ũr (4.13) and Ũφ (4.14).
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Further, the orders of magnitude of the first components ∗̃x̃x̃ in the right-hand sides
of (3.1)–(3.3) are much smaller that those of the second ones ∗̃ỹỹ, and therefore they are
negligible. Assuming that the rest components in the momentum equation (3.1) are of

the same order, one obtains that the order of magnitude of the pressure is p̃ ∼ ρ̃Ũ2 and
that δ̃u/L̃ ∼ Re−1/2, Re ≡ L̃Ũ/ν̃, Re ≫ 1.

In the equation (3.2), the orders of magnitude of the components ũṽx̃ ∼ ṽṽỹ ∼ δ̃uŨ
2/L̃2

and ν̃ṽỹỹ ∼ ν̃Ũ/(L̃δ̃u) are much smaller than the order of magnitude of the component

p̃ỹ/ρ̃ ∼ Ũ2/δ̃u if Re ≫ 1. For the buoyancy term one obtains: α̃g̃(T̃ − T̃mid) ∼ α̃g̃∆̃. As
it was shown in Wagner et al. (2012), in turbulent Rayleigh–Bénard convection the wind

velocity Ũ is of the same order of magnitude as the free-fall velocity

√
α̃g̃∆̃L̃, therefore in

the equation (3.2) the buoyancy term, being of order ∼ α̃g̃∆̃, is also negligible compared

to the pressure term p̃ỹ/ρ̃ ∼ α̃g̃∆̃(L̃/δ̃u). (Note, that this boundary layer model differs

from the Stewartson (1958) model for a very slow wind Ũ ≪

√
α̃g̃∆̃L̃ above the viscous

boundary layer, where the buoyancy cannot be neglected.)

Thus instead of the equations (3.1)–(3.3), one can consider the following system of
equations within the boundary layer:

ũũx̃ + ṽũỹ = ν̃ũỹỹ − p̃x̃/ρ̃, (3.5)

0 = −p̃ỹ/ρ̃, (3.6)

ũT̃x̃ + ṽT̃ỹ = κ̃T̃ỹỹ, (3.7)

respectively. Relations (3.5),(3.6) and (3.7) are known as Prandtl (1905) and Pohlhausen
(1921) equations, respectively. With respect to Rayleigh–Bénard convection, equation
(3.5) is often considered with neglected pressure term p̃x̃/ρ̃, as in the case of a parallel
flow over a flat plate (Blasius 1908). Following tradition, throughout the paper we call
the reference case (3.5),(3.6) and (3.7) with zero pressure term p̃x̃/ρ̃ the Prandtl–Blasius
one.

Since the considered flow is two-dimensional and incompressible, let us further intro-
duce the streamfunction Ψ̃, which satisfies ũ = Ψ̃ỹ and ṽ = −Ψ̃x̃. One can rewrite the

equations (3.5), (3.7) in terms of the streamfunction Ψ̃ as follows:

Ψ̃ỹΨ̃ỹx̃ − Ψ̃x̃Ψ̃ỹỹ = ν̃Ψ̃ỹỹỹ − p̃x̃/ρ̃, (3.8)

Ψ̃ỹT̃x̃ − Ψ̃x̃T̃ỹ = κ̃T̃ỹỹ. (3.9)

Similarity solutions of these equations are sought with respect to a certain similarity
variable ξ, assuming that Ψ̃ and ξ are representable in the following forms:

Ψ̃ = ν̃Ψ(ξ) g(x), (3.10)

ξ = y f(x), (3.11)

where

x ≡ x̃/L̃, y ≡ ỹ/L̃ (3.12)

and the horizontal component of the velocity (wind) at the edge of the viscous boundary

layer is independent from the vertical coordinate ỹ, i.e. Ũ = Ũ(x̃). Here Ψ, g and f are

dimensionless functions and L̃ is a representative length in the horizontal direction.
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3.1. Energy equation

Using relations (3.10), (3.11) and representing the temperature as

T̃ = T̃bot −Θ∆̃/2, (3.13)

where Θ = Θ(ξ) is dimensionless temperature, from (3.9) one obtains the following energy
equation

κ̃f2Θξξ + ν̃fgxΨΘξ = 0.

Here and in the following, gx and fx denote the derivatives with respect to x (3.12) of
the functions g and f , respectively. Since a non-trivial solution is sought, f 6= 0, for the
existence of a similarity solution the requirement

gx/f = a, a = const., (3.14)

must be fulfilled. Putting a = 1 one finishes with the following energy boundary layer
equation:

Θξξ + PrΨΘξ = 0. (3.15)

3.2. Momentum equation

Under assumptions (3.10), (3.11) the momentum equation (3.8) reads as

ν̃2

L̃3

(
fg(fg)x(Ψξ)

2 − f2ggxΨΨξξ

)
=

ν̃2

L̃3
f3gΨξξξ −

p̃x̃
ρ̃
.

Again, since a non-trivial solution is sought, f 6= 0, g 6= 0, one obtains

(fg)x
f2

(Ψξ)
2 −

gx
f
ΨΨξξ = Ψξξξ −

p̃x̃
ρ̃f3g

L̃3

ν̃2
. (3.16)

At the edge of the viscous boundary layer the viscous effects become less important,
which together with the independence of the horizontal component of the wind from the
vertical coordinate leads to the following approximation of the pressure term there:

Ũ Ũx̃ = −
p̃x̃
ρ̃

=⇒ −
p̃x̃

ρ̃f3g

L̃3

ν̃2
=

(Ũ2)x̃
2f3g

L̃3

ν̃2
.

Since the pressure gradient remains unchanged in the vertical y-direction within the
boundary layer, cf. (3.6), from this and (3.16) one obtains

(fg)x
f2

(Ψξ)
2 −

gx
f
ΨΨξξ = Ψξξξ +

(Ũ2)x̃
2f3g

L̃3

ν̃2
. (3.17)

For the existence of a similarity solution, all the coefficients in this equation must be
constant and the free term might be a function of ξ or a constant. This together with
(3.14) leads to the requirement

ggxx
(gx)2

= c, c = const.

Dependently on the constant c, the function g can take forms

g(x) =

{
B exp(bx), c = 1,
B(x+ d)n, c 6= 1, n = (1− c)−1,

(3.18)

with certain constants B, b and d. Without loss of generality one may further assume
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that d = 0. Equation (3.17) can then be rewritten as

(c+ 1)(Ψξ)
2 − ΨΨξξ = Ψξξξ +

(Ũ2)x̃
2(gx)3g

L̃3

ν̃2
. (3.19)

4. Wind at the edge of the viscous boundary layer

According to the two possible representations of function g (3.18), in this section we
consider two different types of wind, which admit similarity solutions of the boundary
layer equations.

4.1. Wind as an exponential function

Let us consider the first case, i.e. c = 1 and g(x) = B exp(bx). Together with the equations
(3.10), (3.11) and relation (3.14) the streamfunction

Ψ̃ = ν̃Ψ(ξ)B exp(bx) (4.1)

and the similarity variable

ξ = ybB exp(bx) (4.2)

are obtained. Placed into the differential equation (3.19) it turns out that a similarity

solution can be obtained if the wind Ũ has the form

Ũ = Ũ0 exp(kx) (4.3)

and the relations

B =

√
2

k

√
L̃Ũ0

ν̃
, b =

k

2

hold. The momentum boundary layer equation (3.19) takes then the following form:

Ψξξξ +ΨΨξξ + 2− 2(Ψξ)
2 = 0. (4.4)

Taking ξ = 1 and y = δ̃u/L̃, where δ̃u is the viscous boundary layer thickness, from (4.2)

one obtains that δ̃u develops in the horizontal direction x̃ as

δ̃u ∼

√
ν̃L̃

Ũ0

exp(−kx/2). (4.5)

Therefore, for the local Reynolds number Re = L̃Ũ/ν̃, based on the wind Ũ (4.3), one
obtains

δu ≡ δ̃u/L̃ ∼ Re−1/2. (4.6)

Note that, according to the above model and relations (4.3), (4.5), the boundary layer
thickness should decrease (increase) along x if the wind magnitude increases (decreases)
with growing x. In contrast to this, our DNS of turbulent Rayleigh–Bénard convection
(Wagner et al. 2012) showed that near the horizontal plate, after the stagnation point, the
boundary layer thickness grows together with the wind magnitude (see also Calzavarini
et al. (2006)). Therefore the next possible similarity solution for a wind, which can be
represented as a power function, seems to be more relevant with respect to Rayleigh–
Bénard convection.
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4.2. Wind as a power function

In the second case, for g = Bxn, the streamfunction Ψ̃ and the similarity variable ξ
equal, respectively,

Ψ̃ = ν̃ΨBxn, (4.7)

ξ = yBnxn−1. (4.8)

If the wind Ũ has the form

Ũ = Ũ0x
m, (4.9)

and the relations

B =

√
2

m+ 1

√
L̃Ũ0

ν̃
, n =

m+ 1

2

hold, from this and (3.19) one obtains the Falkner & Skan (1931) equation

Ψξξξ +ΨΨξξ +
2m

m+ 1
(1 − (Ψξ)

2) = 0. (4.10)

Further, (4.8) reveals for ξ = C = const. and y = δ̃u that

δ̃u = C

√
2

m+ 1
x1−m

√
ν̃L̃

Ũ0

. (4.11)

Hence, for the dimensionless boundary layer thickness δu and Reynolds number based
on the wind Ũ (4.9), the following relation holds:

δu ≡
δ̃u

L̃
∼

√
x

Re
. (4.12)

Note, the relation (4.12) holds for the Prandtl–Blasius boundary layer (m = 0) as
well as for general Falkner–Skan boundary layers and is one of the main assumptions in
the Grossmann & Lohse (2000) theory on scaling in thermal convection for the case of
non-turbulent boundary layers (see also Grossmann & Lohse (2001, 2011); Stevens et al.
(2013)).

4.3. Appearance of the power-function wind in the core flow

Following Falkner & Skan (1931), one can show that the wind Ũ (4.9) might appear in
a corner flow along the corners’ sides. Indeed, let us consider a core flow, which velocity
components in polar coordinates (r, φ) are determined as

Ũr = Ũ0r
m cos((m+ 1)φ), (4.13)

Ũφ = −Ũ0r
m sin((m+ 1)φ). (4.14)

The velocity component Ũφ of such flow vanishes if φ = jπ/(m+1), j = 0, 1, 2, ... A sketch
of this flow and the corresponding polar coordinate system are presented in figure 4 and
the streamfunctions of the flow (4.13), (4.14) for different m are presented in figure 3.
One can see that this flow can be interpreted as a flow along the sides of a corner,

which size is equal to

β = π/(m+ 1). (4.15)

On the surfaces of the corner, e.g. when φ = 0, the velocity varies as a power function
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φ
r̂

β

Figure 4. Sketch of the power-function wind and the corresponding polar coordinate system
(r, φ), with r̂ being the radial unit vector and β the corner angle as defined in (4.15).

on the distance r along the surface. Thus, in Cartesian coordinate system for φ = 0 the
horizontal velocity can be presented as a power function on the coordinate x.
Comparing the LSC of the fluid in the core region, obtained in the DNS of turbulent

RBC (figure 2, left) with the streamlines in figure 3, one concludes that the wind in
turbulent RBC, which slides off from the secondary rolls and then flows along the lower
horizontal wall with a pitch angle β, β ∈ [π2 ,

3π
4 ], is similar to a flow inside a corner of

the size β. This together with the relation (4.15) make it clear that the wind can be
approximated by a power function of the form (4.13), (4.14) with m ∈ [1/3; 1].

5. Solutions of the boundary layer equations and their limits

5.1. Horizontal velocity and temperature profiles

Vertical profiles of the temperature and horizontal velocity near the horizontal plates are
main flow characteristics and their investigation is a part of any RBC study (Tilgner
et al. 1993; Ching 1997; du Puits et al. 2007; Gauthier & Roche 2008; Sun et al. 2008;
Shishkina & Thess 2009; Stevens et al. 2010; Zhou & Xia 2010; Scheel et al. 2012; Verzicco
2012; Stevens et al. 2012; Ahlers et al. 2012; Grossmann & Lohse 2012). Usually they
are compared against the predictions for laminar boundary layers, based on the Prandtl–
Blasius ansatz, which is a particular case of the more general Falkner–Skan approach.
Therefore in this section we study the temperature and velocity profiles, which one

can obtain within the general Falkner–Skan approximation. Further we derive the limits
of the temperature profiles for the general Falkner–Skan approximation and prove that
these limits are the same for the Prandtl–Blasius approximation and for the general
Falkner–Skan approximation.
Based on the results of the previous section, let us consider the following system of the

momentum (Falkner–Skan)

Ψξξξ +ΨΨξξ +
2m

m+ 1

(
1− (Ψξ)

2
)
= 0, (5.1)

Ψ(0) = 0, Ψξ(0) = 0, Ψξ(∞) = 1,

and energy

Θξξ + PrΨΘξ = 0, (5.2)

Θ(0) = 0, Θ(∞) = 1.

boundary layer equations with respect to Rayleigh–Bénard convection.
One can solve these equations numerically (Falkner & Skan 1931; Wilcox 2010). The

solution of the momentum equation (5.1) depends only on m, while that of the energy
one (5.2) depends also on Prandtl number. In figure 5 (a) the profiles of Ψξ (horizontal
velocity component) are presented for different values of m that is associated with a core
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1
(a)

Ψξ

0
0 1 2 ξ 3 4

1
(b)

Θ

0
0 1 2 ζ 3 4

Figure 5. (a) Solutions of the Falkner–Skan equation for m = 0 (Prandtl–Blasius flow, -·-),
m = 1/3 (· · · ), m = 1/2 (- -) and m = 1 (stagnation-point flow, —). (b) Limiting cases

Θ(ζ) =
∫ ζ

0
exp(−Bχω) dχ for the rescaled temperature profiles for all values of m: Pr ≪ 1

(ω = 2, B = π/4, - -) and Pr ≫ 1 (ω = 3, B = Γ3(4/3) ≈ 0.712, —).

(a) (b) (c)1

Θ

0
0 1 2 3 ξ 4 0 1 2 3 ξ 4 0 1 2 3 ξ 4

1

Θ

0.8
1 ζ 2

1

Θ

0.8
1 ζ 2

1

Θ

0.8
1 ζ 2

(d) (e) (f)1

Θ

0
0 1 2 3 ζ 4 0 1 2 3 ζ 4 0 1 2 3 ζ 4

Figure 6. Temperature profiles with respect to the similarity variable ξ (a, b, c) and rescaled
temperature profiles with respect to the similarity variable ζ = ξΘξ(0) (d, e, f) for Pr = 0.1 (a,
d), Pr = 1 (b, e), Pr = 10 (c, f) and m = 0 (Prandtl–Blasius flow, - -), m = 1 (stagnation-point
flow, —).

flow in a corner β = π/(m+1). Therefore the presented cases m = 0, m = 1/3, m = 1/2
and m = 1 correspond, respectively, to a Prandtl–Blasius flow over a horizontal plate,
flows in corners 3π/4 and 2π/3 and a stagnation-point flow in a right-angle corner. In
figure 6 (a, b, c) the temperature profiles are presented for particular cases m = 0 and
m = 1, for Prandtl numbers 0.1, 1 and 10.
Although the solution of the energy boundary layer equation (5.2) depends strongly

on m and Pr, the rescaled temperature profiles with respect to a similarity variable
ζ = ξΘξ(0) demonstrates only a week dependence on m (see figure 6 (d, e, f)). The
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choice of the similarity variable ζ provides the temperature derivative (with respect to
ζ) equal to 1 at the plate, Θζ(0) = 1. In order to understand the reasons for such a
conjunction of the rescaled profiles for a Prandtl–Blasius approximation (m = 0) and
stagnation-point approximation (m = 1) for a fixed Prandtl number, we further derive
the limiting cases of the rescaled temperature profiles for Pr ≪ 1 and Pr ≫ 1.

5.2. Limiting cases of the temperature profiles for all m

5.2.1. Case Pr ≪ 1

If the Prandtl number is much smaller than one, the thickness of the viscous boundary
layer δ̃u is smaller than that of the thermal boundary layer δ̃θ. Therefore for infinitely
small Prandtl numbers in the most part of the thermal boundary layer the horizontal
component of the velocity is equal to the wind (4.9). Due to the continuity equation the
corresponding vertical component of the velocity is equal to

Ṽ = −mŨ0
x̃m−1ỹ

L̃m

and the thermal boundary layer equation (3.7) is reduced to

Ũ T̃x̃ + Ṽ T̃ỹ = κ̃T̃ỹỹ.

With the similarity variable

ζ = ỹ

√
(1 +m)Ũ(x)

πκ̃x̃
=

√
Ũ0(1 +m)

πκ̃L̃m
ỹx̃(m−1)/2 (5.3)

for the function Θ, defined by (3.13), one obtains the following equation:

Θζζ +
π

2
ζΘζ = 0 (5.4)

with the solution

Θ(ζ) =

∫ ζ

0

exp(−
π

4
χ2)dχ. (5.5)

This function is presented in figure 5 (b) with a dashed line. The choice of the similarity
variable ζ (5.3) provides the solution (5.5) with the boundary conditions

Θ(0) = 0, Θζ(0) = 1, Θ(∞) = 1. (5.6)

From the definition of the similarity variable ζ (5.3) one further obtains the scaling of
the thermal boundary layer thickness:

δ̃θ ∼

√
κ̃x̃

Ũ(x)
=

√
x̃/L̃

RePr
L̃ =⇒

δθ ≡
δ̃θ

L̃
∼ Re−1/2Pr−1/2

(
x̃

L̃

)1/2

(5.7)

with local Reynolds number Re = L̃Ũ/ν̃.

5.2.2. Case Pr ≫ 1

For the Prandtl number much larger than one, the thickness of the thermal boundary
layer δ̃θ is smaller than that of the viscous boundary layer δ̃u. For very large Prandtl
numbers, in the thermal boundary layer the horizontal component of the velocity is a
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linear function of the vertical coordinate. At the edge of the viscous boundary layer
(outside the thermal boundary layer) the horizontal component of the velocity is approx-

imately equal to the wind Ũ , therefore the horizontal component of the velocity within
the thermal boundary layer can be approximated as

ũ =
ỹ

δ̃u
Ũ .

Substituting the wind Ũ (4.9) and the thickness of the viscous boundary layer (4.11) into
this relation, one obtains the horizontal velocity within the thermal boundary layer:

ũ =
1

C

√
Ũ3
0 (m+ 1)L̃

2ν̃

(
ỹ

L̃

)(
x̃

L̃

)(3m−1)/2

.

Because of the continuity equation, the vertical component of the velocity is equal to

ṽ = −
3m− 1

4C

√
Ũ3
0 (m+ 1)L̃

2ν̃

(
ỹ

L̃

)2(
x̃

L̃

)(3m−3)/2

.

Then in the considered case one obtains the following energy boundary layer equation:

ũT̃x̃ + ṽT̃ỹ = κ̃T̃ỹỹ. (5.8)

Introducing the similarity variable ζ,

ζ =
1

Γ(4/3)C1/3

(
Ũ0(m+ 1)

2L̃m

)1/2(
1

6κ̃

)1/3(
1

ν̃

)1/6

ỹx̃(m−1)/2, (5.9)

where Γ is the gamma function, from (5.8) one obtains the following ordinary differential
equation

Θζζ + 3Γ3(4/3)ζ2Θζ = 0 (5.10)

for the dimensionless temperature Θ. This equation has a solution

Θ(ζ) =

∫ ζ

0

exp(−Γ3(4/3)χ3)dχ,

which satisfies the boundary conditions (5.6). This function is presented in figure 5 (b)
with a continuous line.

From the definition of the similarity variable ζ (5.9) one further obtains

δ̃θ ∼ κ̃1/3ν̃1/6

√
x̃

Ũ(x)
=

√
x̃/L̃

Re
Pr−1/3L̃,

hence

δθ ≡
δ̃θ

L̃
∼ Re−1/2Pr−1/3

(
x̃

L̃

)1/2

(5.11)

with the local Reynolds number Re = L̃Ũ/ν̃.

One can sum up the results (5.7) and (5.11) as follows: for very small and very large
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Figure 7. The dependency of the ratio δθ/δu of the thermal and viscous boundary layer thick-
nesses on Prandtl number for m = 0 (Prandtl–Blasius flow, -·-), m = 1/3 (· · · ), m = 1/2 (- -)
and m = 1 (stagnation-point flow, —). Critical Prandtl number Pr∗ ≈ 0.27m+0.05 (grey dots)

for the regime change of δθ/δu from ∼ Pr−1/2 to ∼ Pr−1/3.

Prandtl numbers the thickness of the thermal boundary layer scales as

δθ ≡
δ̃θ

L̃
∼





Re−1/2Pr−1/2
(
x̃/L̃

)1/2
, Pr ≪ 1,

Re−1/2Pr−1/3
(
x̃/L̃

)1/2
, Pr ≫ 1.

Since the thickness of the viscous boundary layer scales as in (4.12) and is independent
from Prandtl number, the ratio of the thermal and viscous boundary layers scales with
the Prandtl-number as follows:

δθ/δu ∼

{
Pr−1/2, Pr ≪ 1,

Pr−1/3, Pr ≫ 1,
(5.12)

for all possible m. This means that the ratio δθ/δu is independent from the Reynolds
number as well as from the horizontal coordinate x̃.

6. Ratio of the thermal and viscous boundary layers

One can solve numerically the system (5.1), (5.2) for all possible values of m and Pr

and then evaluate the thicknesses of the viscous (δ̃u) and thermal (δ̃θ) boundary layers,
based on the slope method. The ratio of the thicknesses with respect to the similarity
variable ξ is equal the ratio of the thicknesses in the physical space (Shishkina et al.

2010).

In figure 7 the dependency of the ratio δθ/δu, normalised with Pr−1/3, is presented for
some particular values of m. As it was already derived in the previous section, for all m,
the ratio scales as ∼ Pr−1/2 for small and as ∼ Pr−1/3 for large Prandtl numbers. For
the Prandtl–Blasius flow (m = 0), the ratio can be approximated as

δθ
δu

∣∣∣∣
m=0

≈






0.589Pr−1/2, Pr < 3× 10−4,

Pr−0.357+0.022 logPr, 3× 10−4 6 Pr 6 3,

0.982Pr−1/3, 3 < Pr,

(6.1)

as it was shown in Shishkina et al. (2010). Here and further log ≡ log10 is the logarithm
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to base 10. For m = 1/3, m = 1/2 and m = 1 (stagnation-point flow) one can take,
respectively, the following approximations:

δθ
δu

∣∣∣∣
m=1/3

≈






1.170Pr−1/2, Pr < 10−3,

1.736Pr−0.393+0.017 logPr, 10−3 6 Pr 6 102,

1.550Pr−1/3, 102 < Pr,

(6.2)

δθ
δu

∣∣∣∣
m=1/2

≈





1.318Pr−1/2, Pr < 10−3,

1.902Pr−0.395+0.017 logPr, 10−3 6 Pr 6 102,

1.675Pr−1/3, 102 < Pr,

(6.3)

and

δθ
δu

∣∣∣∣
m=1

≈





1.561Pr−1/2, Pr < 10−3,

2.183Pr−0.400+0.017 logPr, 10−3 6 Pr 6 103,

1.879Pr−1/3, 103 < Pr.

(6.4)

Figure 7 reveals that for a fixed Pr the ratio δθ/δu is larger for largerm. Let Pr∗ be the
critical Prandtl number, i.e. that Prandtl number at which the asymptotes for the regimes
∼ Pr−1/2 for small Pr and ∼ Pr−1/3 for large Pr intersect. The numerically evaluated
approximation of the critical Prandtl numbers Pr∗, which are marked in figure 7 with
grey dots, is the following:

Pr∗ ≈ 0.27m+ 0.05. (6.5)

Thus, one obtains Pr∗ ≈ 0.046 for m = 0, Pr∗ ≈ 0.185 for m = 1/3, Pr∗ ≈ 0.229 for
m = 1/2 and Pr∗ ≈ 0.325 for m = 1.

It is well-known that in the case of Prandtl–Blasius flow (m = 0) the viscous and the
thermal boundary layers have the same thickness for Pr = 1. For larger m the Prandtl
number should be also larger in order to provide equal thicknesses of the boundary
layers. In particular, from (6.2), (6.3) and (6.4) one obtains that δθ/δu = 1 for Pr = 4.24
if m = 1/3 , for Pr = 5.35 if m = 1/2 or for Pr = 7.59 if m = 1.

For the operating fluids air (Pr = 0.786) and water (Pr = 4.38), which we study in our
DNS of turbulent RBC, from (6.1), (6.2), (6.3) and (6.4) one obtains the following esti-
mations of the ratio of the thermal and viscous boundary layer thicknesses, dependently
on the pitch angle β of the wind:

δθ
δu

∣∣∣∣
Pr=0.786

≈






1.08, β = π (m = 0),
1.88, β = 3π/4 (m = 1/3),
2.06, β = 2π/3 (m = 1/2),
2.37, β = π/2 (m = 1),

(6.6)

and

δθ
δu

∣∣∣∣
Pr=4.38

≈






0.60, β = π (m = 0),
0.98, β = 3π/4 (m = 1/3),
1.07, β = 2π/3 (m = 1/2),
1.23, β = π/2 (m = 1),

(6.7)

respectively.
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ηh

ηv

β

Figure 8. Sketch of the large-scale circulation (wind) and secondary roll within the plane of
the large-scale circulation. Dots mark the locations, where the wall shear stress is equal to zero.
The distances from the left bottom corner to the these locations are denoted as ηv and ηh. The
angle β, at which the wind attacks the horizontal plate, is determined by (7.1).

7. Theory versus the DNS results

The value of m and the thicknesses of the thermal (δ̃θ) and viscous (δ̃u) boundary
layers are extracted from our DNS as follows. First, the temperature distributions on the
vertical wall are used to determine the instantaneous orientation of the LSC in a similar
way as it was done by Brown & Ahlers (2006) and Wagner et al. (2012). Further, time
periods without serious reorientations of the LSC are detected, which last up to 682 time
units. Note that each time unit equals (H̃/(2α̃g̃∆̃))1/2. During these periods the angle
corresponding to the LSC plane does not change more than 0.06π. In the conducted
analysis of the DNS data the mean orientation during this time periods is chosen to fix
the LSC plane (cf. figure 2, left). Within this plane the instantaneous flow fields, which
are recorded with a sampling rate of three per time unit, are analysed and the local
instantaneous thicknesses of the viscous and thermal boundary layers close to the heated
bottom plate are determined by applying the slope method, in a similar way as it is done
in the above theory.
In order to estimate the angle β, at which the large-scale circulation attacks the

heated/cooled plates, we first find locations within the plane of the large-scale circu-
lation, where the time-averaged wall shear stress is equal to zero. Here ηh and ηv are the
distances from the left bottom corner to the next locations at, respectively, the bottom or
left vertical wall, where the wall shear stress τw is equal to zero (see a sketch in figure 8).
The values of β and m can be then estimated as follows:

β = π − arctan(ηv/ηh), (7.1)

m = π/β − 1. (7.2)

In figure 9 the time-averaged wall shear stresses at the bottom and left vertical wall
from figure 8 in the plane of the large-scale circulation are presented for water and
air and different Rayleigh numbers. On can see that locations ηv and ηh depend only
weakly (and nonmonotonically) on the Rayleigh number and Prandtl number, at least
for the considered diapason of Ra and Pr. Thus, for the operating fluids air and water
we obtained

β =

{
0.695π ± 0.015π (air),
0.705π ± 0.025π (water);

(7.3)

m =

{
0.44± 0.02 (air),
0.42± 0.05 (water).

(7.4)

In figure 10 the ratios 〈δθ/δu〉t of the thermal and viscous boundary layer thicknesses
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Figure 9. Time-averaged wall shear stress at the bottom plate (a, c) and left vertical wall (b, d)
in the plane of the large-scale circulation, as obtained in the DNS for air (a, b) and water (c, d),
for Ra = 107 (—–), Ra = 108 (· · · ) and Ra = 109 (- - -) with the distances ηv and ηh, as in
figure 8.

are presented in dependence of the radial position r (see figure 2, left), as they were
obtained in the DNS of turbulent RBC of air and water for different Rayleigh numbers,
together with their theoretical estimates (6.6) and (6.7). Here 〈· · · 〉t denotes the time
averaging. The lowest and the highest horizontal dash-lines in figures 10 (a) and 10 (b)
represent the estimations (6.6), (6.7) for m = 0 (Prandtl–Blasius flow) and m = 1
(stagnation-point flow), respectively.

As one can see in figure 10, the ratio of the time-averaged thicknesses of the thermal and
viscous boundary layers remains almost constant along the path of the wind (apart from
the secondary rolls) and depends only weakly on the Rayleigh number. Since the wind is a
non-horizontal flow and the angle β between its direction and the horizontal plate belongs
to the interval [π2 ,

3π
4 ], the predictions of the ratios δθ/δu with the approximations (6.6)

and (6.7) for m ∈ [1/3; 1] are found to be more reliable than those for m = 0 (Prandtl–
Blasius flow).

For higher Rayleigh numbers the difference between 〈δθ/δu〉t, evaluated from the DNS
data, and the above described Falkner–Skan approximation of 〈δθ/δu〉t for the Rayleigh–
Bénard boundary layers becomes more visible, which is explained by the increasing in-
fluence of the fluctuations in the boundary layers and, hence, a stronger deviation of the
real flows from this stationary 2D model. Another observation is that for smaller Prandtl
numbers the Falkner–Skan approximation provides more accurate predictions compared
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Figure 10. Ratio 〈δθ/δu〉t of the thermal and viscous boundary layer thicknesses for (a) air,
Pr = 0.786, and (b) water, Pr = 4.38, as obtained in DNS for Ra = 109 (· · · ), Ra = 108 (- - -),
Ra = 107 (—) together with the theoretical predictions for m = 0 (Prandtl–Blasius flow), m = 1
(stagnation-point flow) and m = 0.44 (a) and m = 0.42 (b), as estimated from the DNS data,
according to (7.1), (7.2), (7.4).

to the large-Prandtl-number case, in which, in particular, for very large Pr the existence
of the wind itself become questionable (Schmalzl et al. 2004; Horn et al. 2013).

8. Conclusions

The non-zero pressure gradient in the Rayleigh–Bénard convection cell influences the
velocity of the large-scale circulation and all boundary layer characteristics. Therefore in
the present work we considered a system of the boundary layer momentum and energy
equations (3.5)-(3.7), which takes into account the presence of the non-zero pressure
gradient. It was shown, that for the existence of the similarity solution of the this system
an exponential (4.3) or a power-function (4.9) wind above the viscous boundary layer is
required.
The power-function wind (4.9), in contrast to the exponential one (4.3), leads to a

simultaneous increase of the thickness of the viscous boundary layers and the magnitude
of the LSC along its path, what is very similar to the situation that we observed in our
DNS. Therefore the case of the power-function wind was investigated in detail, which
lead to the Falkner–Skan boundary layer equations (5.1), (5.2) to describe the Rayleigh–
Bénard boundary layers. These equations and their similarity solutions depend not only
on the Prandtl number, but also on the angle β (4.15), at which the large-scale circulation
(see figure 8) attacks the horizontal plate.
For the normalised temperature profiles, which satisfy (5.6) and can be obtained under
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the assumption of a power-function wind above the viscous boundary layer, a general
result was derived. For all angles β and all Prandtl numbers, the temperature profiles are

bounded by Θ(ζ) =
∫ ζ

0 exp(−Bχω) dχ with B =

{
Γ3(4/3) ≈ 0.712, ω = 3, Pr ≫ 1,
π/4, ω = 2, Pr ≪ 1.

This limits are also valid for the particular case of Prandtl–Blasius boundary layers.
For the ratio of the thermal and viscous boundary layer thicknesses it was derived that

for all β it scales as δθ/δu ∼ Pr−1/2 if Pr ≪ 1 and δθ/δu ∼ Pr−1/3 if Pr ≫ 1. The
asymptotes for these regimes intersect at the critical Prandtl number Pr∗, which grows
together with decreasing β and can be approximated by (6.5). For certain particular
angles β of the wind attack, formulae (6.1)–(6.4) to approximate δθ/δu as functions on
Pr were derived based on the numerical solutions of the boundary layer equations.
Using our DNS data for air and water we estimated the angle β, based on the infor-

mation of the locations within the plane of the large-scale circulation, where the time-
averaged wall shear stress vanishes. Thus it was obtained that β = 0.695π±0.015π for air
and β = 0.705π ± 0.025π for water. The theoretical predictions obtained in the present
work demonstrated a good agreement with the DNS results for turbulent RBC with the
considered Rayleigh and Prandtl numbers.
From the fact that the Falkner–Skan ansatz for β 6= π represents the DNS data in a

better way than the Prandtl–Blasius one for β = π, one concludes that the angle β of
the wind attack may also influence the constants in the scaling laws of the Reynolds and
Nusselt numbers with the Rayleigh and Prandtl numbers in turbulent RBC with laminar-
like boundary layers. In this case a parameter like m, which determines the angle β (4.15)
and influences the pressure gradient within the viscous boundary layer and the wind (4.9)
above the boundary layer, will be involved in the scaling theory, representing the details
on the global flow structure.
Further, since the geometry of the container influences the global flow structure and,

hence, the angle β at which the wind meets the boundary layer, the Falkner-Skan approx-
imation will lead to an improvement of the models that account for the influence of the
regular wall roughness and isothermal obstacles inside the convection cells (Shishkina &
Wagner 2011). The Falkner–Skan ansatz will be also useful for a better understanding of
mixed convection flows (Bailon-Cuba et al. 2012; Shishkina & Wagner 2012), which are
even more sensitive to the angle of the wind attack, and especially of forced convection
flows (Koerner et al. 2013) that are driven by imposed pressure gradients. These and
many other issues related to the applicability of the Falkner–Skan ansatz in turbulent
thermal convection should be investigated in the future.
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