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ABSTRACT
We examine the dynamics of turbulent reconnection in two-dimensional and three-dimensional

reduced MHD by calculating the e†ective dissipation due to coupling between small-scale Ñuctuations
and large-scale magnetic Ðelds. Sweet-Parker type balance relations are then used to calculate the global
reconnection rate. Two approaches are employedÈquasi-linear closure and an eddy-damped Ñuid model.
Results indicate that despite the presence of turbulence, the reconnection rate remains inversely pro-
portional to as in the Sweet-Parker analysis. In two-dimensions, the global reconnection rate isJRe

m
,

shown to be enhanced over the Sweet-Parker result by a factor of magnetic Mach number. These results
are the consequences of the constraint imposed on the global reconnection rate by the requirement of
mean-square magnetic potential balance. The incompatibility of turbulent Ñuid-magnetic energy equi-
partition and stationarity of mean-square magnetic potential is demonstrated.
Subject headings : MHD È magnetic Ðelds È turbulence

1. INTRODUCTION

Magnetic reconnection is the process whereby large-scale
magnetic Ðeld energy is dissipated and magnetic topology is
altered in MHD Ñuids and plasmas (for instance, see Vasy-
liunas 1975 ; Parker 1979 ; Forbes & Priest 1984 ; Biskamp
1993 ; Wang, Ma, & Bhattacharjee 1996 and references
therein). Reconnection is often invoked as the explanation
of large-scale magnetic energy release in space, astro-
physical, and laboratory plasmas. SpeciÐcally, magnetic
reconnection is thought to play an integral role in the
dynamics of the magnetotail, the solar dynamo, solar
coronal heating, and in the major disruption in tokamaks.
For these reasons, magnetic reconnection has been exten-
sively studied in the context of MHD, two-Ñuid, and kinetic
models, via theory, numerical simulations, and laboratory
experiments.

The basic paradigm for magnetic reconnection is the
Sweet-Parker (called SP hereafter) problem (Parker 1957 ;
Sweet 1958), in which a steady inÑow velocity advects
oppositely directed magnetic Ðeld lines (^B) together,
resulting in current sheet formation and, thus, reconnection
(see Fig. 1). The current sheet has thickness * and length L ,
so that imposition of continuity momentum(v

r
L \ v0*),

balance and magnetic energy balance(v0\ vA), (v
r
B\

gB/*) constrains the inÑow, or ““ reconnection,ÏÏ velocity to
be Here is the outÑow velocity ;v

r
\ vA/JS P vA/JRe

m
. v0is the speed associated with B ; is thevA Alfve� n S 4 vA L /g

Lundquist number ; is the magnetic ReynoldsRe
m

\ ul/g
number, with u and l being the characteristic amplitude and
length scale of the velocityÈS is called the magnetic Rey-
nolds number, in some literatures. Note that the SPRe

m
,

process forms strongly anisotropic current sheets since
and S ? 1. Note also the link between sheet*/L \ JS

anisotropy and the reconnection speed i.e.,v
r
, v

r
/vA \

Finally, it should be noted that is a measure*/L \ 1/JS. v
rof the global reconnection rate, in that it parameterizes the

mean inÑow velocity to the layer.
The SP picture is intrinsically appealing, on account of its

simplicity and dependence only upon conservation laws.
Moreover, the SP prediction has been veriÐed by labor-
atory experiments (Ji, Yamada, & Kulsrud 1998). However,
since is extremely large in most astrophysical applica-Re

m

tions of interest (i.e.. in the solar corona), the SPRe
m

D 1013
reconnection speed is far too slow to explain observations.
Hence, there have been many attempts to develop models of
fast reconnection. For example, in 1964 Petschek proposed
a fast reconnection model involving shock formation near
the reconnection layer, which predicted Unfor-v

r
\ vA/ ln S.

tunately, subsequent numerical (Biskamp 1986) and theo-
retical (Kulsrud 2000) study has indicated that PetschekÏs
model is internally inconsistent. While research on fast,
laminar reconnection continues today (i.e., Aydemir 1992 ;
Wang & Bhattacharjee 1993 ; Kleva, Drake, & Waelbroeck
1995 ; Ma & Bhattacharjee 1996 ; Shay et al. 1999) in the
context of two-Ñuid models, the failure of the Petschek sce-
nario has sparked increased interest in turbulent reconnec-
tion (Matthaeus & Lamkin 1986) in which turbulent
transport coefficients (which can be large for large Reynolds
number) act as e†ective dissipation coefficients, and so are
thought to facilitate fast reconnection (i.e., Diamond et al.
1984 ; Strauss 1988). Interest in turbulent reconnection has
also been stimulated by the fact that many instances of
reconnection occur in systems where turbulence is ubiqui-
tous, i.e., coronal heating of turbulent accretion disks, the
dynamo in the sunÏs convection zone, and turbulent
tokamak plasmas during disruptions.

Recently, Lazarian & Vishniac (1999) (hereafter LV) pre-
sented a detailed discussion of turbulent reconnection. LV
took a rather novel approach to the problem by considering
the interaction of two slabs of oppositely directed, chaotic
magnetic Ðelds when advected together. LV modeled the
e†ects of turbulence by treating the slabsÏ surfaces as rough,
where the roughness was symptomatic of a chaotic turbu-
lent magnetic Ðeld structure. This ““ rough surface ÏÏ model
naturally led LV to decompose the reconnection process
into an ensemble of local, ““ microreconnection ÏÏ events,
which interact to form a net ““ global ÏÏ reconnection process.
LV argue that microreconnection events occur in small-
scale ““ layers,ÏÏ with dimensions set by the structure of the
underlying MHD turbulence (i.e., the andAlfve� nic k

M
~1 k

A
~1,

as set by the Goldreich-Sridhar model). The upper bound
for the microreconnection rate obtained by LV is v

r
\

where is the mean, reconnectionvA(u/vA)2\ vA(b/B
H
)2, B

HÐeld, and u and b are small-scale velocity and magnetic Ðeld.
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FIG. 1.ÈSweet-Parker two-dimensional slab conÐguration. * and L
are the thickness and length of the current sheet ; ^B are reconnecting
magnetic Ðelds ; and are inÑow (reconnection) and outÑow velocities.v

r
v0

While the LV arguments concerning microreconnection are
at least plausible, their assertion that the global reconnec-
tion rate can be obtained by e†ectively superposing micro-
reconnection events is unsubstantiated and rather dubious,
in that it neglects dynamical interactions between micro-
layers. Such interactions are particularly important for
enforcing topological conservation laws. Since the process
of turbulent reconnection is intimately related to the rate of
Ñux dissipation, and the latter is severely constrained by
mean-square magnetic potential conservation, it stands to
reason that such a topological conservation law will also
constrain the rate of global magnetic reconnection. In par-
ticular, for a mean B-Ðeld with strength in excess of BcritDthe Ñux in two-dimensions was shown to be(Su2T/Re

m
)1@2,

suppressed by a factor

1
1 ] Re

m
SBT2/Su2T , (1)

where SBT is the large-scale magnetic Ðeld and Su2T the
turbulent kinetic energy (Cattaneo & Vainshtein 1991 ;
Gruzinov & Diamond 1994). The above expression implies
that even a weak magnetic Ðeld (i.e., one far below the equi-
partition value Sb2T D Su2T) is potentially important. The
origin of this suppression is ultimately linked to the conser-
vation of mean-square potential (see Das & Diamond 2000
for Ñux di†usion in EMHD). Hence, it is natural to investi-
gate the e†ect of such constraints on reconnection, as well.

In turbulent reconnection, Ñuctuating magnetic Ðelds are
dynamically coupled to a large-scale magnetic Ðeld so that a
similar suppression of energy transfer is expected to occur.
In other words, Ñuctuating magnetic Ðelds will inhibit the
energy transfer from large-scale to small-scale magnetic
Ðelds (responsible for turbulent di†usion), even when the
latter is far below equipartition value. This link between
small and large-scale magnetic Ðeld dynamics is indeed the
very feature that is missing in LV, where a global reconnec-
tion rate is considered to be a simple sum of local reconnec-
tion events, without depending on either SBT or ThatRe

m
.

is, even if one local reconnection event may proceeds fast,
the energy transfer from large-scale to small-scale is sup-
pressed inversely with preventing many local recon-Re

m
,

nection events for a large and Ðxed large-scale ÐeldRe
m

strength. Thus, the global reconnection rate is very likely to
be reduced for large Re

m
.

The purpose of this paper is to determine the global
reconnection rate by treating the dynamics of large and
small-scale magnetic Ðelds in a consistent way. The key idea
is to compute the e†ective dissipation rate of a large-scale
magnetic Ðeld (turbulent di†usivity) by taking into account
small-scale Ðeld backreaction and then to use Sweek-Parker
type balance relations to obtain the global reconnection
rate. Since magnetic Ðelds across current sheets are not
always strictly antiparallel in real systems, we assume that
only one component of the magnetic Ðeld (e.g., poloidal or
horizontal Ðeld) changes its sign across the current sheet
(see Fig. 2). The other component (e.g., axial Ðeld) is
assumed to be very strong compared to the poloidal com-
ponent. A strong axial magnetic Ðeld avoids the null point
problem inherent in SP slab model, justifying the assump-
tion of incompressibility of the Ñow in the poloidal
(horizontal) plane. Such a magnetic conÐguration is ideal
for the application of so-called three-dimensional reduced
MHD (RMHD) (Strauss 1976). In three-dimensional
RMHD, the conservation of the mean-square potential is
linearly broken owing to the propagation of wavesAlfve� n
along an axial Ðeld, but preserved by the nonlinearity. As
we shall show later, the latter e†ect introduces additional
suppression in the e†ective dissipation of a large-scale mag-
netic Ðeld compared to two-dimensional MHD. We also
discuss the two-dimensional MHD case which can be
recovered from our results simply by taking the limit

where is a axial magnetic Ðeld. Note that in thisB0] 0, B0

FIG. 2.ÈConÐguration in three-dimensional RMHD. is a strongB0axial magnetic Ðeld pointing in the z-direction, and are reconnecting^B
H(large-scale) magnetic Ðelds in the x-y plane ; (a) is the projection in the x-y

plane, and (b) in the y-z plane.
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two-dimensional limit, a neutral line appears as is the case
in other works on the subject, including that of LV.

To be able to obtain analytic results, we adopt the follow-
ing two methods. The Ðrst is a quasi-linear closure together
with q approximation by assuming the same correlation
time for Ñuctuating velocity and magnetic Ðelds employing
unity magnetic Prandtl number. The second is an eddy-
damped Ñuid model, based on large viscosity (Kim 1999),
which may have relevance in Galaxy where l? g. In this
model, the nonlinear backreaction can be incorporated con-
sistently, without having to invoke the presence of fully
developed MHD turbulence or assumptions such as a
quasi-linear closure or q approximation. In both models,
the isotropy and homogeneity of turbulence is assumed in
the horizontal (poloidal) plane since the reduction in e†ec-
tive dissipation of a large-scale poloidal magnetic Ðeld is
likely to occur when its strength is far below the equi-
partition value. The e†ect of hyperresistivity is incorporated
in our analysis. This can potentially accelerate the dissi-
pation of a large-scale poloidal magnetic Ðeld.

The paper is organized in the following way. In ° 2 we set
up our problem in three-dimensional RMHD and provide
the quasi-linear closure using q approximation where the
Ñux is estimated in a stationary case. Section 3 contains a
similar analysis for an eddy-damped Ñuid model. The global
reconnection rate for both models is presented in ° 4. Our
main conclusion and discussion is found in ° 5.

2. QUASI-LINEAR MEAN FIELD EQUATIONS

We assume that a strong constant axial magnetic Ðeld B0is aligned in the z-direction and that a poloidal (horizontal)
magnetic Ðeld lies in the horizontal x-y plane, as shownB

Hin Figure 2. The subscript H denotes horizontal direction.
The total magnetic Ðeld is then expressed as B \ B0 zü

in terms of a parallel component of] B
H

\ B0 zü ] +] tzü ,
the vector potential t (i.e., According to theB

H
\ +] tzü ).

RMHD ordering, the Ñow in the horizontal plane u is
incompressible and therefore can be written using a scalar
potential / as Then, the equations governingu \ +] /zü .
three-dimensional RMHD are (see Strauss 1976) :

L
t
t] u Æ $t\ g+2t] B0 L

z
/ , (2)

L
t
+2/] u Æ $+2/\ l+2+2/] B Æ $+2t , (3)

where g and l are Ohmic di†usivity and viscosity, respec-
tively, and is meant to be the two-+2\ L

xx
] L

yydimensional Laplacian. For the quasi-linear closure, unity
magnetic Prandtl number (g \ l) will implicitly be assumed.
In comparison with two-dimensional MHD, the equation
for the vector potential contains an additional term, B0 L

z
/,

which reÑects the propagation of wave along theAlfve� n
axial magnetic Ðeld Because of this additional term,B0 zü .
the conservation of the mean-square potential is broken in
three-dimensional RMHD, albeit only linearly. In other
words, the nonlinear term in equation (2) conserves St2T
since Su Æ $t2T \ +ÉSut2T \ 0, assuming that boundary
terms vanish. Note that these boundary terms could bring
in the additional e†ect on the Ñux di†usion, possibly relax-
ing its suppression (Blackman & Field 2000). Similarly, the
momentum equation contains an additional term

These additional terms are proportional to theB0 L
z
+2t.

wavenumber along Thus, the two-dimensional casek
z

B0 zü .
can be recovered by taking or Note thatk

z
] 0 B0] 0.

because of a strong axial Ðeld the vertical wavenumberB0 zü ,
is much smaller than horizontal wavenumberk

z
k
H

\ k
x
xü

speciÐcally, the three-dimensional RMHD ordering] k
y
zü ;

implies that k
z
/k

H
D B

H
/B0D v> 1.

We envisage a situation where large-scale magnetic Ðelds
with a horizontal component areB

H
\ SB

H
T \ +] StTzü

embedded in a turbulent background. The turbulence can
be generated by an external forcing, for instance. The hori-
zontal component of a large-scale magnetic Ðeld ÑowsSB

H
T

to form a current sheet of thickness * in the horizontal
plane, so changes sign across the current sheet. AsSB

H
T

reconnection proceeds, small-scale Ñows as well as magnetic
Ðelds are generated within the current sheet. It is reasonable
to model the physical processes within a current sheet as
well as the background turbulence by an (approximately)
isotropic and homogeneous turbulence with Ñuctuating
velocity u and magnetic Ðeld Here the assump-b \ +] t@zü .
tion of isotropy is justiÐed since i.e.. theSB

H
T2> Su2T,

reconnecting Ðeld is taken to be weak.
Outside the reconnection region, there are large-scale

inÑow and outÑow in addition to the background turbu-
lence. Thus, to obtain SP-like balance relations, small-scale
Ñow as well as large-scale Ñow should be incorporated.
However, since small-scale velocity is assumed to be homo-
geneous and isotropic, there is no net contribution from the
Ñuctuating velocity to mass continuity. E†ectively, the
small-scale velocity does not appear in the momentum
balance either. However, OhmÏs law (magnetic energy
balance) now contains an additional term due to the corre-
lation between Ñuctuating Ðelds Su Â bT, leading to turbu-
lent di†usitivy and hyperresistivity. The reconnection rate is
derived in ° 4 and includes contributions from both turbu-
lent di†usivity and hyperresistivity. In the limit where the
turbulent di†usivity dominates over hyperresistivity, turbu-
lence e†ectively changes the Ohmic di†usivity to the sum of
Ohmic di†usivity and turbulent di†usivity inside current
sheet. In that case, similar balance relations to the original
SP hold as long as the Ohmic di†usivity is replaced by the
total di†usivity.

To recapitulate, homogeneous and isotropic turbulence is
assumed to be present with magnetic Ðelds B

H
\ SB

H
T] b

(SbT \ 0) and small-scale velocity u (SuT \ S/T \ 0). Once
the e†ective dissipation rate of within the reconnec-SB

H
T

tion zone is computed, it will be used to determine the
reconnection velocity through SP type balance relations.v

r

2.1. Mean Field Equation
The evolution equation for t is obtained by taking the

average of the above equation as

L
t
StT] Su Æ $t@T \ g+2StT . (4)

Note that although equation (4) does not exhibit an explicit
dependence on it does depend on through the ÑuxB0, B0To compute the Ñux we Ðrst do a quasi-!
i
4 Su

i
t@T. !

i
,

linear closure of Su Æ $t@T.
The e†ect of the backreaction can be incorporated in the

Ñux by considering the change in Ñux to be due to the!
i

!
ichange in the velocity as well as the Ñuctuating magnetic

Ðeld. That is, we can rewrite the Ñux as

!
i
\ v

ij3SL
j
/t@T \ v

ij3SL
j
/dt@[ d/L

j
t@T , (5)

where unity magnetic Prandtl number is assumed for the
equal splitting between and the latterSL

j
/dt@T Sd/L

j
t@T ;
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essentially takes the backreaction to be as important as the
kinematic contribution.

2.2. Fluctuations
From equations (2) and (3), we can write the equation for

the Ñuctuations in the following form:

(L
t
]u Æ $)t@[Su Æ $t@T\[u Æ $StT]g+2t@]B0 L

z
/ ,

(L
t
] u Æ $)+2/[ Su Æ $+2/T \ l+2+2/] B0 L

z
+2t

]SB
H
TÉ++2t@ ] b Æ $+2StT .

Here we have assumed that there is no large-scale Ñow in
the current sheet. To estimate d/ and dt@ in equation (5), we
introduce a correlation time q that represents the overall
e†ect of inertial and advection terms on the left-hand side of
the above equations. That is, we approximate (L

t
] u Æ $)t@

[ Su Æ $t@T4 q~1t@, and (L
t
] u Æ $)+2/[ Su Æ $+2/T 4

q~1+2/, where the same correlation time q is assumed
for both the Ñuctuating Ñow and magnetic Ðeld due to
unity magnetic Prandtl number. Then, d/ and dt@ in equa-
tion (5) can be estimated from the above equations as
follows :

dt@\ q[B0 L
z
/@ [ v

ij3 L
j
/@L

i
StT] , (6)

d+2/\ q[B0 L
z
+2t@] v

ij3 L
j
StTL

i
+2t@

] v
ij3 L

j
t@L

i
+2StT] . (7)

In Fourier space, the above equations take the following
form:

dt@(k)\ q
C
B0 ik

z
/(k)] v

ij3
P

d3k@k
j
@ /(k@)(k [ k@)

i

] St(k [ k@)T
D

, (8)

d/(k)\ iq
G
B0 k

z
t@(k)] iv

ij3
1
k2
P

d3k@

][(k [ k@)
j
k
i
@ k@2 ] k

j
@(k [ k@)

j
(k [ k@)2]

] t@(k@)St(k [ k@)T
H

. (9)

Note that in principle, the correlation time can be a func-
tion of the spatial scale or the wavenumber, i.e., q\ q

k
.

Nevertheless, for the notational simplicity, we have taken q
to be a constant by assuming that the variation of in k isq

ksmall or that the small-scale Ðelds possess a characteristic
scale with a small spread in k. Our Ðnal result will not
fundamentally change when the scale dependence of q is
incorporated.

The Ñux can readily be computed once the statistics of!
ismall-scale magnetic Ðeld and the velocity are speciÐed. As

mentioned earlier, the statistics of both Ñuctuations are
assumed to be homogeneous and isotropic in the x-y plane.
We further assume that the former is homogeneous and
reÑectionally symmetric in the z-direction with no cross
correlation between horizontal and vertical components,
thereby eliminating a helicity term. The absence of helicity
terms rules out a possibility of a mean Ðeld dynamo in our
model. Note that owing to the presence of a strong axial
Ðeld the correlation functions cannot be everywhereB0 zü ,
isotropic. SpeciÐcally, the correlation functions at equal

time t are taken to have the form:

St@(k1, t)t@(k2, t)T \ d(k1[ k2)t(k1H, k1z) , (10)

S/(k1, t)/(k2, t)T \ d(k1[ k2)/(k1H, k1z) , (11)

where and are the power spectra oft(k1H, k1z) /(k1H, k1z)t@ and /, respectively. These depend on only the magnitude
of horizontal wavenumber and verticalk1H\ (k1x2 ] k1y2 )1@2
wavenumber Finally, we assume that S/t@T\ 0, whichk1z.can be shown to be equivalent to excluding the generation
of a large-scale Ñow by the Lorentz force.

Straightforward but tedious algebra using equations (8)È
(11) in equation (5) leads to the following expression for the
Ñux (the details are given in Appendix A) :

!
i
\ [ q

2
[(Su2T [ Sb2T)L

i
StT[ St@2TL

i
+2StT] , (12)

where and Sb2T \Su2T \ / d3kk2/(k), St@2T \ / d3kt(k),
The Ðrst term on the right-hand side of equa-/ d3kk2t(k).

tion (12) represents the kinematic turbulent di†usion by
Ñuid advection of the Ñux ; the second represents the Ñux
coalescence due to the backreaction of small-scale magnetic
Ðelds with the (negative) di†usion coefficient proportional
to the small-scale magnetic energy Sb2T. The third term is
the hyperresistivity, reÑecting the contribution to due to!

ithe gradient of a large-scale current SJT \ [+2StT, where
(Boozer 1986 ; Bhattacharjee & Hameiri 1986 ;Jzü \$ Â B

HBhattacharjee & Yuan 1995). Note that the value of hyper-
resistivity, being proportional to mean-square potential, is
related to the small-scale magnetic energy as St@2T \

where is the typical horizontal scale of b.L
bH
2 Sb2T, L

bHThus, the negative magnetic di†usion (second) term and
hyperresistivity (third) term are closely linked through the
small-scale magnetic energy Sb2T. Indeed, the negative dif-
fusivity and hyperresistivity together conserve total St@2T,
while shuffling the St@2T spectrum toward large scales.

We now put equation (12) in the following form:

Sb2T \ 2!
i
/q] Su2TL

i
StT

L
i
StT] L

bH
2 L

i
+2StT

, (13)

where no summation over the index i occurs.

2.3. Stationary Case : L
t
St@2T \ 0

To compute the Ñux we need an additional relation!
i
,

between Sb2T and besides equation (13). This can be!
iattained by imposing a stationarity condition on St@2T. The

stationarity of Ñuctuations is achieved in a situation where
the energy transfer from large-scale Ðelds balances the dissi-
pation of Ñuctuations locally, as is usually the case in the
presence of an external forcing and dissipation. To obtain
this relation, we multiply the equation for t@ by t@ and then
take the average

1
2

L
t
St@2T ] v

ij3SL
j
/t@TL

i
StT \ [ gS(L

i
t@)2T

] B0St@L
z
/T . (14)

Here the integration by parts was used assuming that there
are no boundary terms. We note that either when the sta-
tionarity condition is not satisÐed or when boundary terms
do not vanish, there will be a correction to our results
(Blackman & Field 2000). When St@2T is stationary, the
Ðrst term on the left-hand side of equation (14) vanishes,
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simplifying the equation that relates Sb2T to !
i
\ Su

i
t@T \

to the formv
ij3SL

i
/t@T

S(L
i
t@)2T \ Sb2T \ 1

g
[[!

i
L
i
StT] B0St@L

z
/T] . (15)

Note that in two-dimensional MHD the Ñux is(B0\ 0),
proportional to gSb2T. This balance reÑects the conserva-
tion of St2T, which is damped only by Ohmic di†usion. The
second term on the right-hand side of equation (15) can be
evaluated in a similar way as for i.e., by writing!

i
,

St@L
z
/T \ Sdt@L

z
/[ L

z
t@d/T (16)

and then by using equations (8)È(11). Omitting the interme-
diate steps (see Appendix A for details), the Ðnal result is

St@L
z
/T \ qB0[mv

Su2T [ m
b
Sb2T] . (17)

Here

m
v
4
P

d3kk
z
2/(k)

NP
d3kk

H
2 /(k) , (18)

m
b
4
P

d3kk
z
2t(k)

NP
d3kk

H
2 t(k) , (19)

and If the characteristic horizontal and verti-k
H
2 \ k

x
2] k

y
2.

cal scales of u are and and if those of b are andL
vH

L
vz

, L
bHthen and can be expressed in terms of these char-L

bz
, m

v
m
bacteristic scales as

m
v
\ L

vH
2

L
vz
2 , m

b
\ L

bH
2

L
bz
2 . (20)

Insertion of equation (17) into (15) gives us

Sb2T \ 1
g

[[!
i
L
i
StT] qm

v
B02Su2T]/[1] (qm

b
/g)B02] .

(21)

Thus, from equations (13) and (21), we obtain

!
i
\ [ q

2
Su2T

]
[1] qgB02(mb [ m

v
)]L

i
StT[ (qL

bH
2 /g)m

v
B02 L

i
+2StT

1 ] q/g[(1/2)SB
H
T2] m

b
B02 [ (L

bH
2 /2)SJT2] ,

(22)

where and the integration by part is used toJzü \ $ Â B
Hexpress NoteL

i
StTL

i
+2StT\[(+2StT)2 \ [SJT2\ 0.

the last term in the numerator and denominator in equation
(22) comes from the hyperresistivity (cf. Bhattacharjee &
Yuan 1995). Equation (22) is the Ñux in three-dimensional
RMHD, which generalizes the two-dimensional MHD
result (Cattaneo & Vainshtein 1991 ; Gruzinov & Diamond
1994). Several aspects of this result are of interest. First, in
the limit as and (SJT ] 0), the ÑuxB0] 0 SB

H
T ] 0

reduces to the kinematic value with the!
i
\ [g

k
L
i
StT,

kinematic turbulent di†usivity This corre-g
k
\ qSu2T/2.

sponds to the two-dimensional hydrodynamic result where
the e†ect of the Lorentz force is neglected. The full two-
dimensional MHD result can be obtained by taking the
limit in equation (22), which will reproduce equationB0 ] 0
(1). This agrees with the well-known result on the suppress-
ion of Ñux di†usion in two-dimensions (Cattaneo & Vainsh-
tein 1991 ; Gruzinov & Diamond 1994).

Another interesting case may be the limit InSB
H
T ] 0.

fact, this limit can be shown to be consistent with the order-
ing of three-dimensional RMHD as follows. First, note that
three-dimensional RMHD ordering (k

z
/k

H
D B

H
/B0D v\

1) requires Sincem
b
B02DSB

H
2T. SB

H
T2 >SB

H
2T DSb2T,

we expect that Furthermore,m
b
B02D Sb2T ? SB

H
T2.
where is theL

bH
2 SJT2D (L

bH
/L

BH
)2SB

H
T2\ SB

H
T2, L

BHcharacteristic scale of Thus, the dominant term in theSB
H
T.

square brackets in the denominator of equation (22) is
That is, the e†ect of seems to be strongerm

b
B02D Sb2T. B0than that of in three-dimensional RMHD.SB

H
T

Finally, to determine whether enhances the Ñux orB0not, we note that in equation (22) can be taken to bem
v
[ m

bzero, since the scales for b and u are likely to be comparable
in this model, which employs unity magnetic Prandtl
number. Then, we estimate the last term in the numerator,
due to hyperresistivity, to be qSb2TL

bH
2 /(gL

BH
2 )D

where and Sb2T D Su2T are(L
bH

/L
BH

)2Re
m

m
b
B02 DSb2T

used. If this term will be of order unity(L
bH

/L
BH

)2 DRe
m
~s,

for s D 1/2. When the hyperresistivity can bes Z 12,neglected compared to the other term in the numerator (i.e.,
the turbulent di†usivity). More discussion on this is provid-
ed in ° 4.1. Note is the magnetic ReynoldsRe

m
\ ul/g

number, with u and l being the characteristic amplitude and
length scale of the velocity. Therefore, equation (22) indi-
cates that the Ñux is reduced on account of the strong axial
magnetic Ðeld as well as the horizontal reconnectingB0Ðeld The above analyses will be used in ° 4.1 in orderSB

H
T.

to estimate global reconnection rate.

3. EDDY-DAMPED FLUID MODEL

The analysis performed in the previous section intro-
duced an arbitrary correlation time q that is assumed to be
the same for both small-scale velocity and small-scale mag-
netic Ðelds. Moreover, the quasi-linear closure is valid
strictly only when the small-scale Ðelds remain weaker than
the large-scale Ðelds. In order to compensate for these
shortcomings, we now consider an eddy-damped Ñuid
model which is based on a large viscosity (Kim 1999). In this
model, the Ñuid motion is self-consistently generated by a
forcing with a prescribed statistics as well as by the Lorentz
force, without having to assume the presence of fully devel-
oped MHD turbulence, to invoke a quasi-linear closure, or
to introduce an arbitrary correlation time for the Ñuctuat-
ing Ðelds. This is the simplest model within which the non-
linear e†ect of the back-reaction can rigorously be treated.
Even though this model has limited applicability to a
system with a large viscosity, it could be quite relevant to
small-scale Ðelds in the Galaxy where l? g. As shall be
shown later, this model gives rise to an e†ective correlation
time for the Ñuctuating magnetic Ðelds that is given by the
viscous time where is the typical scale of theql\ l

bH
2 /l, l

bHmagnetic Ñuctuations in the horizontal plane (cf. eqs. [22]
and [32]). Thus, in comparison with the q approximation in
the previous section, this model is equivalent to replacing q
by despite the fact that some of detailed results for theqltwo models are not the same.

3.1. Splitting of Velocity
In a high viscosity limit with the Ñuid kinetic Reynolds

number Re\ ul/l\ 1, the nonlinear advection term as well
as inertial term in the momentum equation can be
neglected. Then, the linearity of the remaining terms in the
momentum equation enables us to split the velocity into
two components ; the ÐrstÈrandom velocityÈis solely gov-
erned by the random forcing, and the secondÈinduced
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velocityÈis governed by the Lorentz force only. SpeciÐ-
cally, we express the total velocity u as whereu \ ¿ ] ¿@, ¿
and are the random and induced velocity, respectively,¿@
and introduce velocity potential and as/0 /

I
¿\ +] /0 zü

and Then, the equations for these potentials¿@ \+ ] /
I
zü .

are

0 \ l+2+2/0] F , (23)

0 \ l+2+2/
I
] B Æ $+2t , (24)

where the nonlinear advection term as well as the inertial
term is neglected since Re\ 1 is assumed. In equation (23),
F is a prescribed forcing with known statistics. Instead of
solving equation (23) for we can equivalently prescribe/0,the statistics of the random velocity (or Therefore, we/0 ¿).
assume that the statistics of random component satisÐes
homogeneity and isotropy in the horizontal plane and
homogeneity and reÑectional symmetry in the z-direction,
respectively. Furthermore, we assume that it is delta corre-
lated in time. The correlation function is then given by

S/0(k1, t1)/0(k2, t2)T \ d(k1[ k2)d(t1[ t2)/0(k1H, k1z) ,

(25)

where is the power spectrum of Note/0(k1H, k1z) /0.that and whereq0S/02T \ / d3k/(k) q0Sv2T \ / d3kk2/(k),
is the correlation time of that is assumed to be short.q0 ¿
On the other hand, the induced velocity can be con-

structed by solving equation (24) for in terms of B. This/
Ican easily be done in Fourier space as

/
I
(k)\ i

lk
H
t
C
B0 k2k

H
2 ] iv

ij3

]
P

d3k@(k [ k@)
j
k
Hi
@ k

H
@2t(k [ k@)t(k@)

D
, (26)

where is used. Note that the t in theB
Hi

(k)\ iv
ij3 k

j
t(k)

above equation contains both mean and Ñuctuating parts.

3.2. Magnetic Field
Both random and induced velocities are to be substituted

in equation (2) to solve for the magnetic Ðeld. Notice that
equation (2) then has a cubic nonlinearity, since the induced
velocity is quadratic in B. We again assume that the mag-
netic Ðeld in the horizontal plane consists of mean and
Ñuctuating components, i.e., t\ StT] t@ and that the
Ñuctuation is homogeneous and isotropic in the x-y plane
and homogeneous and reÑectionally symmetric in the z-
direction, satisfying the same correlation function as equa-
tion (10).

To obtain equations for StT and St2T, we utilize the
delta-correlation in time of and iterate equation (2) for¿
small time intervals dt. SpeciÐcally, we use Sv

i
(t1)B(t)

j
T \ 0

for and vD O[(dt)~1@2] sincet1[ t Sv
i
(t1)vj(t2)T P d(t1where Then, for dt > 1, equation[ t2)D 1/dt, dt \ t1 [ t2.(2) can be iterated up to order O(dt) as

t(t ] dt)\ t(t)] dtg+2t(t)

]
P
t

t`dt
dt1[vij3 L

j
t(t)L

i
/(t1)] B0 L

z
t(t1)]

]1
2

v
ij3
P
t

t`dt
dt1 dt2Mvlm3 L

i
/(t1)

] L
j
[L

m
t(t)L

l
/(t2)]

]B0 L
i
/(t1)Ljz

/(t2)N] O(dt3@2) , (27)

where t and / are to be evaluated at the same spatial
position x.

The mean Ðeld equation is obtained by substituting equa-
tion (26) in (27), by taking the average with the help of
equations (10) and (25), and then by taking the limit dt ] 0.
The derivation is tedious and is outlined in Appendix B.
Here we give the Ðnal result :

L
t
StT\ g+2StT]

Aq0
4

Sv2T [ 1
2l

G
B
+2StT

[F
l

+2+2StT

\ (g ] g
M

)+2StT[ k+2+2StT . (28)

Here is the short correlation time of random velocityq0 ¿
and

g
M

4
q0
4

Sv2T [ 1
2l

G4 g
k
[ 1

2l
G ,

k 4
F
l

,

G4
P

d3kt(k) \ St@2T 4 iSb2T ,

F4
P

d3k k
z
2

k
H
4 t(k) ^

L
bH
4

L
bz
2 G4 cG ,

where is the kinematic di†usivity ;g
k
\ q0Sv2T/4 i 4 L

bH
2

and The above equation implies that thec4 L
bH
4 /L

bz
2 \im

b
.

Ñux is given by!
i
\Su

i
t@T

!
i
\ [g

M
L
i
StT ] kL

i
+2StT . (29)

Again, the two terms in are due to the kinematic turbu-g
Mlent di†usivity and backreaction. Note that the kinematic

di†usivity now comes only from the randomg
k
\ q0Sv2T/4

velocity, with being its correlation time that can be pre-q0scribed. The backreaction term is proportional to St@2T,
not Sb2T (see eq. [12]) and inversely proportional to the
viscosity l. It is because the cuto† scale of the magnetic Ðeld

is smaller than that of the velocity in this model, so thatlg llfor a larger l, there are magnetic modes over a larger inter-
val of scale l between and (i.e., where thelg ll lg \ l \ ll)velocity is absent owing to viscous damping. That is, the
induced velocity (Lorentz force) cannot be generated on this
scale owing to viscous damping, thereby(lg\ l \ ll)weakening the overall e†ect of backreaction (see eq. [48]).
Now, the last term in equation (29) is the contribution from
the hyperresistivity k. It is interesting to see that k is
inversely proportional to and thus vanishes asL

bz
2 L

bz
] O

(or c] 0). which corresponds to the two-dimensional limit.
Therefore, in this eddy-damped Ñuid model, the hyper-
resistivity term vanishes in two dimensions. It should be
contrasted to the case considered in the previous section
where the hyperresistivity, being proportional St@2T, sur-
vives in two-dimensional MHD limit (see eq. [12]).

For use later, we solve equation (29) for Sb2T, yielding

Sb2T \ !
i
] g

k
L
i
StT

i2lLi
StT] (ic/l)L

i
+2StT

, (30)

where again the summation over the index i is not implied.



1058 KIM & DIAMOND Vol. 556

3.3. Stationary Case : L
t
St@2T \ 0

The additional relation between the Ñux and magnetic!
ienergy Sb2T is obtained for the case of stationary St@2T. To

derive an equation for St2T, we multiply equation (27) by
itself, take the average, and then take the limit of dt ] 0.
After considerable algebra (see Appendix B), we obtain the
following equation

L
t
St@2T ] L

t
StT2[

2g[[S(L
i
t)2T ] StT+2StT]\ B02

C
m
v
Sv2T [ 2

l
G
D

, (31)

where

G4
P

d3k k
z
2

k2 t(k)D
L
bz
2

L
bH
2 G\ m

b
G ,

In a stationary case, equations (28), (30), and (31) lead us to
the following expression for the Ñux :

!
i
+ [ q0

4
Sv2T

]
[1] (i/gl)B02(mb

[ m
v
)]L

i
StT[ (2ic/gl)m

v
B02 L

i
+2StT

1 ] (i/gl)(m
b
B02] 12SB

H
T2[ cSJT2) ,

(32)

where andJzü \ +] B
H
, L

i
+2StTL

i
StT\[(+2StT)2\

[SJT2\ 0 is used. When the characteristic scales of Ñuctu-
ating velocity and magnetic Ðeld are comparable, or when
only the ratios of vertical to horizontal scales of the Ñuctu-
ating velocity and magnetic Ðelds are comparable, can bem

vtaken to be equal to simplifying the above expression.m
b
,

It is worth considering a few interesting limits of equation
(32). First, in the limit and equation (32)B0] 0 B

H
] 0,

again recovers the two-dimensional hydrodynamic result
with the kinematic di†usivity The limitg

k
\ q0Sv2T/4.

leads to two-dimensional MHD case where the sup-B0] 0
pression of the turbulent di†usion arises from InSB

H
T.

three-dimensional RMHD, the dominant suppression in the
Ñux comes from when as discussed in ° 2.3.B0 m

v
\ m

b
,

We note that the last term in the numerator and denomi-
nator is due to the hyperresistivity, which comes with a
multiplicative factor wherec\ L

bH
2 m

b
m
b
\ L

bH
2 /L

bz
2 > 1.

Therefore, the e†ect of hyperresistivity can be neglected as
compared to other terms in equation (32). Since c] 0 in
two-dimensional MHD, there is no contribution from the
hyperresistivity to the Ñux in two-dimensional in this
model. The estimate of the e†ective dissipation in this model
is provided in ° 4.2.

It is very interesting to compare equation (32) with (22).
We recall that in order to derive equation (22), the same
correlation time q was assumed for both Ñuctuating mag-
netic Ðeld and velocity, which appears in front of the mean
magnetic Ðelds and StT in equation (22). In contrast,B0 q0in equation (32) is the correlation time of the random com-
ponent of the velocity, which can be arbitrarily prescribed.
Moreover, q in front of mean magnetic Ðelds in equation
(22) is now replaced by viscous timescale ql \i/l\ L

bH
2 /l

in equation (32). The latter represents the viscous timescale
across the typical horizontal scale of Ñuctuating magnetic
Ðelds. Thus, as noted at the beginning of this section, this
viscous time replaces q in the quasi-linear closure, whichqlwas assumed to be a parameter.

4. RECONNECTION RATE

In previous sections, the Ñux was derived by using a!
iquasi-linear closure and an eddy-damped Ñuid model. Since

the Ñux involves two terms proportional to and!
i

L
i
StT

in both cases (see eqs. [22] and [32]), it can beL
i
+StT

expressed as a sum of turbulent di†usivity and hyper-geffresistivity as follows :D
H
!

i
\ [geff LiStT ] D

H
L
i
+StT . (33)

Upon using equation (33), the mean Ðeld equation (4) then
becomes

L
t
StT\ g

T
+2StT [ D

H
+2+2StT , (34)

where is the total dissipation rate of the meang
T

4 g ] geffÐeld and is the hyperresistivity. and represent theD
H

g
T

D
Hoverall decay rate of a large-scale magnetic Ðeld due to both

small-scale motions and magnetic Ñuctuations. That is, the
dynamical system consisting of both small and large-scale
Ðelds can be represented by the evolution of a large-scale
Ðeld only when the e†ect of small-scale Ðelds is absorbed in
these turbulent coefficients.

In order to determine a global reconnection rate, we now
invoke the original SP type balance equations for mass
continuity momentum balance and(v

r
L \ v0*), (v0\ vA),

the magnetic energy balance

v
r
SB

H
T ^ g

T
SB

H
T

*
] D

H
SB

H
T

*3 .

by keeping the hyperresistivity. Note that is thevA Alfve� n
speed associated with but not From these, theSB

H
T, B0.reconnection speed follows as

Av
r

vA

B2
^

1
2
C g

T
L vA

^
SA g

T
L vA

B2] 4
D

H
vA L3

D
. (35)

In the limit of small hyperresistivity, the above equation
recovers the usual SP relation mentioned in the the Intro-
duction. In the opposite limit, it reduces to v

r
/vA P D

H
1@4

scaling (for instance, see, Biskamp 1993).
In the following subsections, we assume for sim-m

v
\ m

bplicity and estimate the reconnection rate via equation (35).
Then, we brieÑy comment on the implication for reconnec-
tion assuming turbulence,ÏÏ as Lazarian & Vish-““ Alfve� nic
niac (1999) did.

4.1. Using the Quasi-L inear Result
By using and noting that is them

v
\ m

b
m
b
B02 DSb2T

dominant term in the square brackets in the denominator of
equation (22) (see ° 2.3), we approximate the two turbulent
transport coefficients as

geff D g
k

1
1 ] qSb2T/g

D g
k

1
1 ] 2Re

m
Sb2T/Su2T , (36)

D
H

D g
k

2Re
m

L
bH
2 Sb2T/Su2T

1 ] 2Re
m
Sb2T/Su2T , (37)

where is the kinematic value of turbulent dif-g
k
\ qSu2T/2

fusivity in two-dimensional and Note that inRe
m

\ g
k
/g.

contrast to the two-dimensional MHD result (eq. [1]), the
equation (36) reveals that the turbulent di†usivity in three-
dimensional RMHD is more severely reduced as Sb2T ?

(\SBT2). It is owing to the radiative loss ofSB
H
T2 Alfve� n

waves along The reconnection rate can be obtainedB02.upon substituting equations (36) and (37) in equation (35). A
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simpler scaling relation can however be obtained by noting
that the e†ect of can be neglected compared to that ofD

HIt is because the ratio of the former to the latter,geff. with (see ° 2.3),(L
bH

/L
BH

)2Re
m

P Re
m
1~2s (L

bH
/L

BH
)DRe

m
~s

is likely to be of unity in two-dimensions with s D 1/2 and
less than unity in three-dimensions with (as sug-s Z 1/2
gested by Vainshtein & Cattaneo 1992). Note that s Z 1/2
in three-dimensions follows from the observation that in
three-dimensions, small-scale magnetic Ðelds tend to have
smaller scales with stronger Ñuctuations compared to two-
dimensions. For this reason, will be neglected in theD

Hfollowing analysis. The scaling relation for s \ 1/2, i.e., the
case when dominates over is discussed in AppendixD

H
geff,C.

To determine the leading order contribution in equation
(36), we need to estimate Sb2T. To do so, we substitute
equations (33) and (36) into equation (13) and use L

bH
\

to obtainL
BH

Sb2T D Su2T [ g
q
D Su2T

A
1 [ 1

2Re
m

B
, (38)

where is used. We note thatRe
m

\ g
k
/g \ qSu2T/2g

Sb2T [ 0 is guaranteed since (implyingSb2T [ SB
H
T2

was assumed to derive the above equation. Thus,Re
m

[ 1)

qSb2T
g

D 2Re
m

[ 1 .

That is, for qSb2T/g ? 1. Insertion of the aboveRe
m

? 1,
equation in (36) then gives us

geff D g
k

1
2Re

m
D

g
2

. (39)

In other words, to leading order, the e†ective dissipation
rate is just that given by Ohmic di†usivity ! Therefore, by
inserting equation (39) into (35) with theg

T
\ g ] geff,reconnection rate is found to have the original SP scaling

with g, i.e.,

v
r
D

vA
JvA L /g

. (40)

It is interesting to contrast this result to the two-
dimension case where In that case, the dominantB0\ 0.
term in equation (22) is withSB

H
T2, geff Dwhere u isg

k
Su2T/Re

m
SB

H
T2D gSu2T/SB

H
T2D gu2/vA2 [ g,

the typical velocity. Therefore, in two-dimensions, the
global reconnection rate becomes

v
r
D

vA
JvA L /g

u
vA

, (41)

which is larger than SP by a factor of magnetic Mach
number Note that the reduction in the e†ectiveMA \ u/vA.
dissipation of a large-scale magnetic Ðeld is more severe in
three-dimensional than in two-dimensional MHD by a
factor of Su2T/SB

H
T2D Su2T/vA2 .

4.2. Using the Eddy-Damped Fluid Model Result
For an eddy-damped Ñuid model, equations (32) and (33)

yield

geff D g
k

1
1 ] (i/lg)Sb2T , (42)

D
H

D g
k

(2ic/gl)Sb2T
1 ] (i/lg)Sb2T , (43)

where we assumed and kept the leading order termm
v
\ m

bin the square brackets in the denominator ofm
b
B02D Sb2T

equation (32) (see ° 3.3) ; is the kinematicg
k
4 q0Sv2T/4

value of the turbulent di†usivity in two-dimensional and
As mentioned in ° 3.3, hyperresistivity involv-i \ L

bH
2 . D

H
,

ing a multiplicative factor with isc\ im
b

m
b
\ L

bH
2 /L

bz
2 > 1,

very small compared to turbulent di†usivity and there-geff,fore will be neglected in the following. To obtain the leading
order behavior of equation (42), we estimate Sb2T with the
help of equation (30) to be

Sb2T D
gl
i

(2Re
m

[ 1) , (44)

where By inserting equation (44) in (43), weRe
m

\ g
k
/g.

obtain

geff D
g
k

2Re
m

D
g
2

. (45)

Thus, the reconnection rate is again given by

v
r
D

vA
JvA L /g

, (46)

i.e., SP scaling with g persists !
It is interesting to estimate Sb2T in equation (44) by using

gl
i

\ Sv2T g
JSv2TL

bH

l
JSv2TL

bH

D Sv2T 1
Re

m
Re

, (47)

where is the Ñuid Reynolds number.Re\ JSv2TL
bH

/l
Thus, equation (44) becomes

Sb2T D Sv2T 1
Re
A
2 [ 1

Re
m

B
. (48)

The above equation clearly demonstrates that Sb2T [ Sv2T
for our model (Re\ 1) when as pointed out nearRe

m
[ 1,

the end of ° 3.2. Note that we have neglected a multiplica-
tive correction factor to the reconnection rate in the eddy-
damped model since its dependence on l is weak with 14power (for instance, see, Biskamp 1993).

Finally, we note that in two-dimensional limit with
the dominant term in the square brackets in theB0] 0,

denominator of equation (32) is Thus,SB
H
T2. geff Dg

k
Sv2T/ReRe

m
SB

H
T2 D gSv2T/ReSB

H
T2 D gu2/RevA2 [ g,

where u is the typical velocity. Therefore, in two-
dimensional, the global reconnection rate becomes

v
r
D

1

JRe

vA
JvA L /g

u
vA

, (49)

where is the magnetic Mach number. In com-u/vA \ MAparison with equation (41), the global reconnection rate in
this model is thus larger in the two-dimensional limit (recall
Re\ 1).

Turbulence4.3. Alfve� nic
In turbulence (Goldreich & Sridhar 1994 ; 1995 ;Alfve� nic

1997), the equipartition between Sb2T and Su2T is assumed
from the start. It is to be contrasted to the present analysis
in which the relation between Sb2T and Su2T i.e., equations
(38) and (49), follows from the condition of stationarity of
St@2T in the presence of and As can be seen fromB0 SB

H
T.

equation (38), in the quasi-linear closure with unity mag-
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netic Prandtl number, exact equipartition is possible only
for g \ 0. In the eddy-damped Ñuid model, exact equi-
partition can never be satisÐed since the assumption Re \ 1
implies Sb2T [ Sv2T when (see eq. [48]) ! There-Re

m
[ 1

fore, in general, stationarity of St@2T and exact Alfve� nic
equipartition cannot be simultaneously achieved. In other
words, if turbulence is assumed, St@2T cannot beAlfve� nic
stationary ; if St@2T is stationary, the turbulence cannot be
in a state of equipartition.Alfve� nic

We easily conÐrm this in two-dimensional MHD by
quasi-linear closure. The exact equipartition (Su2[
b2T \ 0) implies that the Ñux in equation (12) is given!

iby hyperresistivity only : Then,!
i
\[qSt@2TL

i
+2StT/2.

if we were to impose the stationarity of St@2T, equation (15)
would indicate Thus,St@2TqLSJTSB

H
T \ gSb2T.

SB
H
T2

Sb2T Re
m

D
Al

B
l
b

B2
, (50)

where and are the characteristic scales of and b,l
B

l
b

SB
H
T

respectively. Since (with Sb2T D Su2T)SB
H
T2/Su2T D 1/Re

mand in two-dimensional MHD, the relation(l
B
/l
b
)2D 1/Re

m(50) (for stationarity) cannot be satisÐed.

5. CONCLUSION AND DISCUSSION

In view of the ubiquity of turbulence in space and astro-
physical plasmas, magnetic reconnection will likely occur in
an environments with turbulence. On the other hand, the
reconnection itself generates small-scale Ñuctuation, feeding
back the turbulence. Thus, it is important to treat these two
processes consistently, accounting for the back reaction.
Although LV argued that the local reconnection rate can be
fast, they basically neglected the dynamic coupling between
small and large-scale Ðelds, therefore leaving the issue of the
global reconnection rate unresolved. The coupling between
global and local reconnection rates should be treated self
consistently. The aim of the present work was to shed some
light on this issue by taking the simplest approach that is
analytically tractable.

Our main strategy was to self-consistently compute turb-
ulent di†usitivy and hyperresistivity within the current
sheet, by using stationarity of St@2T and by exploiting the
““ linearly broken ÏÏ mean-square magnetic potential conser-
vation. These turbulent coefficients are then used in SP type
balance relations to obtain the global reconnection rate. To
avoid the null point problem associated with a two-
dimensional slab model, we considered three-dimensional
RMHD, within which we can solidly justify the incompress-
ibility of the Ñuid in the horizontal plane. To facilitate
analysis, two models (methods) were employed, one being a
quasi-linear closure with q approximation and the other
eddy-damped Ñuid model. In each model, we computed
turbulent di†usivity and hyperresistivity, indicating that the
former is likely to be more important than the latter.

The turbulent di†usivity that we obtained generalizesgeffthe two-dimensional MHD result (Cattaneo & Vainshtein
1991 ; Gruzinov & Diamond 1994). The quasi-linear
closure predicted geff D g

k
/(1] 2Re

m
Sb2T/Su2T) D g/2

(see eqs. [37]È[39]). A similar result was obtained in
the eddy-damped Ñuid model with geff D g

k
/

(see eqs. [42]È[45] and [47]).(1] Re
m

ReSb2T/Su2T)D g/2
The two-dimensional result can simply be recovered from

our results on the Ñux by taking the limit In thatB0] 0.
limit, according to thegeff D g

k
/(1] Re

m
SB

H
T2/Su2T)

quasi-linear closure, consistent with previous work. In the
eddy-damped Ñuid model, geff D g

k
/(1] Re

m
ReSB

H
T2/

Su2T).
Since the turbulent di†usivity was found to be thegeffsame in both models (in three-dimensional RMHD), the

global reconnection, obtained by invoking SP balance rela-
tions, was also the same with the value inv

r
D vA/(vA L /g)1@2

both models. This result indicates that the global reconnec-
tion rate is suppressed for large as an inverse power ofRe

msuch that the original SP scaling with g persists.Re
m
1@2

Again, this persistent g scaling results from the reduction in
the turbulent di†usivity for large mainly due to ageff Re

mstrong axial magnetic Ðeld, with geff D g.
Furthermore, in the two-dimensional limit, the quasi-

linear closure yielded the global reconnection rate v
r
D

which is enhanced over SP by[vA/(vA L /g)1@2](u/vA),
a factor of (note that can be large). InMA \ u/vA MAcontrast, the eddy-damped Ñuid model gave v

r
D

JRe~1[vA/(vA L /g)1@2](u/vA).
The implication of these results for the LV scenario is

that no matter how fast local reconnection events proceed,
there may not be enough energy transfer from large-scale to
small-scale magnetic Ðelds to allow fast global reconnec-
tion. Therefore, global reconnection cannot be given by a
simple sum of the local reconnection events as LV sug-
gested. We emphasize again that the St@2T balance, fol-
lowed from the stationarity and mean-square potential
conservation, played the crucial role in determining the
global reconnection rate consistently. Alternatively, an
accurate calculation of the global reconnection rates
requires that (global) topological conservation laws be
enforced.

The reduction in the turbulent di†usivity in two-
dimensions is closely linked to the conservation of mean-
square magnetic potential. In three-dimensional RMHD,
the mean-square of parallel component of potential is no
longer an ideal invariant owing to the propagation of

waves along a strong axial magnetic Ðeld. Neverthe-Alfve� n
less, the conservation of mean magnetic potential is broken
only linearly, which turned out to introduce additional sup-
pression factors, as compared to two-dimensions. The inter-
esting question is then how relevant these results would be
in three-dimensions (for reconnection in three-dimensions,
see, for instance, Greene 1989 ; Lau & Finn 1990). The
mean-square potential is not an invariant of three-
dimensional MHD. However, its conservation is broken
nonlinearly, unlike three-dimensional RMHD. Therefore,
the e†ective dissipation rate of a large-scale magnetic Ðeld
in three-dimensional MHD may be very di†erent from that
in three-dimensional RMHD, with the possibility that the
former may not be reduced, at least, in the weak magnetic
Ðeld limit (Gruzinov & Diamond 1994 ; Kim 1999). More-
over, in three-dimensions, there is a possibility of a dynamo,
which brings in an additional transport coefficient (the a
e†ect) into the problem. Some insights into the problem of
e†ective dissipation of a large-scale Ðeld in the presence of a
dynamo process might be obtained by considering a simple
extension of the present three-dimensional RMHD model
by allowing a large-scale dynamo in the horizontal plane.
Recall that this possibility was ruled out in the present
paper by assuming isotropy in the horizontal plane and
reÑectional symmetry in the axial direction, with no helicity
term (i.e., no correlation between horizontal and vertical
component of Ñuctuations).
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Considering some of limitations of the two models that
were analyzed in the paper, such as the q approximation,
quasi-linear closure, low kinetic Reynolds number limit, etc,
it will be very interesting to investigate our predictions via
numerical computation. The stationarity of St@2T can be
maintained as long as there is an energy source in the
system, such as an external forcing. By incorporating the
proper ordering required for three-dimensional RMHD,
one can measure the decay rate of to check our pre-SB

H
T

dictions for (see eqs. [40] and [46]). Ultimately, ageff D g
numerical simulation with a simple reconnection conÐgu-
ration should be performed to measure a global reconnec-
tion rate as a function of as well as and It willRe

m
B0 SB

H
T.

also be interesting to investigate nonstationary states such
as plasmoid formation (Forbes & Priest 1983 ; Priest 1984 ;
Matthaeus & Lamkin 1986).

We note that the nonstationarity of small-scale Ðelds,
such as the aforementioned bursty ““ plasmoid ejection ÏÏ
events of Matthaeus & Lamkin (1986), modiÐes the relation

between St@2T, Sb2T, and This modiÐcation can poten-!
i
.

tially relax the conservation law constraints on reconnec-
tion. A key question is then whether the plasmoid ejection
process is periodic (as in a limit cycle) or temporally chaotic
and intermittent. Even if detailed calculations must await a
future paper, we suspect that some analytical progress can
be made in the case of a limit cycle.
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sations. This research was supported by US DOE FG03-
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support from the National Science Foundation under grant
PHY99-07949 to the Institute for Theoretical Physics at
U.C.S.B., where part of this work was performed. E. Kim
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APPENDIX A

In this appendix, we provide some of steps leading to equations (12) and (17). First, to derive equation (12), we let
where and and begin with!

i
\ !

i
(1)[ !

i
(2), !

i
(1)\ v

ij3SL
j
/dt@T !

i
(2)\ v

ij3S/L
i
dt@T, !

i
(1).

!
i
(1)\ v

ij3SL
j
/dt@T

\ v
ij3
P

d3k1 d3k2 ik1jS/(k1)dt@(k2)T exp Mi(k1] k2)ÉxN . (A1)

After inserting equation (8) in (A1) and using equation (11), we can easily obtain

!
i
(1)\ [iqv

ij3 v
lm3
P

d3k1 d3kk1j k1im k
l
/(k1)St(k)TeikÕx] qv

ij3
P

d3kk1j k1z B0/(k1)

\ [q
2

L
l
StTd

il

P
d3k1 k12/(k1) \ [q

2
Su2TL

i
StT , (A2)

where To obtain the last line in equation (A2), we use the following relationsSu2T \ / d3k1 k12/(k1).

P
d3kk

j
k
m

/(k) \ 1
2

d
jm

P
d3kk2/(k) ,

P
d3kk

j
k
z
/(k) \ 0 , (A3)

which follows from the isotropy of / in the x-y plane, and reÑectional symmetry in the z-direction.
The second part, is calculated in a similar way.!

i
(2),

!
i
(2)\ v

ij3Sd/L
j
t@T

\ v
ij3
P

d3k1 d3k2 ik2jSd/(k1)t@(k2)T exp Mi(k1] k2) Æ xN . (A4)

We insert equation (9) in (A4) and use equation (10) to obtain

!
i
(2)\ iqv

ij3
C
[iB0

P
d3k1 k1z k1j t(k1)

]v
lm3
P

d3k2 d3keikÕx 1
(k ] k2)2

(k
m

k2l k22] k2m k
l
k2)k2j t(k2)St(k)T

D
. (A5)

Since StT has a scale much larger than t@, in the second integral on the right-hand side. We thus expand the integrandk2? k
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of this second term and use the following isotropy relations :

P
d3kk

j
k
m

t(k)\ 1
2

d
jm

P
d3kk2t(k) ,

P
d3kk

i
k
j
k
l
k
m

t(k)\ 1
8

(d
ij
d
lm

] d
il
d
jm

] d
im

d
jl
)
P

d3kk4t(k) ,

P
d3kk

i
k
z
t(k)\ 0 . (A6)

A bit of algebra then gives us

!
i
(2)\ q

2
[[Sb2TL

i
St(x)T [ St@2TL

i
+2St(x)T] . (A7)

Thus, from equations (A3) and (A7), we obtain equation (12) in the main text.
Second, to derive equation (17), we again compute the correlation function on the right-hand side of equation (16) in

Fourier space. The Ðrst term can be rewritten as

Sdt@L
z
/T \

P
d3k1 d3k2 ik1zS/(k1)dt@(k2)T exp Mi(k1] k2) Æ xN . (A8)

Then, inserting equation (8) in (A8) and using equation (11) gives us

Sdt@L
z
/T \ q

CP
d3k1 k1z k1z B0/(k1) [ v

lm3
P

d3k1 d3kk1z k
im

k
l
/(k1)St(k)Teik Õ x

D

\ qB0
P

d3k1 k1z2 /(k1) \ qB0 m
v
Su2T , (A9)

where the isotropy and equation (18) were used to obtain the last line. Similarly, the second term on the right-hand side of
equation (16) is easily calculated (in Fourier space) by using the isotropy condition. The result is

SL
z
t@d/T \ qB0

P
d3k1 k1z2 t(k1) \ qB0 m

b
Sb2T . (A10)

Thus, equations (16), (A9), and (A10) yield equation (17), in the main text.

APPENDIX B

In this appendix we provide some of intermediate steps used to obtain equations (28) and (31). For the mean Ðeld equation
(28), we Ðrst take the average of equation (27)

St(t ] dt)T [ St(t)T [ dtg+2St(t)T \ I1] I2] I3 , (B1)

where

I1\
P
t

t`dt
dt1[vij3 L

j
t(t)L

i
/
I
(t1)]^ dtv

ij3 L
i
SL

j
t(t)/

I
(t)T 4 dtL

i
*

i
,

I2\
P
t

t`dt
dt1B0 L

z
S/

I
(t1)T ^ dtB0 L

z
S/

I
(t)T ,

I3\ 1
2

v
ij3
P
t

t`dt
dt1 dt2Sv

lm3 L
i
/0(t1)[Ljm

t(t)L
l
/0(t2) ] L

m
t(t)L

jl
/0(t2)]

]B0 L
i
/0(t1)Ljz

/0(t2)T , (B2)

where and the smooth variation of the induced velocity in time was used to approximate the time*
i
4 v

ij3SL
j
t(t)/

I
(t)T /

Iintegrals in and To compute the averages, it is convenient to express the correlation function (24) in terms of in realI1 I2. ¿
space as

Sv
i
(x, t1)vj(y, t2)T \ d(t1[ t2)

C
T
L
(r
H
, r

z
)d

ij
] r

H
LT

L
Lr

H

A
d
ij
[ r

Hi
r
Hj

r
H
2
BD

, (B3)
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where r 4 y [ x and is the horizontal component. Note that the above relation implies that at r \ 0,r
H

Sv
i
(x, t1)vj(x, t2)T \

so that Here is the short correlation time of and isd(t1[ t2)dijTL
(r \ 0) T

L
(0)\ q0Sv2T/2 \ 2g

k
. q0 ¿ g

k
\ q0Sv2T/4

the kinematic di†usivity. is obviously related to bySv
i
(x)v

j
(x)T /0 SL

i
/0(x, t1)Ll /0(y, t2)T \ d

il
Sv

j
(x, t1)vj(y, t2)TBy using and for is determined to be] Sv

i
(x, t1)vl(y, t2)T. ¿

j
\[v

ij3 L
i
/0 S/0(t1)t(t)T \ 0 t [ t1, I3

I3\ 1
2

dtT
L
(0)+2StT . (B4)

represents the kinematic turbulent di†usivity. Next, to compute we take the inverse Fourier transform of equation (26)I3 I2,and then take the average. Upon neglecting one can easily show that Finally, contains the backreactionL
z
StT D 0, I2\ 0. I1as well as hyperresistivity. To evaluate this term, we insert equation (26) in to obtain*

i

*
i
\ v

ij3SL
j
t(t)/

I
(t)T

\ [ i
l

v
ij3 v

lm3
P

d3k2 d3k@eik{Õx 1
(k

H
] k

H
@ )4 t([k)P

jlm
S/(k@)T , (B5)

where

P
jlm

4 [k
j
[k

m
k
l
@ k

H
@2 ] k

l
k
m
@ k

H
2] .

For notational convenience, we introduce so that Since the characteristic scale of StT is much larger than thatq \ k
H

q3\ 0.
of t@, k@> k in equation (B5). Thus, we expand the integrand of equation (B5) to second order in (k@/k) and exploit the isotropy
and homogeneity of t@ in the x [ y plane. The latter implies equation (A5) (recall and also the following relationsq \ k

H
)

P
d3kq

j
q
l
q
r
k
n
\
P

d3kq
j
q
l
q
r
q
n
,

P
d3kq

j
q
l
k
z
k
z
\ 1

2
d
jl

P
d3kq2k

z
2 . (B6)

Then, a fair amount of algebra reduces equation (B5) to

*
i
\ [ 1

2l
L
i
StT

P
d3kt(k) [ 1

l
L
i
+2StT

P
d3k k

H
2 k

z
2

k
H
6 t(k)

\ [ G
2l

L
i
StT[F

l
L
i
+2StT . (B7)

Note that there is no contribution from the Ðrst-order term. By inserting equation (B7) into (B1), by dividing both sides by dt,
and then by taking the limit of dt ] 0, we obtain equation (28).

Next, to derive equation (31), we multiply equation (27) by t and then take average to obtain the following equation :

St2(t ] dt)T [ St2(t)T [ 2gdtSt(t)+2t(t)T \ J1] J2 ] 2J3 , (B8)

where

J14
P
t

t`dt
dt1 dt2Mvij3 v

lm3SL
j
t(t)L

m
t(t)L

i
/
I
(t1)Ll /I

(t2)T ] 2B0 v
ij3SL
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(t1)Lz

/
I
(t2)TB02[Lz

/0(t1)Lz
/0(t2)]N ,

J2\ v
ij3
P
t

t`dt
dt1 dt2St(t)[L

i
/0(t1)vlm3 L

j
[L

m
t(t)L

l
/0(t2)]] B0 L

i
/0(t1)Ljz

/0(t2)]T ,
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t

t`dt
dt1St(t)[v

ij3 L
j
t(t)L

i
/

I
(t1)] B0 L

z
/

I
(t1)]T 4 dt(J31] J32) , (B9)

where andJ314 v
ij3St(t)L

j
t(t)L

i
/

I
(t)T J324 B0St(t)L

z
/
I
(t)T.

First, can easily be computed by using the correlation functions asJ1

J1\ dt
C
T
L
(0)(Sb2T ] SB

H
T2) ] B02

P
d3k

z
2/(k)

D
. (B10)

Next, can be computed upon substituting equation (26) and then splitting average by using with the resultJ2 St(t)/(t1)T \ 0,

J2\ dtT
L
(0)[[Sb2T ] StT+2StT] . (B11)
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For one can Ðrst show due to isotropy. To compute we substitute equation (26) and use to obtainJ3, J31 \ 0 J32, S/
I
T \ 0

J32 \ [B0
P

d3k1 d3k exp Mi(k1] k2) Æ xN
k
z

lk
H
2 k2

]
T
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z
k
H
2 t@(k) ] iv
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]iv
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t(k1)St(k ] k1)T

D
, (B12)

where By using the deÐnition of (see immediately after eq. [31]) andQ
ij
4 [k1j(k ] k1)i(kH

] k1H)2[ k1i(k ] k1)j k1H2 . G
equation (B12) becomesv
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z
k
i

k
H
2
C
[1 ] 2k

l
k
l
@

k
H
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D
t([k ] k@)St(k@)T
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. (B13)

Now, since k@> k, we expand the integrand of equation (B13) to second order in k@/k, in order to show that there is no
contribution from the second term in equation (B13) (to this order). Therefore, Inserting and inJ32\ [B02G/l. J1, J2, J3equation (B8), dividing by dt, and then taking the limit dt ] 0 Ðnally yields equation (31).

APPENDIX C

This appendix discusses the scaling relation for the reconnection rate when the e†ect of hyperresistivity dominates over
turbulent di†usivity in quasi-linear closure model in ° 2. As mentioned in ° 2.3, this is the case when s \ 1/2 if (L

bH
/L

BH
)P

where and are the characteristic horizontal scales of Ñuctuating and large-scale magnetic Ðelds, respectively.Re
m
~s, L

bH
L
BHBy using Su2T D Sb2T and by assuming equation (37) is simpliÐed asRe

m
[ 1,

D
H

D g
k
L
bH
2 . (C1)

Upon using and the reconnection rate, equation (35), becomesL
bH

/*D L
bH

/L
BH

D Re
m
~s */L \ v

r
/vA,

v
r

vA
D
Ag
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L
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2

vA L3
B1@4

. (C2)

Upon using and we now express asL
bH

/*D L
bH

/L
BH

D Re
m
~s */L \ v

r
/vA, L
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/L

L
bH
L

\ L
bH
*

*
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D Re
m
~s

v
r

vA
. (C3)

Therefore, the substitution of equation (C3) into (C2) gives us

v
r

vA
D
S g

k
vA L

Re
m
~s . (C4)

As s \ 1/2 in this case, the reconnection speed has a weaker dependence on compared to the case where dominatesRe
m

geffover D
H
.
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