On Shadowing the k-p Fading Model

Simmons, N., Nogueira Da Silva, C. R., Cotton, S.,
Sofotasios, P., Yoo, S. K. & Yacoub, M.

Published PDF deposited in Coventry University’s Repository

Original citation:

Simmons, N, Nogueira Da Silva, CR, Cotton, S, Sofotasios, P, Yoo, SK & Yacoub, M 2020, 'On
Shadowing the k-u Fading Model', IEEE Access, vol. 8, pp. 120513 - 120536.
https://dx.doi.org/10.1109/access.2020.3005527

DOl 10.1109/access.2020.3005527
ESSN 2169-3536

Publisher: Institute of Electrical and Electronics Engineers (IEEE)

This work is licensed under a Creative Commons Attribution 4.0 License. For more
information, see https://creativecommons.org/licenses/by/4.0/

Copyright © and Moral Rights are retained by the author(s) and/ or other copyright
owners. A copy can be downloaded for personal non-commercial research or study,
without prior permission or charge. This item cannot be reproduced or quoted extensively
from without first obtaining permission in writing from the copyright holder(s). The
content must not be changed in any way or sold commercially in any format or medium
without the formal permission of the copyright holders.


https://creativecommons.org/licenses/by/4.0/
https://dx.doi.org/10.1109/access.2020.3005527

IEEE Access

Multidisciplinary : Rapid Review : Open Access Journal

Received June 8, 2020, accepted June 18, 2020, date of publication June 29, 2020, date of current version July 13, 2020.

Digital Object Identifier 10.1109/ACCESS.2020.3005527

On Shadowing the «-u Fading Model

NIDHI SIMMONS !, (Member, IEEE), CARLOS RAFAEL NOGUEIRA DA SILVA"“2,

SIMON L. COTTON"!, (Senior Member, IEEE),

PASCHALIS C. SOFOTASIOS>#, (Senior Member, IEEE), SEONG KI YOO“3, (Member, IEEE),
AND MICHEL DAOUD YACOUB 6, (Member, IEEE)

Unstitute of Electronics, Communications and Information Technology, The Queen’s University of Belfast, Belfast BT3 9DT, U.K.
2Department of Electrical Engineering, Federal University of Triangulo Mineiro, Uberaba 38064-200, Brazil

3Department of Electrical Engineering and Computer Science, Khalifa University of Science and Technology, Abu Dhabi 127788, UAE
“Department of Electrical Engineering, Tampere University, FI-33101 Tampere, Finland

3School of Computing, Electronics and Maths, Coventry University, Coventry CV1 5FB, U.K.

SWireless Technology Laboratory, School of Electrical and Computer Engineering, University of Campinas, Campinas 13083-970, Brazil

Corresponding author: Nidhi Simmons (nidhi.simmons @qub.ac.uk)
This work was supported in part by the U.K. Engineering and Physical Sciences Research Council (EPSRC) under Grant EP/L026074/1,
in part by the Department for the Economy, Northern Ireland, under Grant USIO80, in part by the Fundag¢do de Amparo a Pesquisa de Sdo

Paulo (Fapesp) under Grant 2019/18990-3, and in part by the Khalifa University under Grant KU/FSU-8474000122 and
Grant KU/RC1-C2PS-T2/847400012237.

ABSTRACT In this paper, we extensively investigate the way in which «-u fading channels can be impacted
by shadowing. Following from this, a family of shadowed «-u fading models are introduced and classified
according to whether the underlying «-u fading undergoes single or double shadowing. In total, we discuss
three types of single shadowed x-u model (denoted Type I to Type III) and three types of double shadowed
k- model (denoted Type I to Type III). The taxonomy of the single shadowed Type I - III models is
dependent upon whether the fading model assumes that the dominant component, the scattered waves, or both
experience shadowing. Although the physical definition of the examined models make no predetermination
of the statistics of the shadowing process, for illustrative purposes, two example cases are provided for
each type of single shadowed model by assuming that the shadowing is influenced by either a Nakagami-m
random variable (RV) or an inverse Nakagami-m RV. It is worth noting that these RVs have been shown
to provide an adequate characterization of shadowing in numerous communication scenarios of practical
interest. The categorization of the double shadowed Type I - III models is dependent upon whether a)
the envelope experiences shadowing of the dominant component, which is preceded (or succeeded) by a
secondary round of (multiplicative) shadowing, or b) the dominant and scattered contributions are fluctuated
by two independent shadowing processes, or ¢) the scattered waves of the envelope are subject to shadowing,
which is also preceded (or succeeded) by a secondary round of multiplicative shadowing. Similar to the single
shadowed models, we provide two example cases for each type of double shadowed model by assuming that
the shadowing phenomena are shaped by a Nakagami-m RV, an inverse Nakagami-m RV or their mixture.
It is worth highlighting that the double shadowed «-u models offer remarkable flexibility as they include
the k-u, n-u, and the various types of single shadowed «-u distribution as special cases. This property
renders them particularly useful for the effective characterization and modeling of the diverse composite
fading conditions encountered in communication scenarios in many emerging wireless applications.

INDEX TERMS Channel modeling, generalized fading, mobile to mobile communications, shadowed «-u
fading, shadowing.

I. INTRODUCTION arise due to the clustering of scattered multipath waves
The «-p fading model [1]-[3] is a generalized fading model in addition to the presence of elective dominant compo-
which was developed to describe envelope fluctuations that nents. It is characterized by two physical fading parameters,
k and w. Here, k denotes the ratio of the total power of the

The associate editor coordinating the review of this manuscript and dominant component to the total power of the scattered waves
approving it for publication was Faisal Tariq . and u denotes the number of multipath clusters. It contains
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TABLE 1. Physical interpretation of the single shadowed «-u fading models.

Fading models

[ Shadowing type

[ Physical interpretation

Single shadowed k-p
Type I

Shadowing of the
dominant component

Physically, this situation may arise when the signal power
delivered through the optical path between the transmitter and
receiver is shadowed by objects moving within its locality.
For example, blockages to the dominant path caused by cars,
buildings and/or people present/moving within the locality of
the transmitter or receiver.

Single shadowed k-p
Type II

Shadowing of the
scattered components

Physically, this situation may arise when the scattered signal
components between the transmitter and receiver are shadowed
by objects moving within their locality. For example, block-
ages to the scattered components due to cars, building and/or
people present/moving within the locality of the transmitter or
receiver.

Single shadowed k-u
Type 11T

Shadowing of both
the dominant com-
ponent and scattered
waves

Physically, this situation may arise when the dominant compo-
nent and scattered signal components between the transmitter
and receiver undergo shadowing caused by objects moving
within the locality of the transmitter or receiver and/or large-
scale effects.

other well-known fading models such as the Rice (¢ = K,
u = 1), Nakagami-m (x — 0, u = m), Rayleigh (¢« — 0,
@ = 1) and One-Sided Gaussian (x — 0, u = 0.5) as special
cases. A «x-u fading envelope can be affected by shadowing
in many different ways. For instance, the dominant compo-
nent, the scattered waves, or both can be impacted by this
propagation phenomenon. It is also entirely possible that in
addition to the dominant component being shadowed, further
multiplicative shadowing' may occur which impacts the scat-
tered signal, and also administers secondary shadowing to the
already perturbed dominant component. Likewise, in addition
to the scattered waves being shadowed, further shadowing
may occur which impacts the dominant signal component,
and administers secondary shadowing to the fluctuated scat-
tered waves. As well as this, both the dominant component
and scattered waves can be influenced by individual shadow-
ing processes. Hence, a number of shadowing combinations
give rise to a family of shadowed k-u fading models that can
be classified depending on whether the underlying « - fading
undergoes single or double shadowing.

Traditionally, shadowing has been modeled using the log-
normal distribution [4]. However, due to challenges which
exist in relation to its tractability, the authors in [5] considered
the use of gamma distribution. Similarly, the contributions
in [6] and [7] considered the closely related Nakagami-m
distribution due to its ability to exhibit semi-heavy tailed
characteristics [7]. Recently, the authors in [8] and [9] effec-
tively used the inverse Nakagami-m and inverse gamma dis-
tributions, respectively. Similar to the lognormal, gamma and
Nakagami-m distributions, the inverse gamma and inverse
Nakagami-m distributions have also shown to exhibit the
necessary semi heavy-tailed behavior to accurately charac-
terize shadowing. Moreover, they offer much of the analytical
tractability available from using the gamma and Nakagami-m
distributions.

Un this case, the total power of the dominant and scattered signal compo-
nents are shadowed.
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In this work, we discuss three types of single shadowed
k-p fading model (denoted I to III) which assume that the
multipath fading is manifested by the propagation mecha-
nisms associated with «-u fading. In addition, these mod-
els consider that either the dominant component (Type I),
the scattered waves (Type II), or both (Type III) suffer from
a single shadowing process. We emphasize that these model
frameworks are general and make no predetermination on the
random variable (RV) that is responsible for characterizing
the shadowing phenomena. For illustrative purposes, we pro-
vide two example cases for each type of single shadowed
k-p fading model where it is assumed that the shadowing
is influenced by either a Nakagami-m RV or an inverse
Nakagami-m RV. We also introduce three types of double
shadowed «-u fading model, denoted I to III. The Type I
model assumes that in addition to the dominant component of
a k- signal being shadowed, further shadowing also occurs
which impacts the scattered signal and also administers
secondary shadowing to the already perturbed dominant com-
ponent. Therefore, this model provides a convenient way to
not only control the shadowing of the dominant component,
but also any multiplicative shadowing which may be present
in practical wireless channels. The Type II model considers
that the dominant component and scattered waves of a x-u
fading envelope are perturbed by two different shadowing
processes. Lastly, the Type III model assumes that in addi-
tion to the scattered waves of a k- signal being shadowed,
the root mean square (rms) power of the dominant compo-
nent and scattered waves also experience a secondary round
of shadowing. Similar to the single shadowed models, two
example cases for each of the three types of double shadowed
model are discussed where it is assumed that the shadowing
is shaped by a Nakagami-m RV, an inverse Nakagami-m
RV or their mixture. Tables 1 and 2 summarize the various
types of single shadowed and double shadowed «-u models
introduced in this paper.

Due to the generality of the analysis presented here and
under particular shadowing conditions, a number of the
existing composite fading models found in the literature
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TABLE 2. Physical interpretation of the double shadowed «-u fading models.

Fading models

Shadowing type [

Physical interpretation

Double shadowed x-p
Type I

Shadowing of the
dominant component
and secondary round
of multiplicative
shadowing

Physically, this situation may arise when the signal power
delivered through the optical path between the transmitter and
receiver is shadowed by objects moving within its locality (e.g.,
blockages to the dominant component due to cars, buildings
and/or people), whilst further shadowing of the received power
(combined multipath and dominant paths) may also occur due
to obstacles moving in the vicinity of the transmitter or receiver
and/or large-scale effects.

Double shadowed k-p
Type II

Independent shadow-
ing of the dominant
component and scat-
tered waves

Physically, this situation may arise when the dominant compo-
nent and scattered signal components between the transmitter
and receiver undergo independent shadowing caused by objects
moving within their locality.

Double shadowed x-p
Type 11T

Shadowing of the
scattered components
and secondary round
of multiplicative
shadowing

Physically, this situation may arise when the scattered signal
components between the transmitter and receiver are shadowed
by objects moving within their locality. Furthermore, addi-
tional shadowing of the received power (combined multipath
and dominant paths) may occur due to obstacles in the vicinity

of the transmitter or receiver and/or large-scale effects.

occur as special cases. For example, multiplicative com-
posite fading models such as the «-u/inverse gamma and
n-p/inverse gamma fading models [9], which assume that
a k-p or an n-p RV is responsible for generating the mul-
tipath fading, and an inverse gamma RV for shaping the
shadowing. Likewise, some line-of-sight (LOS) composite
models? such as the k- shadowed [6], [7]° and shadowed
Rician [10], [11] fading models are also found through the
analysis conducted here. The «-u shadowed fading model
presented in [6] and [7] assumes that the multipath fading
is due to fluctuations brought about by a «-u RV, whilst the
dominant signal component is fluctuated by a Nakagami-m
RV. Moreover, it includes the k-u, -1 and shadowed Rician
fading models as special cases. It has shown to provide
excellent agreement with field measurements obtained for
body-centric fading channels [7] and land-mobile satel-
lite channels [11]. Other notable composite fading models
include the Nakagami-m/gamma [12], x-p/gamma [13]-[15],
n-u/gamma [16], [17], k-w/inverse Gaussian [18] and
n-p/inverse Gaussian [19], to name but a few. These models
assume that the mean signal power of a Nakagami-m, k-u
and an n-u signal vary according to the gamma or the inverse
Gaussian distributions.

The main contributions of this paper are now summarized
as follows:

« Firstly, we perform a broad investigation of the way
in which «-u fading can be affected by shadowing.
We introduce a family of shadowed «-p models that
are classified as either single or double shadowed mod-
els. Three types of single shadowed «-u fading model
(Type I - III) and three types of double shadowed «-u
fading model (Type I - III) are discussed.

2Many of the models presented in the literature for which the dominant
signal component is subject to shadowing are often referred to as LOS
composite fading models.

31t is noted that the k-p shadowed fading model presented in [6] and [7]
is a type of single shadowed « - model.

VOLUME 8, 2020

« Secondly, a thorough physical interpretation for all three
types of single and double shadowed k-p models is
provided.

o Thirdly, we discuss two realistic example cases for each
type of single and double shadowed x-u model by
assuming that the shadowing is caused by a Nakagami-m
RV, an inverse Nakagami-m RV or their mixture. Note
that the model frameworks discussed in this paper are
general and make no presumption on the RV that is
responsible for shaping the shadowing characteristics.
The examples discussed here are for illustrative purposes
only.

« Finally, the generality of the double shadowed k-u
fading models are highlighted through reduction to a
number of well-known special cases.

The remainder of this paper is organized as follows.
Section II and III describe and formulate the various types
of single and double shadowed «-u model, respectively.
Section IV presents some special cases of the double shad-
owed k- models, corresponding numerical results and dis-
cussions. Lastly, Section V presents some useful concluding
remarks.

Il. SINGLE SHADOWED r=jt MODELS

In this section, we investigate a number of different ways
in which the «-p fading envelope can be impacted by a
single shadowing process. This leads to three types of single
shadowed fading model, denoted Type I to Type III, with their
physical interpretation provided in Table 1.

A. SINGLE SHADOWED k= TYPE | MODEL

Similar to the «-u fading model, the single shadowed
k- Type I fading model assumes that the received sig-
nal is composed of clusters of multipath waves propagating
in non-homogeneous environments. Within each multipath
cluster, the scattered waves have similar delay times and the
delay spreads of different clusters are relatively large. The
power of the scattered waves in each cluster is assumed to
be identical whilst the power of the dominant component
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is assumed to be arbitrary. Unlike the «-u model, the sin-
gle shadowed «-u Type I model assumes that the dominant
component of each cluster can randomly fluctuate because of
shadowing. Its signal envelope, R, can be expressed in terms
of the in-phase and quadrature phase components as

"
R* =" (X;+&p)* + (Yi + £qi)’ ()
i=1
where & represents a RV which is responsible for introducing
the shadowing, u is a real-valued extension related to the
number of multipath clusters, X; and Y; are mutually inde-
pendent Gaussian random processes with mean E[X;] =
E[Y;] = 0 and variance E [Xi2]§= E [Y,-z] = o2, where
E[-] denotes the statistical expectation. Also, p; and ¢; are
the mean values of the in-phase and‘\quadrature phase compo-
nents of the multipath cluster i. We now consider two example
cases for the single shadowed Type I model, the details of
which are discussed next.

Example 1: In our first example of the single shadowed
k- Type I model, we assume that the dominant component of
a k- signal undergoes variations induced by a Nakagami-m
RV. Thus, in (1) & represents a Nakagami-m RV with shape
parameter* my and E [{] f 1. It is worth highlighting that
this model was introdjced as a generalization of the k-u
fading model in [6]° and [7¥]. Accordingly, the PDF of R is
obtained as

2ml* (1 + )M pht P21 2asow

TR0 = F Gy g + oy 7S

2 2
x 1F (’(ld; " M)( (2)

72 (ma + Kk p)

where, k > 0 is the ratio of the total power of the domi-
nant component (d?) to that of the scattered waves (2,u02),
u > 0 is related to the number of clusters, 7 = /E[R?]
represents the rms power of R, the mean signal power is given
by E[R?] = 2uc? + d?, T'(-) represents the gamma func-
tion and {Fq (-; -; -) denotes the confluent hypergeometric
function [20, eq. 9.210.1].

Now letting y represent the instantaneous signal-to-noise
ratio (SNR) of a single shadowed «-u Type I (example 1) fad-
ing channel, the corresponding PDF, f,, (y), can be obtained
from the envelope PDF 3iven in (2) via a transformation of

variables (r =y Py

mzu (1 +K)ll /’LM <y>ll] 7]/(14:/()#
- €

as follows.

W= TG0y e \7 y

M2K(1+K)V>
F ; ;_— 3
Xll((‘dﬂ Y (()

4Note that throughout the manuscript we denote mgq, mg and m; as the
shadowing parameters which are responsible for fluctuating the dominant,
scattered or total (i.e. the combined dominant and scattered) components
respectively.

SWhile the pioneering work presented in [6] refers to this model as «-u
shadowed, to maintain consistency with the terminology adopted here we
refer to it as an example of the single shadowed « - Type I model.
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where y = E[y] denotes the corresponding average SNR.
Its CDE® F), (y) £ [Jf, (t)dt, can be obtained from
[6, eq. 6] as

Fy(y) =

pA e (14 i) (1)” v

T () (ue +ma)™ \ 7

1
X ¢2( —mg, mg; u+1; —M(;—fx)y,
B ,u_(l—l—fc)mdl/) @
Y (uk+mg)

where ¢, () is the bivariate confluent hypergeometric
function [20].

Example 2: Our second example of the Type I model
assumes that the dominant component of a k- signal under-
goes variations influenced by an inverse Nakagami-m RV.
Thus, in (1) & represents an inverse Nakagami-m RV with
shape parameter my and E [{] g 1. The PDF of R for this
example case can be obtainedq vih Theorem 1 below.

Theorem 1: Fork, i, r, ¥ + and my > 1, the PDF of
the single shadowed k- Type I fading model for the example
case when & follows an inverse Nakagami-m RV is expressed
as

mg—+i . .
o i 4mg — DiO)T™ T PET21 (1 4 o)e
r) = -
R g FAR2UT (mg) T (i + 1)
. —r2(1+0p
% M%(3z+md)+ue 2 Ky—i (2 (mg — I)HK)

)

where K, () denotes the modified Bessel function of the sec-
ond kind [21, eq. 9.6].
Proof: See Appendix A. [ ]

The PDF of the instantaneous SNR, y, of a single shad-
owed k-u Type I (example 2) fading channel, is obtained
from the envelope PDF given in (5) via a transformation of
variables as follows.

Corollary 1: Fork, u, y, y € RY and my > 1, the PDF
of y for the single shadowed k- Type I fading model for the
example case when & follows an inverse Nakagami-m RV is
expressed as

53 2 (mg — 1) ) 2D L (L 4 g
=2 P (ma) T+ 1)

i=0
_yd40p

xe™ 7 Ky (2ma = D) ()
Based on Corollary 1, its corresponding CDF, F,\y) =

J4 fy @) dt, can be expressed via Lemma 1 as follows.
Lemma 1: Fork, u, y, y € RT and my > 1, the CDF of
y for the single shadowed k- Type I fading model for the
example case when & follows an inverse Nakagami-m RV is

6The outage probability (OP) of a communication system is defined as the
probability that the instantaneous SNR drops below a given threshold, i,
ie., Pop(vin) 2 P[0 <y < yml = Fy (¥in)- Therefore, the OP expressions
for all of the models presented here can readily be obtained by replacing y
with yy, in their respective CDF expression.
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expressed as

00 1 i
_ o 2(mg = D epy 2t
By = ;k T (ma) T + 1)

X Kmdfi(Z (mg—1) ;uc)( <i+u,
N

Proof: See Appendix A. [ |

B. SINGLE SHADOWED k=t TYPE Il MODEL

The single shadowed k- Type II fading model assumes
that the scattered waves in each cluster can randomly fluc-
tuate because of shadowing. Its signal envelope, R, can be
formulated in terms of the in-phase and quadrature phase
components as

N
=Y (EXi+p)* + EYi+ q)? ®)
i=1
where &, X;, Y;, pi, ¢i and w are as defined previously. We now
consider two example cases for the single shadowed Type 11
model, the details of which are discussed next.

Example 1: In our first example of the single shadowed
k-p Type I model, we assume that the scattered components
of a k- signal undergo variations induced by a Nakagami-m
RV. Thus, in (8) £ denotes a Nakagami-m RV with shape
parameter m; and E [§7] g 1. The PDF of R for this example
case can be obtained yia {[heorem 2 below.

Theorem 2: Fork, ., r, € RY, the PDF of the single
shadowed k- Type Il fading model for the example case
when & follows a Nakagami-m RV can be expressed as

4 (msﬂ)%(zwrmﬁm p2i2u—1 i (1+K)i+u

fery=>"f —
; ‘{!F(ms) L (i) (r2 (1) +72c) 2271

2\/mspb (r2 (1 —i—lc)—i—f’zlc)
X Fren Koi—mgtn P
©)
Proof: See Appendix B. [ |

The PDF of the instantaneous SNR, y, of a single shadowed
k- Type II (example 1) fading channel, is obtained from the
envelope PDF given in (9) via a transformation of variables
as follows.

Corollary 2: For k, j1, mg, v, 7 € RY, the PDF of y for
the single shadowed k- Type Il fading model for the example
case when & follows a Nakagami-m RV can be expressed as

o0

1 - . .
2 (mgp)2 @ Mt (0] 4 o)itu
fy (y) = E A >

: 32 i—mg+pn)
=0 ((!r ) PG+ ) (252 4 )

e e )

X WKﬁ—mS-HL
(10)

4
Its CDF, F, (y) = [J fy (t)dt, can be expressed via
Lemma 2 as follows.

VOLUME 8, 2020

7/(1+K)M>
%

Lemma 2: Fork, u, mg, y, y € R, the CDF of y for the
single shadowed k-u Type Il fading model for the example
case when & follows a Nakagami-m RV can be expressed as’

Fy )

I+ V“Z Ky,mé
K“F(m)y"

(=T (i+my) 14 {(l—l—fc)'lﬂ_“"‘mwj-lrms (
tepmg)™™ 2 \ iy 0, —1

mese [ (u — my)] 2F1(—JE T=j—ps T4 V(KI;K)) (
CA+ T (14j+p—my) (k pmg) ™+
= ¢ T (11)

where 2 F1 (-, -5 -5 +) denotes tfze Gauss hypergeometric func-
tion [20, eq. 9.100] and G;",”;, (z’ | () (epresents the Meijer G
Sfunction [22, eq. 07.34.02.0001.0Y ]

Proof: See Appendix B. [ ]

Example 2: Our second example of the Type II model
assumes that the scattered components of a x-u signal
undergo variations induced by an inverse Nakagami-m RV.
Thus, in (8) & denotes an inverse Nakagami-m RV with shape
parameter m; and E [ ] € 1. The PDF of R for this example
case can be obtained yia [[heorem 3 below.

Theorem 3: For k, W, ¥, 7 € RT and my > 1, the PDF of
the single shadowed k- Type Il fading model for the example
case when & follows an inverse Nakagami-m RV is expressed
as

2>my — 1) (1 + x)* php2e=172ms

Jr(r) = -
B (m;, 1) [(j(l + k) A P2 (g — 1]
oo, Mstu ldmitp
2l > > s
4 2 1 222
wk (1 +x)ror 2)( (12)
[P+ +72(mg—1+xp)]
where B(-, -) represents the Beta function [20, eq. 8.384].

Proof: See Appendix C. [ ]

The PDF of the instantaneous SNR, y, of a single shad-

owed k- Type II (example 2) fading channel, is obtained

from the envelope PDF given in (12) via a transformation of
variables as follows.

Corollary 3: Fork, u, y, 7 € Rt and mg > 1, the PDF of

y for the single shadowed k-u Type Il fading model for the

example case when & follows an inverse Nakagami-m RV can

TSeveral equations throughout the paper will present conditions similar
to those encountered in (11). These restrictions can easily be dealt with by
applying an infinitesimally small shift to one of the parameters. For instance,
in (11) the restriction u — mg ¢ Z can be straightforwardly overcome by
introducing a perturbation term § whose purpose is to shift mg by a small
amount so that the condition is satisfied.

120517
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be expressed as
(ms — D™ (Lt o)ty ™

B (my, 1) (y (1 + 1) + 7 (my — 1+ k)™
Y AF ¢S+M 1+ms+ﬂ_ .

241 7 ) s M

4uPi(l +K)yy )

(A +Op+ 7 (ng =1+ k)

Its CDF, F, (y) = [J fy (t)dt, can be expressed via
Lemma 3 as follows.

Lemma 3: For k, i1, mg, ¥, ¥ € R, the CDF of y for the
single shadowed k- Type Il fading model for the example

case when & follows an inverse Nakagami-m RV can be
expressed as

Sy ¥) =

(13)

(mg — D™ ph= 11+ pH
B (my, pt) (=1 + & + mg)HFms i

&\ g + W </ yr(l + o )"

: ;kﬂ(ﬁl)i !{(Kwrms—l)z

XoF (04w, 2i+p+mg 1 +i+ w;

_ Y+ )( (14)
y(_l"'_K/'L'i'ms)

where (x),y = F(lf&;’/) denotes the Pochhammer symbol [20].

Proof: See Appendix C. ]

Fy(y):

C. SINGLE SHADOWED Kk ~=JL TYPE Ill MODEL

The single shadowed «-u Type III fading model assumes
that the rms power of a «-u signal can randomly fluctu-
ate because of shadowing. Its signal envelope, R, can be
formulated in terms of the in-phase and quadrature phase
components as

"
R* =&Y (Xi+p)* + (Yi+q)’ (15)
i=1

where, £, X, Y}, pi, g; and p are as defined previously. We now
consider two example cases for the single shadowed Type III
model, the details of which are discussed next.

Example 1: In our first example of the single shadowed
k- Type III model, we assume that the multipath waves
(both the dominant component and scattered waves) are sub-
ject to variations induced by a Nakagami-m RV. Thus, in (15)
& represents a Nakagami-m RV with shape parameter m; and
E Li] €€ 1. The PDF of R for this example case is given by
Thdoreym 4.

eovem 4: Fork, u, my, r, ¥ € RT, the PDF of the single
shadowed «-u Type Il fading model for the example case
when & follows a Nakagami-m RV can be expressed as

]

4 (m,u, (1 + K))%(m;-HL-H') (K:u)i rm;-HzH-l'—l
fr) = I (my) T (i + o) proctict

2r«/m,u(1+/<)> (16)

i=0

X K+ ju4n ( 7

where, K, |1, F are as defined previously.
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Proof: See Appendix D. [ ]
Note that it is also possible to derive this PDF as a special case
of the statistics of the product of k- and Nakagami-m RVs as
shown in [23] and [24]. The PDF of the instantaneous SNR,
y, of a single shadowed «-u Type III (example 1) fading
channel, is obtained from the envelope PDF given in (16) via
a transformation of variables as follows.

Corollary 4: Fork, u, my, v, y € R, the PDF of y for the
single shadowed k- Type Il fading model for the example
case when & follows a Nakagami-m RV can be expressed as

o3 2 (my (1 + ) 2D (e
) = 2 i iy TG+

myu(l + k)
Kt 2‘/%)-

a7
Its CDF, F, (y) = [J fy (t)dt, can be expressed via
Lemma 4 as follows.
Lemma 4: Fork, u, my, ¥,y € RT, the CDF of y for the
single shadowed k-u Type Il fading model for the example
case when & follows a Nakagami-m RV can be expressed as

i=0
y L m+p+i—1
X 1

7 3 Om i)

o0

1 (k)
_ /
Fr )= e<IT (my) ;ﬁ!r(i + )

2.1 [ v+ w)umy 1
||

Proof: See Appendix D.

Example 2: Our second example of the Type III model
assumes that the multipath waves are subject to variations
induced by an inverse Nakagami-m RV. Thus, in (15) &
represents an inverse Nakagami-m RV with shape parameter
m; and E [%] = 1. This example of the single shadowed

d
i

k- Type 1 el was introduced in [9] as the k-u/inverse
gamma fading model in which the mean power of the multi-
path waves were subject to fluctuations induced by an inverse
gamma RV. Since the inverse Nakagami-m RV used for this
analysis is assumed to have E [i‘] 'C 1, the PDF of R for the
single shadowed «-u Type III thdinlg model for this example
case can be obtained by substituting 7> = (m; — 1) /my
in [9], which yields

2 (14 k)! phe™H ((my — 1F2)™ r21!
B(m, 1) (?((m, — D42 A+ )"

2 2
wrx(d+x)r
F S M S
! 1((’”” rz(mz—1)+r2(1+/<)u)<

19)

frR(r) =

where m; > 1. The PDF of the instantaneous SNR, y,
of a single shadowed «-u Type III (example 2) fading chan-
nel, is obtained from the envelope PDF given in (19) via a
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transformation of variables as
£ () = " e (Gm — D)™ yH!
Y) = -
4 B (my, 1) (7 (my — D)+ y (1+K) )™
2
wk (I+x)y )
><1F1< + s ;= (20)
' P —D+y (1+K) 1

Its CDF can be obtained from [9, eq. 5] as

_ — / e ! (/,LK)i /,u (K+1)y>u+z
1
x 2F1 <mz+/L+i, i pti+1; _M)
(m; — 1y
(21

Ill. DOUBLE SHADOWED K=/t MODELS

In this section, we discuss three different ways in which the
k- fading envelope can be impacted by more than one shad-
owing process. To this end, we propose the double shadowed
k- Type I to Type III fading models with their physical
interpretation provided in Table 2.

A. DOUBLE SHADOWED k=W TYPE | MODEL

The double shadowed k- Type I model characterizes the
propagation scenario in which the envelope experiences shad-
owing of the dominant component, which is preceded (or suc-
ceeded) by a secondary round of multiplicative shadowing. Its
signal envelope, R, can be expressed in terms of the in-phase
and quadrature phase components as

"
R =A%) (Xi+&p)” + (Vi + £4)’ (22)
i=1
where &, u, X;, Y;, p; and ¢; are as defined previously and
A represents a RV which introduces an additional degree of
shadowing. As before, we now provide two example cases of
the double shadowed k-u Type I model.

Example 1: In our first example of the double shadowed
k- Type I model, we assume that the shadowing of the
dominant component is shaped by a Nakagami-m RV, whilst
the second round of multiplicative shadowing is induced by
an inverse Nakagami-m RV. Thus, in (22) & represents a
Nakagami-m RV (with shape parameter m; and E
whilst A denotes an inverse Nakagami-m RV (w €

ble
g model for this example case®

parameter m; and E [4?] /= 1). The PDF of the‘d
shadowed «-u Type I fad
can be obtained via [25,'eq.'5] as

2(my — 1)™mly K 2 p2me

Te(r) = (mg + k)™ B (my, 1) (,(,2 + (my — 12"

X oFy mg, my+p;

Kukr
(g + i) (Jr? +(my — 1)7?)
23
8Note that this model was also introduced in [25] (as early results of this
work) as a new fading model which is capable of characterizing both the
shadowing of the dominant component and composite shadowing which may
exist in wireless channels.
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where IC = u (1 + k). The PDF of the instantaneous SNR, y,
of a double shadowed «-u Type I (example 1) fading channel,
is obtained from [25, eq. 6] as

(my — D)™ Ky g

= (mg~+ k)™ B (my, ) (Ky + (m;— Dy)™
Kipxy >
xoF | mg,my + oy oy —————— (24
? ‘< OIS Ky =)
where K = K/(myg + ux). Its CDF is obtained from

[25, eq. 7 and eq. 8] as

mg_ \"([ Ky )” - ( Kiuxy )i
F = Gl
/) <md+w> (J((mz—n 25— 1

(M) G+ )
x T g
AT ) Gy 21O

i+pu+mei+u+1;7T)
(25)

where 7 = —Ky/y(m; — 1). It is noted that for the case
when 7(m; — 1) (mg +kp) > kp?(l + k)y, (25) can be
expressed in closed form as follows:

Fy(y)
_( mgq >’""< Ky )“ I (m+p)
- \ma +rp y(mi—1)) T (m)T (u+1)
XF12,11,8<m1+u,u; mq; —;_/Clwc)/ L Ky )
L 1+ ws —p(me—1)"  p@m—1)
(26

where Flo (777
function [26].

Example 2: Our second example of the double shadowed
Type I model assumes that the shadowing of the dominant
component is brought about by an inverse Nakagami-m RV,
whilst the second round of multiplicative shadowing is influ-
enced by a Nakagami-m RV. Thus, in (22) £ represents
an inverse Nakagami-m RV (with shape parameter my and

E [i] { 1) whilst A denotes a Nakagami-m RV (with shape

’ s

, ) <denotes the Kampé de Fériet

pargmdter m; and E[(] 'éz 1). The PDF of the double
shadowed k-p Type I fadinig model for this example case can
be obtained via Theorem 5.

Theorem 5: For k, [, m;, my, r, 7 € RT, the PDF of the
double shadowed k- Type I fading model when & represents
an inverse Nakagami-m RV and A represents a Nakagami-m
RV is

Fery = SleRma - )3 (k)7 i1
) =
® L (ma) T (my) Frem |
5 i - 1 <rwx<md = Dm(1 +K>)l
purd & i+ w \ r
2 rd/K
X Kong i (21/ma = DHK) K- (J> .
z
27)
Proof: See Appendix E. [ ]

The PDF of the instantaneous SNR, y, of a double shad-
owed «-u Type I (example 2) fading channel, is obtained
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from the envelope PDF given in (27) via a transformation of
variables as follows.

Corollary 5: For k, i, my, my, v, y € RY, the PDF of
y for the double shadowed k-u Type I fading model for the
example case when & represents an inverse Nakagami-m RV
and A represents a Nakagami-m RV is

4 (kp (mg — 1))’%‘1 (mtjc)%(wrmt) y%(u-i-m,)—l

[ (mg) T (m;) );%(;Hm;)

= 1 yi (mg — 1) my(1 4 x) i
Xg'!r(iw) “\/ 7 )
K
X Ky 1(2\/ (Md—l),lLK> my—p—i y?mt><

(28)

Its CDF, F, (y) = foy fy (t)dt, can be expressed via
Lemma 5 as follows.

Lemma 5: Fork, i, my, mg, v, ¥ € RT, the CDF of y for
the double shadowed k- Type I fading model for the example
case when & represents an inverse Nakagami-m RV and A
represents a Nakagami-m RV is

fy (y) =

Fy (y)
_2pma—1)% $° /BT D)’
~ T(ma)T (my) :Ok TG+ )
Kym 1
X Koy — z<2v(md—1)w<) ( > |. +u,mt,0>'
(29)
Proof: See Appendix E. ]

B. DOUBLE SHADOWED Kk~ TYPE Il MODEL

The double shadowed «-u Type II model considers a «k-u
faded signal in which the dominant component and scattered
waves experience two different shadowing processes. Its sig-
nal envelope, R, is given by

n
=Y (AXi+ Bpi)® + (AY; + Bg))’
i=1

(30)

where u, X;, Y;, pi and g; are as defined previously; A and
B represent RVs that are responsible for introducing two dif-
ferent shadowing processes. We now consider two example
cases for the double shadowed « - Type II model, the details
of which are discussed next.

Example 1: In our first example of the double shadowed
Type II model, we assume that the dominant component of a
k-p signal undergoes variations influenced by a Nakagami-m
RV, whilst the scattered waves of a x-u signal are subject
to variations induced by an inverse Nakagami-m RV. Thus,
in (30) A denotes an inverse Nakagami-m RV with shape
parameter m;, and B represents a Nakagami-m RV with shape
parameter m,. Here, E [Az] Cnd E [Bz] Cre set equal to 1.
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An analytical expression for the PDF of the double shad-
owed Type II fading model for this example case can be
obtained via Theorem 6 below.

Theorem 6: Fork, u, my, r, ¥ € RY, and mg > 1 the PDF
of the double shadowed k- Type Il model when A denotes
an inverse Nakagami-m RV and B denotes a Nakagami-m RV
is

oy = 2 = D" G (L 10"
R(r) = KMs+u T (mg) T (md) MmS;.ZM
Zi(- )(1)’ TG+ )< d(1+K)r>
N+ d
xUQRi+pu+mg, 1 +i+pu—mg+mg6) (31)
1242
where 6 = L (14 ms+p), 6, = md«Cv 1);2:; (1+K>M)<
yp

and U(-, -, -) is the confluent Tricomi h
tion [21, eq. 13.1.3].
Proof: See Appendix F. [ ]

The PDF of the instantaneous SNR, y, of a double shad-
owed k- Type II (example 1) fading channel, is obtained
from the envelope PDF given in (31) via a transformation of
variables as follows.

Corollary 6: For «, u, mg, v, ¥ € R and my; > 1,
the PDF of y for the double shadowed «k-u Type Il fading
model when A denotes an inverse Nakagami-m RV and B
denotes a Nakagami-m RV is

rgeometric func-

(ms — 1) iy BT (4 mg) (1 + 1)H

Ty = KMEUT (mg) T (ma) s it
By allv i NG <md(1+/<)]/>i
[':0( \ l'[\(l’b'i_l) K];
x U (2i+p+mg, 1+i+pn —mg + my, 0§’)< (32)
where 6] = M=ty (00,

Its CDF, F), (y) i foyfy (t)dt, can be expressed via
Lemma 6 as follows
Lemma 6: Fork, u, my, y,y € RT, and mg > 1, the CDF
of y for the double shadowed k- Type Il fading model
when A denotes an inverse Nakagami-m RV and B denotes
a Nakagami-m RV is given by (33), shown at the bottom of
the next page, where csc(-) £ 1/ sin(-).
Proof: See Appendix F. [ ]
Example 2: Our second example of the double shadowed
Type II model assumes that the dominant component of a
k- signal undergoes variations influenced by an inverse
Nakagami-m RV whilst the scattered waves of a k-u signal
are subject to variations induced by a Nakagami-m RV. Thus,
in (30) A denotes a Nakagami-m RV (with shape parameter
myg and E [ ] 1), and B represents an inverse Nakagami-
m RV (wit shge parameter my and E [(] (: 1). The PDF
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of the double shadowed Type II model for this example case’
can be obtained via Theorem (7).

Theorem 7: Fork, ju, m, 1, T € RY, and my > 1, the PDF
of the double shadowed k- Type Il model when A denotes a
Nakagami-m RV and B represents an inverse Nakagami-m RV
is

Jr(r)
o0

_csc(mmg) 21 Z[ (=1 (s, pumg(mg — 1))"
= T (mg) T (my) T+ W (1 +n—mg)

(ke pumg(mg — 1))
n!'(14+n 4+ my)

rms

o)

rmIC 1—n—my
r(n+u+md)"13 P2 e —n—mg +my, 1

mq & L 34)

where K is as defined previously.
Proof: See Appendix G. ]

The PDF of the instantaneous SNR, y, of a double shad-
owed k- Type II (example 2) fading channel, is obtained
from the envelope PDF given in (34) via a transformation of
variables as follows.

Corollary 7: For k, u, mg, v, ¥ € RT, and mq > 1,
the PDF of y for the double shadowed «k-u Type Il fading
model when A denotes a Nakagami-m RV and B represents
an inverse Nakagami-m RV is

fy(V)
__mese (mg) i (=) (k mg(mg — 1)"
yT (mg) T (my) = nD(n+ 00 (1 +n—mg)
(kpmg(mg — 1))

G0 ymsK l—n B
A { ., —n+ m, T +n+ myg)

1 21(vymsK| 1—n—my
L (nd+pu+mg) b v <, —n—mg + my, 1

mq ¢ L. 35)

9For conciseness, it is worth mentioning here that two further examples
of the double shadowed model can readily be obtained from (30), which
coincidentally lead to PDFs equivalent in form to (23) and (27). These can
be found by letting B = A&, where A and £ represent either a Nakagami-m
and an inverse Nakagami-m RV or vice versa. As shown in [8], B2 follows a
Fisher-Snedecor F distribution [27]. Now, substituting for B in (30) we arrive
at (22). Then letting A denote an inverse Nakagami-m RV and & represent a
Nakagami-m RV and following the same statistical procedure highlighted in
Section III.A, the PDF in (23) is deduced. If we let A denote a Nakagami-m
RV and & represent an inverse Nakagami-m RV, we arrive at (27).

Its CDF, F, () = [J fy (t)dt, can be expressed via
Lemma 7 as follows.

Lemma 7: Fork, (4, mg, ¥, Y € R*, and mg > 1 the CDF
of y for the double shadowed k- Type Il fading model when
A denotes a Nakagami-m RV and B represents an inverse
Nakagami-m RV is

F}(V)

_ swese (mmyg) >
T (ma)T (my) 20

msKC
<y (1R

(=" (kms(mg — 1))"
nT(uw+n) A +n—myg)
(i umg(mg —1))" ™
n!l" (1+n+mg)

1—n .
17 Ma_n+mSaO

» 1 2.1 (ymsK l—n—my
T (n4+p+mg) B\ j , —n —mg +my, 0
mq ¢ 7. ( (36)
Proof: See Appendix G. |

C. DOUBLE SHADOWED K~ TYPE Ill MODEL

The double shadowed « -u Type I1I fading model considers
a k-p faded signal in which the scattered waves in each clus-
ter are subject to fluctuations caused by shadowing. As well
as this, it assumes that the rms power of the dominant com-
ponent and scattered waves may also be subject to random
variations induced by shadowing. Its signal envelope, R is
expressed as

i
R* =AY (EXi+p) + EYi + ¢ (37)
i=1
where &, A, u, X;, Yi, pi, and g; are defined previously. As
before, we now provide two example cases for the double
shadowed Type III model.

Example 1: In our first example of the double shadowed
k- Type III model, we assume that the shadowing of
the scattered components is influenced by an inverse
Nakagami-m RV whilst the secondary round of multiplicative
shadowing is induced by a Nakagami-m RV. Thus, in (37)
A denotes a Nakagami-m RV (with shape parameter m; and
E[A?] = 1) whilst & represents an inverse Nakagami-m RV
(with shape parameter n; and E [(] = 1). The PDF of the
double shadowed Type III model| for this example can be
obtained via Theorem 8 below.

Theorem 8: For «, u, my, r, I € RY, and my > 1 the
PDF of the double shadowed «-u Type Il fading model
where A denotes a Nakagami-m RV and & denotes an inverse

Fy,(y) = kHT(1 + )T (mg) T (mg) pH

y I (n+ mgq)
rd4+n—pu+mg —my)

_ Ttptmy) (;hd(ms—l)
T (1+n+p— mg+my) \ KL
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ayH* (1 + k) esc (7w (U — mg + my)) mg i l
n!

2F) (—n+u—md,—n+u—md+ms;1+u,

mg
) 2F <<n —n—mg; 1+u;

ma (mg —1)\" cn M

_ya +/<)M>
y (mg—1)

1
)] wemamegz G
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Nakagami-m RV is
frR(r)
_ 2 (mg—1)" (m, ) M2
T (my) B (mg, ) 721 (mg — 1rcp) s

= ﬁ (g + 1)) {wo,- I Gmytm) (4 rPieukom,)’

X - -
par 2 (ms — 1+ k)N
U(ti+tu+m,l+it rfom,
X i my, i -—my, ————————
122 s 122 t P ms — 1 +xp0)
(38)

in which K and 6y are defined previously.
Proof: See Appendix H. ]

The PDF of the instantaneous SNR, y, of a double shad-
owed x-u Type III (example 1) fading channel, is obtained
from the envelope PDF given in (38) via a transformation of
variables as follows.

Corollary 8: For k, u, my, y, v € RT and my > 1,
the PDF of y for the double shadowed k- Type Il fading
model when A denotes a Nakagami-m RV and & denotes an
inverse Nakagami-m RV is

Iy )

= ) Ky !
= T (mt) B (”f'ls7 ,u,) )7/1« (ms —1 + K‘M)M+mx

= (3 ometw) (ftm+0) G+ mo+m)

X - - -
S M g 1+ k) @iepkm) ™
K
xU<2i+/L+ms,1+i+M—mt,#>
Y (ms—1+kup)
(39

The CDF of this model, Fy, (y) = [J f, () dt, can be
expressed via Lemma 8 as follows.

Lemma 8: Fork, u, my, y, vy € R™ and mg > 1, the CDF
of y for the double shadowed k-u Type Il fading model
when A denotes a Nakagami-m RV and & denotes an inverse
Nakagami-m RV is

e¢]

1
2 i (e + 1)

(my — )™

L m) T o) (my — 1+ k)™ &

i
s 2,2 Kym, 1,1—i—m

X —— | G P S —— s 40

<mS—1 + KM) 2.3 <)7(—1+Kpl,+ms) |l+ﬂvmr,0><( )

Proof: See Appendix H. ]
Example 2: Our second example of the double shadowed
k-p Type III model assumes that the shadowing of the scat-
tered components is influenced by a Nakagami-m RV whilst
the secondary round of multiplicative shadowing is induced
by an inverse Nakagami-m RV. Thus, in (37) A denotes
an inverse Nakagami-m RV (with shape parameter m; and

Fy(y) =
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(

E ] = 1) whilst £ represents a Nakagami-m RV (with
shape p@ramcter mg and E [(] € 1). The PDF of the double
shadowed Type III model fpr this example can be obtained
via Theorem 9 as follows.

Theorem 9: For k, w, mg, r, ¥ € RT, and m; > 1 the
PDF of the double shadowed «-u Type Il fading model

when A denotes an inverse Nakagami-m RV and & denotes
a Nakagami-m RV is

Jr (r)
_ 21 (Kmy/(my — D)™ P2 =172 & (e )’

L (me) T (my) sin (7 (me +-ms)) =0 1!

i (m; — 1)>_i o <KM?2(mz -

1 mg+mg
(o (s )

r2K

rlems i+p—my .
+J <m> (K pumy) >< mi+mg ¢ 7

(41)

in which K is defined previously, and G, H and J are given
at the bottom of the next page where 2F2(a, b;c,d,z) =
2F>(a, b; c,d,2)/(T'(c)['(d)) is a particular case of the gen-
eralized hypergeometric function [28, eq. 7.2.3.1].

Proof: See Appendix L. [ ]

The PDF of the instantaneous SNR, y, of a double shad-
owed «-u Type III (example 2) fading channel, is obtained
from the envelope PDF given in (41) via a transformation of
variables as follows.

Corollary 9: For k, i, ms, y, 7 € RY, and m; > 1 the
PDF of y for the double shadowed k- Type Il fading model
when A denotes an inverse Nakagami-m RV and & denotes a
Nakagami-m RV is

fy )

i (ke )’

‘ i=0 it

wy (m; — 1)>_[ —y (K,U«J; (m; — 1)>mt+ms
yIC 12,8

myg -
B T <I5‘ETSI) ymx—ly mg
"~ T (m) T (my) sin (7 (m; + my))

o
y Kmy

i+ —my )
+J (.—) (K[me)_l:| m; +my ¢ 7.
y (my — 1)
(45)

in which K is defined previously, and G', H' and J' are given
at the bottom of the next page.

Its CDF, F), (y) = foy fy (t)dt, can be expressed via
Lemma 9 as follows.

Lemma 9: Fork, u, my, y, ¥ € R™ and m; > 1, the CDF
of y for the double shadowed «-p Type Il fading model
when A denotes an inverse Nakagami-m RV and & denotes
a Nakagami-m RV is given by (49), shown at the bottom of
the next page.

Proof: See Appendix 1. [ ]
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IV. SPECIAL CASES OF THE DOUBLE SHADOWED

K=/t FADING MODELS AND NUMERICAL RESULTS

A. SOME SPECIAL CASES

The PDFs given in (23), (27), (31), (34), (38) and (41) repre-
sent an extremely versatile set of fading models as they inherit
the generalities of the various types of single shadowed «-u
fading model. Recall that in the double shadowed «-u Type |
model the m; parameter denotes the intensity of shadowing
that the dominant signal component undergoes, whilst the
m; parameter represents the degree of fluctuations that both
the dominant and scattered signal components undergo as a
result of the secondary shadowing process. Letting m; — oo
in (23), we obtain the PDF of the single shadowed «-u Type |
(example 1) model, whilst letting m; — oo, we obtain the
PDF of the single shadowed «-u Type III (example 1) fading
model. Allowing, mg — oo and #> = m,?2/(m; — 1) yields
the x-u/inverse gamma fading model. Hence, letting m; —
oo and my — o0, we obtain the PDF of the «-u fading model.
These results are illustrated in Fig. 1 and are in agreement
with the corresponding Monte Carlo (MC) simulations. The
PDF of the n-pu/inverse gamma model can also be obtained
from the double shadowed k- Type I (example 1) model
by setting my — W, K 1—=n/2n, n 2 and
#2 = m#?/(m; — 1). Thus, letting m; — oo, mg — L,
k = (1—-n)/2n and u = 2u we obtain the PDF of the

3 : ‘ ‘ ; ‘ ‘
M — 0 mg =23, my —»00, k=29, up=4
m ; go (single shadowed k-p Type I (example 1) PDF)
K=2.
250u= 1
(-p PDF) P2 = (7’;2’@1 ,mg—00,m =38, k=29, p=4
o (k-p/inverse gamma PDF)
mg=23,m =38 k=29, p=4
Py (double shadowed k-p Type I (example 1) PDF)
~
\;1.5 mg — 00, my > 00, k=K =29, u=1 1
ha (Rician PDF)
mg =23, m o0, k=K=29 p=1
1r (shadowed Rician PDF) b
mg=23m =38 k=K=29 u=1
05 double shadowed Rician Type I i
. (example 1) PDF
0 +— T - =9 + g
0 0.5 1 1.5 2 2.5 3 3.5 4

FIGURE 1. The PDF of the double shadowed «-x Type 1 (example 1)
model reduced to some of its special cases: «-x (blue asterisk markers),
single shadowed «-u Type | (example 1) (blue triangle markers),
k-p/inverse gamma (blue square markers), Rician (red square markers),
shadowed Rician (red asterisk markers), double shadowed Rician

Type | (example 1) (red circle markers). Here, 7 = 0.8, lines represent
analytical results, and the markers represent simulation results.

n-p fading model. Likewise, the PDFs of the double shad-
owed Rician Type I (example 1) [30], shadowed Rician, and
Rician fading models can be obtained from (23) by first

(—1)'m csc (o (u — my)) - . . , . KR (mg — 1)
9= C(l4i—u+my) Pr({—i—ms it p—mgp, 1 —i=m —myg ———77—— w—ms & Z (42)
F'(w+m)T (+mg) - . . k2 (my — 1
H = (e 22N S)ze +mtvﬂ+mt;1+l+mt+ms,l+ﬂ+mt+ms§_% (43)
I (—my) 2K
T (—i—p4my)sin (x (m+my)) - ( L . d%m—l))
J = - F Ll—i—pp, 1l —i—p—my; ———— Mg — Zi; w+my ¢ 7 (44
R p—— 2F oy W = ) s—I ¢ Ly putmy & 72 (44)
(=i ese (m (u — my)) - . . . kpy (my — 1)
g = - F —i—my,—i+pu—mgpu, 1 —i—m—mg ———m—r— —ms ¢ Z (46
i tm) 2 5 W= ms; @ =M VK w—ms ¢ 7 (46)
F'u+m)I (@+mg) - kuy (my — 1
g = Lt LG ‘Y)ze <1+mz,u+mz;1+i+mt+ms,i+u+mz+mx;——W( t )> 47
I (—my) YK
[ i . ) N
7 = i /L.+ms)sm(n (my+my)) 2F2<—i,1—i—,u; M,l—i—u—mz;—M> me—pt ¢ e ptm ¢ 7 (48)
sin (7w (p+m)) YK
Kmg \™ . .
Fy(y) = n(mtﬁl) y™ i(wms)’(l“(mx—i—u) sin (7 (ms+mt))< y Kmy )’*“’"“
y W= I (m;) T (my) sin (7w (my + my)) y™s P i! G+ ) sin (7 (w + my)) (kpmg)t \ 7 (my — 1)
szz( i—i—M',U«l—i—,u—m'KM?U_ml))—i-F(M_ms_i)< rk )i
’ o r Ky i+ my Ky (my — 1)
w oy (i = mg. o — i —my: l_i_m_m_lcm?(l—mz) CDa+m) Tl (u+m) (fuy (m—1) it
2072 S S 3 i) 1y ’C‘}/ F(l _mt) \ )/IC
= , . . Ckpy (1 —my) ,
X 2F z,u+mz,1+l+ms+mz,l+u+ms+mz,K—y my+mg & Z; p—ms ¢ Z 49)
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TABLE 3. Special cases of the double shadowed «-u Type I (example 1), Type 1 (example 2) and Type Il (example 1) fading models.

. double shadowed K- double shadowed K-y double shadowed k-p
Fading models
Type I (example 1) Type I (example 2) Type II (example 1)
Single shadowed k- me — 00, Mg = Mg, Mms — 00, Mg = Mg,
Type I (example 1) [6] K=Rpu=p K=Kpu=p
Single shadowed me — 00, Mg = Mg,
r-p Type I (example 2) K=K, 0= [
Single shadowed
r-p Type II (example 1)
Single shadowed Ms — Mg, Mg —+ 00,
r-p Type II (example 2) K=K, W=
Single shadowed K-p1 mg — Mg, Mg — OO,
Type III (example 1) [23] K=K, = [
Single shadowed k-1t me = mg, Mg — 00,
Type III (example 2) K=K, 4= [
me — 00, Mg — Ms — 00, Mg — [
n — plinverse gamma [9] K — (12_7]’7) = 2u - K — (12_777’) L= 2u
72— _mei? F2 = _mai?
= (mg—1) — — (ms—1)
m¢ — 00, Mg — 00, me —» 00, Mg —» 00, ms — 00, Mg —» 00,
K- — m¢ mq
' K=K,0=p K=K,0= [ K=K,U= [
n me — OO, Mg — U, Mms — 00, Mg — [,
K — a-my - 1-n)
51(2,;7)@:2# ﬁ:(gn’mai:%t
— = — =
Shadowed Rician [11] M = 00, Td = Td, - Ms =7 00, MNd = Td,
r=K,p=1 r=K,p=1
.. mg — 00, Mg — 00, t —> 00, Mg — 00, ms — 00, Mg — 00,
Rician - — - — —
5:[{7&: ﬁ:K’Ezl ﬁ:Kuﬁzl
. — 00, = 0.5, — 00, = 0.5,
Nakagami-q (Hoyt) [29] L (1002% - ms (10027)&1
K= Qq% M= K= 2;% p=1
. t —» 00, Mg —» 00, m¢ —» 00, Mg —» 00, ms — 00, Mg — 00,
Nakagami-m — — — — —
K—=>0,u=m K= 0,u=m E—=>0,u=m
Rayleigh mt — 00, Mg — 00, mt — 00, Mg — 00, ms — 00, Mg — 00,
K—=0,pu=1 k—=>0,p=1 k= 0,p=1
. . m¢ — 00, Mg — 00, mg — 00, Mg — 00, ms — 00, Mg — 00,
One-sided Gaussian — — — — — —
k—0,p=0.5 k—0,u=0.5 k—>0,p=05

setting © = 1, k = K (the Rician K-factor), followed by
appropriate substitutions for my; and m,. Fig. 1 shows the
shape of the PDF for these special cases in red.

Likewise, the double shadowed k-u Type I (example 2)
model contains the single shadowed «-u Type I (example 2)
and Type III (example 1) models as special cases. Letting
my; — o0 in (27), we obtain the PDF of the single shadowed
k- Type I (example 2) model, and letting my — oo we
obtain the PDF of the single shadowed «-u Type III (exam-
ple 1) model. Allowing both m; — oo and my; — 00,
the PDF of the «-u fading model is deduced. The PDF
given in (31) (double shadowed Type II (example 1)) also
represents a flexible fading model as it contains the single
shadowed «-u Type I (example 1), Type II (example 2),
n-plinverse gamma, k-p and n-p fading models as spe-
cial cases. Letting my; — oo in (31), we obtain the PDF
of the single shadowed «-u Type I (example 1) model,
whilst letting my — oo we obtain the PDF of the single
shadowed k- Type II (example 2) model. Allowing both

mg — oo and my — oo in (31), the double shadowed
k- Type 1I (example 1) fading model coincides with the
k- fading model. Table 3 summarizes the special cases
of the double shadowed k- Type I (example 1), Type I
(example 2) and Type II (example 1) models whilst
Table 4 summarizes the special cases of the double shad-
owed k-u Type II (example 2), Type III (example 1) and
Type III (example 2) models.

B. NUMERICAL RESULTS

Fig. 2 a) and b) show some plots of the PDF of the single
shadowed k-u Type II (example 2), and double shadowed
Type I (example 1) models for different values of «, pu,
mg, mg, my, and 7. Note that the values of the parame-
ters are chosen to illustrate the wide range of shapes that
the new shadowed fading models can exhibit, and thus
their capability to model accurately the versatile fading
conditions encountered in numerous communication sce-
narios relating to emerging wireless applications. Fig. 2 a)
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TABLE 4. Special cases of the double shadowed «-1 Type Il (example 2), Type Ill (example 1) and Type Il (example 2) fading models.

25

Fading models

double shadowed x-p

double shadowed x-p

double shadowed k-

Type II (example 2) Type III ( example 1) Type III (example 2)
Single shadowed ~-pt
Type I (example 1) [6] i i i
Single shadowed Mms — 00, Mg = Mg,
r-p Type I (example 2) K=K, = [ i i
Single shadowed Ms — Ms, Mg —> OO, Mms — Ms, My — 0O,
r-p Type II (example 1) K=K, 0= [ ’ K=K, b= [

Single shadowed Ms — Ms, Mt — 00,
r-p Type II (example 2) i K=K, 1=[ |
Single shadowed -1t ms — 00, Mt — M,
Type III (example 1) [23] | K=k pu=p ’

Single shadowed ~-pt
Type III (example 2)

n-p/inverse gamma

ms — 00, Mg — 00,

ms — 00, Mt — 00,

ms — 00, Mt — 00,

K= ji
K=K, Q= p K=K QU= [ K=K, u=p

- - - -

Shadowed Rician [11] - - -

Rician Ms —> 00, Mg —+ OO, ms — 00, Mt — 00, ms — 00, my — 0o,
k=K,p=1 k=K,p= k=K,p=1

Nakagami-q (Hoyt) [29]

Nakagami-m

ms — 00, Mg — 00,

K= 0,u=m

ms — 00, Mt — 00,

K= 0,u=m

ms — 00, Mt — 00,

E—=>0,u=m

Rayleigh

mg — 00, Mg — 00,
k= 0,u=1

mg — 00, Mt — 00,
k= 0,pu=1

mg — 00, Mt — 00,
k= 0,pu=1

One-sided Gaussian

m5—>oo,md—>oo,
Kk —0,u=0.5

mS—)oo,m—)oo,
K —0,u=0.5

m5—>oo,@—>oo,
K —0,u=0.5

—{mg, my, 7} = {2.30,3.80,1.8}

—{mg,my, 7} = {25.1,18.9,3.0}

—{m,,7} = {3.80,1.8} .

—{m,, 7} = {18.9,3.0}
¢ Simulation

1 T

fr(r)

{mg,m;} = {1.1,1.1}
A

/|
08 /| [{ma,me} = {32,1.8}
/B
/|

/

FIGURE 2. a) PDF of the single shadowed «-u Type Il (example 2) (blue and green lines) and double shadowed «-x Type 1 (example 1) (red
and black lines) models. Lines denote analytical results; circle markers denote simulation results. b) PDF of the double shadowed «-px

Type | (example 1) and (example 2) models for different values of mg and m;. x = 3.9, p = 2.4, and ¥ = 2.5. Solid and dashed lines denote
Type | (example 1) and Type | (example 2) models, respectively.

shows the PDF of the single shadowed «-u Type II (exam-
ple 2) and double shadowed Type I (example 1) fad-
ing models for {x, u} = {0.5,2.0}, {4.2,2.0}, {15.1, 5.0},

VOLUME 8, 2020

{mg, my, 7} = {2.3,3.8, 1.8}, {25.1, 18.9, 3.0} and {my, 1’} =
{3.8, 1.8}, {18.9, 3.0}. In all cases, the analytical results agree

with the corresponding MC simulations.
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10% ‘
—p =12
---pu =456
—kr=13
1 0-1 —k=17.6 a
+ {ma,ms} ={2.8,1.7}
o {mg,ms} = {6.1,7.5}
__102¢
5
3
& 10°¢
1074¢

1‘5
7 (dB)

30

FIGURE 3. Outage probability of the double shadowed Type 1 (example
1) model versus y for different values of «, x, my and ms. Here
Yth = 0 dB.

Fig. 3 shows the outage probability of the double shadowed
Type 1 (example 1) model versus y for different multipath
and shadowing conditions. As expected, we observe that the
outage probability increases for lower values of «, u, my
and m; parameters. Moreover, the rate at which the outage
probability decreases is faster as these parameters grow large.
Furthermore, Fig. 4 shows the outage probability of the dou-
ble shadowed Type 1 (example 2) model versus y for different
values of y, when k., u, m; and my are fixed. We observe that
for a fixed y, the outage probability increases, as expected,
as y increases. In all cases, the analytical results agree with
the MC simulations.

V. CONCLUSION

For the first time, this paper has discussed the various ways in
which a «-u fading envelope can be affected by shadowing.
A family of shadowed x-u fading models were proposed
and classified based on whether the underlying « - envelope
undergoes single or double shadowing. Three types of single
and double shadowed x-u model were introduced. These
model frameworks are general and do not depend on pre-
defined RVs that are responsible for shaping the shadowing
characteristics. However, for illustrative purposes, two exam-
ple cases for each type of single and double shadowed model
were discussed where it was assumed that the shadowing is
shaped by a Nakagami-m RV, an inverse Nakagami-m RV or
their mixture. Finally, it is worth remarking that the proposed
double shadowed models are very general and have been
reduced to a number of well-known special cases. This prop-
erty renders them useful both theoretically and practically as
they can provide accurate modeling of the versatile composite
fading conditions encountered in emerging wireless applica-
tions with stringent quality of service requirements.

APPENDIX A

PROOF OF THEOREM 1 AND LEMMA 1

Considering the signal model given in (1) where £ is assumed
to be an inverse Nakagami-m RV with shape parameter my

and E [f] ( 1, its PDF is given by

2mg — 1)™
fo gy = = — D

r (ma,) £§2md+l ©

mg—1
—

(50)

To determine the envelope distribution of the single shad-
owed k-u Type I (example 2) fading model we average the
conditional PDF, fgj¢ (r|§), with the PDF of & given in (50)

10%%
1071
b L
;:3 Yin, dB
el
a: 10 * _5
80
g — 00 Notes:
@) k=41
-3 L - 2 —
1073 p=3
5 my =2.3
e Simulation my=4.3
10 ‘ ‘
y, dB

FIGURE 4. Outage probability of the double shadowed Type 1 (example 2) model versus 7 for
different yy,. Lines denote analytical results and circle markers denote simulation results.
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ie.
fr(r) & /fmg (rl§) fe (6)dé§. (5D
0

The signal model for the single shadowed x-p Type 1
(example 2) fading model, insinuates that the conditional
probability, frje (r|€), follows a k- distribution with PDF [1]

2 g2 d
e W T (”;—r>< (52)

where d? and o2 are as defined in section ILL.A (also see [1]),
and I, () is the modified Bessel function of the first kind and
order v.

An analytical expression for the PDF of the single shad-
owed k- Type I (example 2) fading model can be obtained
by substituting (52) and (50) into (51) as follows:

d
(e

(53)

H
fRIE (r|§) = W

(mg=1) _r24£24>

f (r)_]ozrﬂ(md — e £ 202
T e €@y T g e

Now replacing the modified Bessel function of the first kind
with [22, 03.02.02.0001.01] in (53), followed by solving
the integral using [20, eq. 3.471.9], and finally substituting
d = J2uo%k; 0 = ,/ Wzﬂ) in the resultant expres-
sion, we obtain the PDF of the single shadowed «-u Type 1
(example 2) fading model shown in (5).

Substituting the SNR PDF (see (6)) of the single shad-
owed - Type I (example 2) fading model in F), (y) =
fo’/ fy (t) dt, changing the order of integration and summation,
solving the integral using [21, eq. 6.5.1] and finally perform-
ing some algebraic manipulations, we obtain the CDF of the
single shadowed «-u Type I (example 2) fading model shown
in (7). This completes the proof.

APPENDIX B

PROOF OF THEOREM 2 AND LEMMA 2
If £ is a Nakagami-m RV with shape parameter m; and

E [f]t 1, its PDF is given by
B ngﬂs%-mefl 7m;52
Jfe (§) = We . (54)

The signal model presented in (8) insinuates that the condi-
tional probability, frjs (r]§), follows a k-u distribution with
13 —r2—d?

PDF [1]
dr
()

An analytical expression for the PDF of the single shadowed
k- Type II (example 1) fading model can be obtained by
substituting (55) and (54) into (51) as
ds.
()

(56)

Srie (r|§) =

e ¢]

2rtm! s§-2mA mgE2— r242rd§
= - & I
Jr(r) / T (ms)e
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Now replacing the modified Bessel function of the first kind
with its series representation [22, 03.02.02.0001.01] in (56),
solving the integral using [20, eq. 3.471.9], and finally sub-
stituting d = /2uc2k; o =
expression, we obtain (9).

Substituting the SNR PDF (see (10)) of the single shad-
owed «-u Type II (example 1) fading model in F) (y) =
foy fy () dt, changing the order of integration and summa-
tion, expressing the modified Bessel function of the second
kind using its power series representation [21, eq. 9.6.2 and
9.6.10], and again changing the order of integration and
summation, we obtain (57), shown at the bottom of the next
page. The inner integral can be solved using [31, eq. 2.2.6.1].
Now performing some algebraic manipulations the CDF can
be expressed as (58), shown at the bottom of the next page.
Next, let us define S 1 and 5’2 as follows.

P2
e I the resultant

~ (i pumyy
S =
ZZZ'F(1+M+1)]’F( 2i+j+mg—p+1)
1+
x (%) DFili4pw2i—j+u—ms1+i
1+
+u,—u]< (59)
YK
and
%i (k pmgy
P =0k'l"(l+,u+1)]'F(21+]—mS+M+1)
i
1+ 2 . :
yic ( )’;)(msﬂ) ) 2F1[<N+M71+Z+M’
1
YK

Then the corresponding CDF can be rewritten as:
()™ (1 + 60" 7
' (my) yHsin [(u — my) ]
< [y ((W) 1 (i)™ wsz](
(61

Fy(y) =

Considering Sy, we rewrite the Gauss hypergeometric func-
tion in terms of its contour integral'® representation i.e,

_y(1+/c)]
VK

B C(+itp) 1 T @)L (i+p—1)
- T (i+w) T Qi—j+u—my) 27 T (14it+p—t)

14+
xT (2i—j+M—ms—t1)<L_)
Ky

»F) [i+u,2i—j+u—ms,l+i+u,

d (62)

10Note that in some equations, the gamma function in the contour integral
kernel may render an indeterminate value. However, this does not present a
problem here as the appropriate choice of contours required to solve these
integrals must exclude any indeterminate results. The interested reader is
directed to [32] for a comprehensive discussion on the appropriate contour
choice.
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where j = +/—1 is the imaginary unit and £ is a suitable
contour in the complex space. Now simplifying S;, we obtain

~ > K LM 1
SH:Z?'M‘Y /[

~ T G+ )T Q2i—j+ 1 —my)

e (FEY L
I'A—=2i4+j—pu + my) Ky 2]

XF(—t1+,u+i)I‘(2i—j+/L—ms—tl)
CA+i+p—1n)

—t
y (M) L. (63)
%

Furthermore, using the Residue Theorem, we represent the

summation over the index 7 as another contour integral, keep-

ing in mind the following relationship: ResT (¢)f (t) =
t——i

(_i—!l)lf (—1i), to obtain

iwm»]( ) T ()T ()T (=t —t2+1)
! 2] '(—b+w) L=ty —tr+wn)

Jj=0

5 [ (=j—t1—26+p—my)
[ (mj=20+p=mg) T (+j+26—ptm,)

—t —t
x (%) 1(-%) " dndnn, (64)

[28, eq. 7.3.5.2] and simplifying, we obtain

g _ sinlr (M—ms)]i(—l)jr(iﬂLms) (epms) 1

- .' .
b4 = J! 2]

I (u) I’ (=) —ur+p—my)
C(—uj+u) T (+u+my)
1 1
x (M) dur. p—m ¢ (65)
ky
where the integral over u; can be interpreted as a Meijer G
function resulting in

S - sin [ (0 — my)] i (—=1Y T (G + my) (kc umgy

i
T =0 J:
1 . .
xG22<V( +r) | L+ M+ms,j+ms>
Ky 0, —n
w—mg & 7. 66)

To simplify S», we first change the order of summation by
summing over the infinite triangle 2i +j = norj = n —
2i, then express the Gauss hypergeometric function in terms
of its power series representation [22, eq. 07.23.02.0001.01],
again change the order of summation (i +k =jork =j—1i),
followed by using [28, eq. 7.3.5.2] and finally simplifying,
we obtain

o]

5, = (e pmy)"
- ! _
Applying transformation of integration variables such that n=0 ml+n—ms+ )T+ 1)
fi — u; —up and tp — up, using the sum of residues y(1+«)
to evaluate the integral on variable uy, followed by using xofi|=n 1=n—p 1+u 7K (67)
_ i 2 (mg) T (40 7
- — iT (mg) T (i + 1) yiti 2sin [(2i — mg + ) 7]
, tH—#—l 2j—2i+mg—p
. 1 dr
* [ 0 (—2i+j+mg—pn+1) f( st i (é o+ K)
=0 L(l+x)+ K)
[ee) , tl"rl/« 1 ; 2j+2i—mg+p
—=(1 dr |,
Z ‘F(21+]_ms+u+1)/( 2i—, r;;+;,¢ S“’(J;( +K)+K> i|
J= ( (1+«)+ K)
w—mg ¢ Z (57)
Py = M () [/ ZZ (e e <y ( +x)>"
! r(mSWsm[w my) 7] L\ )~ 5 0('F<z+u+1>ﬁr<nu pA1=2i+) \

X 2F |:i+,u,2i—j—|—pc—ms,l+i+u,

(e pumyy
JIT QRi+j—mg+u+1) 7

120528

_ya +/<)} yH ii 1
v (i)™ iy i BT A+ e+ D

1 X 2\' 1
y’((+K_)(mm)2F1|:<j,i+u,1+i+u,—%:|:|< p—ms¢Z (58)
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Now substituting 1 and S, back into (61) and performing
some algebraic manipulations, we obtain the CDF of the sin-
gle shadowed «k-p Type II (example 1) fading model shown
in (11). This completes the proof.

APPENDIX C

PROOF OF THEOREM 3 AND LEMMA 3

A closed form expression for the PDF of the single shadowed
k- Type II (example 2) model, is obtained by substitut-
ing (55) and (50) (after replacing my with my) into (51),

(ms—=1) _ r2+d?

[ 2hGm, — 1ymse & e dr
fR (r)= o I[l.—] 0_2 2 dé

2du—11" (m5)§:2m5+3 g
0

(68)

The above integral is identical to [33, eq. 2.15.3.2]. Now,
substituting for d and o in the resultant expression and per-
forming some algebraic manipulations, we obtain (12).

Substituting the SNR PDF (see (13)) of the single
shadowed «-pu Type II (example 2) fading model in
F, (y) foy fy () dt, expressing the Gauss hypergeo-
metric function in terms of its power series representation
[22, eq. 07.23.02.0001.01] i.e,

F[msw mytptl 4ui (14k) ty ]
2171 s s MUy —
2 (t (1+K) 47 (mg— 14K )

2
00 ‘HL) ms+M+1 ( /1«2’( (14k) l‘)?)k

Sk (g (¢ (1+4) u+1>\<ms—1 +iep))

(69)

changing the order of integration and summation, followed
by solving the integral using [31, eq. 2.2.6.1] and finally
performing some algebraic manipulations, we obtain the CDF
of the single shadowed k-u Type II (example 2) fading model
shown in (14). This completes the proof.

APPENDIX D

PROOF OF THEOREM 4 AND LEMMA 4

We determine the envelope distribution of the single shad-
owed k- Type I (example 1) fading model using (51).
Here, the conditional probability, fgjs (7]€) is given by

7u(1+/()r2

Z,u(l—i—K)MTHr”e &2 2uk (I4+K)r
Trig (rl§) = T N2

K == L ekl ( 2)T r .
f (70)

Substituting (70) and (54) (after replacing my, with my)
into (51), followed by replacing the modified Bessel
function of the first kind with its series representa-
tion [22, 03.02.02.0001.01], and solving the resulting integral
using [20, eq. 3.471.9], we obtain (16).

Substituting the SNR PDF (see (17)) of the single shad-
owed «-u Type III (example 1) fading model in F,, (y) =
foy fy (t) dt, changing the order of integration and summation,
and expressing the modified Bessel function of the second
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kind in terms of the Meijer G function [28, eq. 8.4.23.1],
we obtain

ad 4 my+pA+i 1
F}’ (J/) - my+pti
=0 Ml (m) T (i+p)yy—2 J0

x G2 0<(m"u“ A+t b —mr+u+i> é:
0,2 - 2 2 :
4

(71)
Expressing the Meijer G function 1n terms of its contour
integral representation i.e,

—my+pti __mt+M+’>
2

Ggg((”ltﬂ(;‘f‘@)l +
1 m+4+1i —my o+
= 2 F(‘JL”%(‘#“)
« ((mt,u(l_-i- K))f> dx. 72)
14

changing the order of integration, simplifying, and interpret-
ing the contour integral as a Meijer G function, we obtain

£y, ()/)
,thllv(l'f"f)
_ 1+M+t
=0\ eHITm)T G+p)y 2

1+ | — Myt
x G%;( s (- Dy —metpti _mt'H%+i my+p+i dr.
V ( 2 [ 2 [ 2/

t+}l-+l

(73)

Now performing some algebraic manipulations and using
[32, eq. 1.60], we obtain the CDF of the single shadowed
k- Type III (example 1) fading model shown in (18). This
completes the proof.

APPENDIX E

PROOF OF THEOREM 5 AND LEMMA 5

The signal envelope, R, of the double shadowed «k-u
Type I (example 2) fading model is given by (22). Here, A fol-
lows a Nakagami-m distribution with shape parameter m;,
and & follows an inverse Nakagami-m distribution with shape
parameter my . It is noted that the model in (22) may be viewed
as a product of a Nakagami-m RV and a single shadowed
k- Type I (example 2) RV. According to standard probability
procedure, this PDF can be obtained as

fA (a)da (74)

Jr(r) = ( —fr
where fr(¢) is given in (5). Replacmg the respective PDFs
in (74) and changing the order of integration and summation,
yields

fR(V)
Z 8 [(ma — D]™%" /Ctﬂx“ B0 2 iop—1,,
= P22 (mg) TG 4+ )T (my)

X King— ’(2 (mg — Dk /(2("% ==l 2 my—

2 2 da.
(75)
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Solving this integral using [31, eq. 2.3.16.1] and simplifying,
we obtain (27).

Following the same procedure used for deriving the CDF of
the single shadowed «-u Type II (example 1) fading model
(see Appendix B), the SNR CDF for the double shadowed
k-p Type I (example 2) fading model is obtained as shown
in (29). This completes the proof.

APPENDIX F

PROOF OF THEOREM 6 AND LEMMA 6

We determine the envelope distribution, R, of the double
shadowed «-u Type II (example 1) fading model when
A and B vary according to the inverse Nakagami-m and
Nakagami-m distributions, respectively, from the following
integral

fo(r) = / / Friap (Fle B)fo @) f (B) dadf  (T6)
00

where

Trip (rlp) = /fR|a,/3 (rle, B) fo (@) da (77)
0

and the double shadowed k- Type II (example 1) signal
model insinuates that fg| g (7|a, B) follows a «-u distribu-
tion with PDF [1]

e =2 (Ba)? Bdr
= 202 Rttt
JRiap (rlat, B) = e (,Bd)”‘le 2 Tu-1 (02a2)
(78)

whilst f (o) is similar to (50) where £ and my, are replaced
with o and my, respectively. Likewise, fg (B) is similar to (54)
where & is replaced with B, and my is replaced with my.
Integrating with respect to v, we obtain an expression similar
to (12) conditioned on 8,

fr(r)

2mx+2(m5 _

1yms P21 2ms 4T (myg + 1)

T (my) T (ma) (1f2 + 20ms — Do2)™

mqﬂz mg+p+1 4d2r2i o0
sz mtt) () (4a2r?)

2i4+2mg—1

2
T (i + i\ (r2 + 20m — 1)o2)¥ J

—2i m
d2ﬂ2 K=y N
s +1 —maB g, (79
x (r2+2(mx—1)02+ ) ¢ p. (79)
Now solving the integral in (79) using [21, eq. 13.2.5], fol-
lowed by substituting [22, 07.33.17.0007.01] for the hyper-
geometric U function (Tricomi confluent hypergeometric

function), d = /2uo2k and ¢ = ,/#1/(), and finally
simplifying the resultant expression we obtain (31).
Substituting the SNR PDF (see (32)) of the double shad-
owed «-u Type II (example 1) fading model in F), (y) =
foy fy (t) dt, changing the order of integration and summation,
expressing the Tricomi hypergeometric function in terms of
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its power series representation [21, eq. 13.1.2 and 13.1.3],
we obtain (80), shown at the bottom of the next page. Again,
changing the order of integration and summation, using
[31, eq. 2.2.6.1] and performing some algebraic manipula-
tions, we obtain (81), shown at the bottom of the next page.
Now, let us define 33 and 5'4 as follows:

ZZ (—=D)'T Qi+ k + p + my)
g'kvr (i4+n+ DD +i+k+pu+mg—mg)

i=0 k=

N (md mg — 1)) <md)/ (1 +K))l
KL Ky

1
x o F) [—k, i+, 14itp, —V_”—K”‘} (82)
7 (ms—1)

_ii, (—D'T (i +k +mg)
- pardon Og'k'F(z+M+1)F(1—z+k w+mg — my)

. (™M ms—l)) (W(1+K)>
K y (mg— 1)
1+
X 2 F |:i+,u, i—k+pu—mg+mg, 14+i+u, —V_(—K)Mj|
y(mg—1)
(33)

then the CDF can be rewritten as

(ms — 1Y mP T (4 my) (14 )"
KT (mg) T (ma) T + my) s gk
T

X — S +m —U+mg—my
Sm[”(ﬂ_md‘l‘ms)][ T

KL H—mg+ms ~
X ] S4 u—mg +mg ¢ 7.

(84)

Fy()/)z

S

To simplify S3, we first change the order of summation
using the index transformation i +k = n or k = n — i, then
we express the Gauss hypergeometric function in terms of its
power series representation [22, 07.23.02.0001.01], i.e,

MH_KW}
y (mg — 1)

j
y( +fc)u> 8

_Z(z ) it ), (_
A+ i+ ),

again changing the order of summation using the index trans-
formation j = k — i and simplifying, we obtain

y (ms — 1)

o / I'(k—n) I'(n+ pn+my) sin(nm)
$3= ZZ k+wW)TA+) TA+n+p—mg+mg) T'(w)

n=0k=0
y <md (ms—1)>”<_yu <1+K>j
KL 7 (mg—1)
X2F1 [_k7n+u+m57ﬂvl] (86)
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Now using [28, eq. 7.3.5.4] and performing the sum over
index k, followed by some algebraic manipulations, we obtain

o0

Sy = Z / I (n+ pu + ms) (mg (mg — 1))"
n:o(”FWr DT (1 + 1+ p+ mg —mg) (kp)"

X 2 F |:—n, —n—mg, 1 4+ w1, —y_(l—i_—K)M:| (87)
y (mg — 1)

To simplify S, we first express the Gauss hypergeo-
metric function in terms of its power series representation
[22, eq. 07.23.02.0001.01] i.e,

. . . 14+«
2F [l+u, i—k4+p—mg+mg, 14+i+pu, —u} <

y (ms—1)
_ i (i+p)j (i—k+p—mg+my); (_y (1+x) M)
= JHA+itp),; 7 (mg—1)
(83)

This is followed by performing the sum over the infinite tri-
angle i+j = norj = n—i, simplifying, again performing the
sum over index 7, followed by some algebraic manipulations

y (1 +K)
B ?(ms—l)]< (%)

Finally, substituting S3 and S4 back into (84) and simplifying,
we obtain the CDF of the double shadowed «-p Type 11
(example 1) fading model shown in (33). This completes the
proof.

APPENDIX G
PROOF OF THEOREM 7 AND LEMMA 7

The envelope distribution, R, of the double shadowed
k- Type II (example 2) fading model when A and B vary
according to Nakagami-m and inverse Nakagami-m distribu-
tions, respectively, can be obtained through (76). The double
shadowed «-u Type II (example 2) signal model presented
in (30) insinuates that fgjo, g(r |, B) follows a k- distribution
with PDF given in (78). Also, fy(«) is similar to (54) with &
replaced by «, and fg(8) is similar to (50) with & replaced
by B. Integrating with respect to 8, we obtain

8ICH (kp(my — 1 dem;"‘er“*] ad 1
iy S eptmg = 1) S

to obtain I (mg) T (my) 721 P (!F(u + 1)
§4 _ Z / r (k + md) (md (ms 1)) - % /ZICQ/K/L(md — 1) ! a_1_3 i—2pu—mg+2 mg
k=0<(!(u+1)1"(1+k—u+md—mx)(K/L) % 72
_ 2K 2 —1
x 2F [6k+u—md,—k+u—md+ms,1+/L, X € D(ﬁms"_azﬁ)Ki_md(% éa_ (90)
F, )
_ (g = D™ m T (ot mg) (14 0)# i FQitptm)CGtma) (7 (pad+0)rY
B KM TUT (mg) T (mg) ps y+ M@+ (w+mg)  Jo Ky

n(_l)i+1 (/ 1

sin [7r (n—mg+my)]

( (i+ma) T (1+i+p—ma+ms) =

/
ZK(! (it p—mg+my),

Qi p+my)y (md (7 (ms— D)+t (1+k) u))k
(975%

o]

_ (ﬁd 7 (ms—1)+z<1+x>u>>""“+’"d‘mf 1 3/ (i + ma)y
\ Ky I (1—i—p+mg—mg) T i+ pu+my) k:(&!(l —i— o+ mg —my),
_ k
" (md(y(ms_l)‘ft(l‘i‘K)M)) ) b p—mgtmg ¢ (80)
Ky

(ms — 1" mlp T (4 my) (14 1)y

Fy()/)z

K™ FTHT (mg) T (ma) T (w + mg) W™yt sin[m (u — mg + my)]

1 (md(ms—1)>k(
X
Frad+i+k+pn—mg+ myg) K

+ m;llrf"nd —my ( KK

n—mg—+mg OO 00
mg — 1)

i=0 k=0

Y (mg—1)

1+6)\ . , 1+
X (_y,u( K)> 2F1|:<+I/L,l—k+,u—md+”h,1+1+M7_ui|>< n—mgq +ms ¢ Z

VOLUME 8, 2020

/
ZK!k!I‘(l—i—iwL,u)F(l—i—i—k—,u~|—md—ms)

4 ( ii(—l)[F(2i+k+M+m‘y)
\ =0 k=0 T (1404 )
ymgy (1_+K)) 2F [_k’i+ﬂ,1+i+ﬂ,_)’_(1+—’c)li:|
o y (mg — 1)
DTkt ma) (md (ms—1)>k
K

y (mg — 1)
(81)
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This integral is solved by replacing the Bessel function
with its power series [22, 03.04.06.0002.01] and changing
the order of integration and summation. Now using [31,
eq. 2.3.16.1] we obtain (91), shown at the bottom of the page.
Representing the Bessel function in (91) using the Meijer G
function [22, 03.04.26.0008.01] and performing some alge-
braic manipulations we obtain

csc (;mg) 27 KMs p2ms—

1
L ey i TFT [S{ — (kplmg —1)™
) A
X ( g ) Sg] ma &7 (92)
where

o e (=D (kcpumg(mg — 1))
1—;:2 TG+ ) T (L +i4j—my)

;'2 H—] 2.0 r mIC
(rzmle> Go,z( p) ‘O 2i+j+p— m> (93)

X

and

Loy (EDT O epmgmg — 1Y
SZ_ZZ('F(1+M)F(1—I+1+md)

i=0 j=
A2 \J 2
P 20 [ r°mgK
X <r2mSIC> G0’2< 2 ‘O i+j+u+mg— ms).
(94)
The first double summation, S{ , can be reduced by using
the index transformation j = n — i and the identity [32,

eq. 1.60] as follows

o i Gepumy(mg — 1) (72 \"
! par il (I+n—mg) \r2mk

. (-1
x ;('!(n ~ )G+ )

ZmgIC
xGS:g(F?S 0,i+n+pu— m) (95)

Note that the sum on the index i can be expressed in the
form of [28, eq. 5.3.8.5]. Following this and performing some
algebraic manipulations, we obtain
o _ (msK o i (=" (kpumg(mg — 1))"

! 72 — T (n+ )T (1 +n—mg)

2
3,0 msK l—n
G 3<%2 ' e +m> (96)

The second double summation, Sé, is reduced by rewriting
the Meijer G function in terms of its contour integral repre-
sentation [22, eq. 07.34.07.0001.01] and shifting the order of
integration and summation as follows

S,:iwfns(md—l)y' POy
2 = ! r2mgk ) 27

X?g I (X) 7% o~ (DT (i+j+pu+mg —mg+x)
L (»(st/C)x "Z"k i (i+ T (1—i+j+mg)

o7

The inner sum is solved in closed form as
ZM ms(md—l) 1 % [ (x) 7%
Jok A (fmky 273 Je (fmK)”
y (]+x+M+md—ms) (ms—x) di

CA+j+ma) T (j+u+mg) T (—j—x—mg+my)
(98)

and the contour integral is interpreted as a Meijer G func-
tion [22, eq. 07.34.07.0001.01] as shown below

5 = i / (cpmymg —1)Y < P )’
= (!F(l +j+ma)T G+ p+ma) \rPmgk
x G

2.1 <r2mS/C ‘

1 —my
L3\ 72| 0.4 pntmg —mg, 1+j4+mg —mg)

99)
Now, performing some algebraic manipulations we obtain

o / (ke pmy(mg — 1)Y
— T (A +j+ma) T G+ 1+ ma)

2K
xG%:é(—r My '

Sy =

1 —mg—j
72 i, W+mg —my, l—l—md—mS)' (100)
Substituting Si and S} obtained in (96) and (100) into (92)
and simplifying, we obtain the double shadowed «-u
Type II (example 2) PDF shown in (34).

Substituting the SNR PDF (see (35)) of the double shad-
owed «-u Type II (example 2) fading model in F) (y) =
foy fy (t) dt, changing the order of integration and summation,
expressing the Meijer G functions in terms of their contour
integral representations, changing the order of integration
and finally, reinterpreting the contour integrals as Meijer G
functions, we obtain the CDF of the double shadowed

ms—j—p

o) = 4niC“mer2“’lA’2“ (— 1)’
K sm(nmdmmdmms) E TG+ 0 T (1 + i) —ma)
B i o~ (=Diml (epu(mg — 1)y (
i:ogi!j!r(i+“)r(l_l+]+md) 72 my
120532

(kp(mg — Dyt ( 2/C> 2 (2 r«/lCms)
Koisjopim | ———

;.

i—j—p—mgtms

2 r/ Kmg
K imjpi—mg-+m, (%) ]( mg ¢ Z  (91)
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k- Type II (example 2) fading model shown in (36). This
completes the proof.

APPENDIX H

PROOF OF THEOREM 8 AND LEMMA 8

The double shadowed «-u Type III (example 1) model can
be viewed as a product of a Nakagami-m RV and a single
shadowed «-u Type II (example 1) RV. Accordingly, its PDF
can be obtained by first replacing (12) with the hypergeomet-
ric function expressed in terms of its power series expression
[21, eq. 15.1.1], then substituting the resultant expression
and (54) (after replacing & and my with o and m;) in (74),
changing the order of integration and summation, and finally
followed by some algebraic manipulations as

4 (my — 1)™s mm;r2 ms 00 ;mx;u)i/(el),-
KT (mp) B (mg, ) r2ms & k me

4ic?? l / — 142 i+2 mg+2 my
X —_ o
r2(1 4+ «)

~ =2 i—pu—my
x (1 Lo (zms — 1 KM)) e dg.
re(1+)p
(101)

fr(r) =

Solving this integral using [21, eq. 13.2.5] followed by some
algebraic manipulations yields (38).

Substituting the SNR PDF (see (39)) of the double
shadowed «-p Type III (example 1) fading model in
F,(y) = foy fy (t)dt, changing the order of integration
and summation, expressing the Tricomi confluent hyperge-
ometric function in terms of its Meijer G representation
[22, eq. 07.33.26.0004.01], using [28, eq. 1.16.2.1], and
simplifying, we obtain the CDF of the double shadowed
k- Type III (example 1) fading model shown in (40). This
completes the proof.

APPENDIX I

PROOF OF THEOREM 9 AND LEMMA 9

The double shadowed «-p Type III (example 2) model can be
viewed as a single shadowed « - Type III (example 2) model
in which the variation of the scattered waves is influenced
by a Nakagami-m RV. The PDF of the envelope R can be
obtained via

far) = f( Fria(rlafa(@) da

where fy (o) is similar to (54) such that £ is replaced by «.
SRia(r|ar) can be obtained from (19) by first replacing x =
d?/(2uo?) and 7 = 2uo? 4 d?, then multiplying o by @ and

(102)

finally using d = /2uo2k; 0 = u(1+x) as follows:
2(my — 1y g2
fria(rle) = ’

(1 £ 1)) B (my, o) ri+2m
azi'z(ml -1 —H—ny ki
X (l + m) exp (<?)<
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@272 (m, — 1))‘l
r2(1+x)u '

(103)

K
X 1F] M+mz;u;a—g<1+

Now substituting (103) into (102) we obtain

Jr(r)
_ A+ W)y = 1Ml 2
B B (my, 1) T (my) #=2m

—l+2m,—i—2mr aZ,ﬁZ(mt ) —H—my
< 14 )
exp (atm + ) A PO m

22 (m, — 1))“)
) ) de
re(I+)p

(104)

x1F1 o+ me; s aﬂ <1+

It is possible to rewrite the hypergeometric function in
terms of its Mellin-Barnes contour integral representation
using [28, eq. 7.2.3.12], whilst the exponential function
can be written as a product of two contour integrals using
[28, eq. 8.4.3.1 and eq. 8.4.3.2] and [28, eq. 8.2.1.1]. Now
performing some algebraic manipulations we obtain

4K (my — 1M R
T ) F(n)
(mg) T (my) ri+2m 27TJ]
L= ts)l“(t3+u+mz) /cu)’2“3
T (13 + p) (= 1ysmi! ™

2 —13—p—m;
-1
o201 (1 i %) dt;dtrdtzdor
reiC

fr(r) =

(105)

where 63 = m; +mg —t; —tp — 13, KC, j and L are as defined
previously. Now changing the order of integration, the inner
integral can be solved using [31, eq. 2.2.5.24], which results
in the triple contour integral,

3 2(mgkys 2 s~ Y
fer)= T (m;) T (my) (my — 1)ms?2 ms (m)

r2Kmg \ "
]Z®(t1, 1, 13) F2m 1)>
"y —

- _ 2K: —13
r drdtrdts
Ku,rz(m, -1 kpuirZ(m; — 1)

(106)

where

F@)I (=) (=3) T (63) " (64)

(13 + 1)

and 04 = 11 +t2 + 2 t3 + 0 — my. It is possible to obtain
a multi-fold series representation from the above contour
integral using the sum of residues theorem. The residues for
the variable #; are taken around the poles of I'(#1) and I"(64);
the residues for #, are taken from I"(—#,) and I"(63); and the
residues for #3 are taken from I"(—¢3). This results in

2 (Kmg/(m; — 1))™s p2ms—1
T (m;) T (my) 7

O, h, 13) =

(107)

fr(r) = (S1+ 82+ S3) (108)
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o _ o /DI (fitjt 2 Kb pmmy) T (=K mitmy) ( r2Kmg \' (Ceui?m =1\ Z (109
‘_ij%:: \ TTNCEnA P2(m—1) 2K o poms ¢ 2 (109)
o0 i . . . ~ F +m,
(=DT (k' +p+me) T (fi—j+k —m—my) (P my— 1)\
=Y. — (1c prmy)’ (2—> . mytmy ¢ 7 (110)
ol \ l!]!k’!f‘(k’%—‘(@) r2(14«)
. i (_1)er(lfkk/+u+mt)F(fi—j—Zk’—u—f—ms)( r2Km, H2 kg i 2 (my —1) K ) 5 am
’ _ij -~ \i!j!k’![‘(k/+u)(kums)_j F2(m,—1) r2K M b §

where S1, S2 and S3 are given at the top of the page. The
first triple summation S; can be reduced by summing over
the infinite triangle j = n — k and using [31, eq. 4.2.5.55] as

oo
i,n=

mwese(m(uw—mg) U (i —n+ my + my)

S =
! T+ 00 (1 +i—n— p+ my)

T (i + my) (;)(M?Z(m, - 1))”
X
T (i—n+m) \ r2K
rZICmS .

) . p—my ¢ 7. (112)

x ( 2(m; — 1)

The triple summation S, can be simplified by summing it
over index k’. This results in a Gauss hypergeometric function
whose argument is one. Using [28, eq. 7.3.5.2], we obtain

[e¢]

=3 f= DT (=i —j = my —mg) T (i + my)
u:ok iIT i+ + p + my +my)

DG+ ptm) (epim — DY
T (—j—my) r2K
x (kpmg)',  my+mg ¢ Z. (113)

To reduce S3, it is required to first perform the variable
transformation j n — k' followed by i = j — k', then
performing some algebraic manipulations the inner sum on
the index k' is solved using [33, eq. 4.2.5.25 ] as follows:

D))
nl(G + w)
Gt+n+uwp

T TG+ w4 )
(114)

n

D

k'=0

n

>

k'=0

/ 1
k‘—k’)!k’!(n—k’)!F(k%M) N

Now performing some algebraic manipulations, we obtain

o [T+ T G+ e+ my)

S3 = . .
Jin!TG 4+ w)l(n+ p)

Jjin=
r2KCmy
F2(m; — 1)

)] +pu—my

(115)

x ' (ms — p — j — n) (k pm)" <

Summing (112) over index n, (113) over index j, (115) over
the infinite triangle j i — n, the double shadowed k-
Type III (example 2) PDF simplifies to (41).

120534

Substituting the SNR PDF (see (45)) of the double shad-
owed «-u Type III (example 1) fading model in F), (y) =
foy fy (¢) dt, changing the order of integration and summation,
solving the integrals using [28, eq. 1.16.1.1], and finally
performing some algebraic manipulations, we obtain the CDF
of the double shadowed x-u Type III (example 2) fading
model shown in (49). This completes the proof.
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