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A Non-Convex Control Allocation Strategy as Energy-Efficient Torque Distributors 
for On-Road and Off-Road Vehicles 
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Abstract 

Vehicles with multiple drivetrains, like hybrid electric powertrains, are over-actuated systems with an infinite number of 
feasible solutions that fulfil primary objectives such as providing the total torque demand by individual contribution of 
multiple drivetrains. Hence, energy efficiency is considered as the secondary objective to determine the optimum solution. 
However, the resulting optimisation problem, which is nonlinear due to multi-modal operation of electric machines, must 
be solved very quickly to comply with stability requirements of vehicle dynamics. A theorem is developed for the first 
time to formulate and parametrically solve the energy-efficient torque distribution problem for vehicles with multiple 
different drivetrains. The parametric solution is deployable on ordinary electronic control units (ECUs) as a small-size 
lookup table that makes it very fast in operation. The traction efficiency of the off-road conditions is formally integrated 
into the developed theorem to be considered in the provided torque distribution strategies. Simulation results indicate 
effectiveness of the provided optimal solution as energy management strategies for on-road and off-road electrified vehicles 
with multiple different drivetrains. 

Keywords: Traction Efficiency, Control Allocation, Energy Management Strategies, Hybrid Electric Vehicles, Power 
Loss, Multiple Drivetrains 

1. Introduction 

Traditionally, vehicles consist of conventional drivetrains 
with a single internal combustion Diesel or petrol engine. 
Electrification, on the other hand, introduces additional 
electric drivetrain to the vehicle powertrain. Also, fully-
electric vehicles can consist of multiple drivetrains, instead 
of only one, making them suitable to employ the safety and 
drivability control strategies like torque-vectoring Dizqah 
et al. (2016). Thus, modern powertrains are over-actuated 
systems which can provide desired traction torques and 
yaw moments with an infinite number of feasible contribu-
tions of their multiple drivetrains. This makes it possible 
to dynamically find an optimum set of the drivetrains con-
tribution in terms of a secondary objective like minimising 
energy consumption. 
It is shown in Dizqah et al. (2016); Suzuki et al. (2014) 

that energy efficiency can be improved by optimal torque 
distribution among multiple drivetrains. The authors in 
Chen and Wang (2014a,b) presented a torque distribu-
tion strategy (TDSs) based on minimising power dissipa-
tion of drivetrains and showed the superior performance 
of their strategy comparing to simple even distribution. 
Their strategy is effective however it does not take the 
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effects of variation of vehicle parameters, like speed, into 
account. 
The authors in Dizqah et al. (2016) introduced a so-

lution to the parametric torque distribution problem that 
is calculated off-line to optimally, in terms of energy con-
sumption, distribute total torque demands among multi-
ple electric drivetrains. The developed solution is imple-
mented on an electronic control unit (ECU) as a small-
sized lookup table that results in high-speed computation. 
They showed that applying their developed control strat-
egy reduces energy consumption up to 4.6% subject to 
driving cycles. 
The developed strategy uses the power loss curve of 

drivetrains and takes the vehicle speed into account as 
a parameter. The power loss of a drivetrain includes all 
the losses from tank or battery to tyre (or the other way 
around for regenerative function), considering thermal, me-
chanical and electrical efficiencies and resistances. The 
losses are measured in terms of actual torque at the con-
tact patch of tyres at different vehicle speeds and the re-
sults are illustrated as a parametric curve like the one in 
Figure 1a Dizqah et al. (2016). These parametric curves 
are called power loss curves and are measured using rolling 
road test benches like the one in Figure 1b Dizqah et al. 
(2016). 
The authors in Dizqah et al. (2016) assumed that driv-

etrains are the same with reference to their power loss 
curves which are monotonically increasing in terms of torque 
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(a) 

(b) 

Figure 1: (a) Example of power loss curves, in terms of wheel 
torques at different vehicle speeds, measured using (b) a sample 
of rolling road test bench introduced in Dizqah et al. (2016) 

demand. However, it is already shown in Tang (2010) 
that employing multiple electric drivetrains with different 
power loss curves improves the overall efficiency further. 
Moreover, hybrid electric powertrains are not addressable 
by Dizqah et al. (2016) because the conventional and elec-
tric drivetrains are different in their characteristics such as 
power loss and maximum torque curves. 
The authors in Lenzo et al. (2017) expanded the in-

troduced theorem in Dizqah et al. (2016) to cover cases 
when power loss curves are different due to load transfor-
mation. The load transformation happens during vehicle 
acceleration and deceleration when the normal loads on 
the tyres and therefore the tyres parameters change. The 
introduced extension is effective, however, it is based on 
two main assumptions: i) the power loss curves are mono-
tonically increasing; and ii) the power loss curves are well 
matched to a third-order polynomial. These assumptions 
prevents the strategies from being useful to realistic ap-
plications like off-road vehicles and hybrid electric power-
trains. 
Neither Lenzo et al. (2017) nor Dizqah et al. (2016) 

deal with the torque distribution problem of off-road vehi-
cles. With on-road conditions, traction efficiency of tyres 
(i.e. the ratio of the generated drawbar thrust power to 
the applied driving power) are quite high and negligible 
in design of torque distribution strategies. Unlike the on-
road conditions, the traction efficiency of tyres play a ma-
jor role in off-road vehicles where the resistance to mo-
tion is much higher and substantially dominated by the 
terrain type and sinkage of tyres into soil Senatore and 
Sandu (2011a); Vantsevich (2007); Taheri et al. (2015). 
The sinkage sharply decreases, and hence the traction ef-

ficiency increases, by compacting the soil due to multiple 
passes of tyres over the same traveling track. This phe-
nomenon is called multi-pass effect. Traction efficiency of 
the front and rear wheels of four-wheel off-road vehicles 
are significantly different particularly for the first passes 
where front wheel compacts the soil ahead of rear wheel. 
The authors in Vantsevich (2007); Senatore and Sandu 

(2011b) investigated the impact of torque distribution strate-
gies on the traction efficiency of off-road vehicles. They 
have analytically shown that the traction efficiency is max-
imised when the slip ratio of front and rear tyres are the 
same. The slip ratio is the normalised difference between 
rotational and longitudinal speeds of tyres as a measure 
of their slippage. The authors in Vantsevich (2007); Sena-
tore and Sandu (2011b) indicated that their claim is only 
valid if both front and rear tyres operate exactly in the 
same way which is not usually the case due to load trans-
formation and the multi-pass effect amongst others. It is 
also shown in Dizqah et al. (2016) that such even distribu-
tion strategy is only applicable to drivetrains with convex 
power loss curves which is not valid most of the time. 
Energy management strategies (EMSs) of hybrid elec-

tric vehicles (HEVs) optimally split, comparable to TDSs, 
the power demands between multiple energy sources in 
terms of objectives like minimising energy consumption. 
The authors in Huang et al. (2018) provided a compre-
hensive review of EMSs for HEVs indicating that major-
ity of the recent researches in this area focused on formu-
lating and solving the strategies as model-predictive con-
trollers. However, such formulation is applicable to either 
of two cases: i) off-line calculation of the optimum distri-
bution as benchmark for a priori known driving cycle with 
boundary conditions on state-of-charge of batteries Huang 
et al. (2018); or ii) on-line management of the hybrid elec-
trical storage systems consisting of fast components like 
supercapacitors. The response time of batteries, as poten-
tially the only electrical storage of HEVs, are significantly 
larger than prediction horizon of on-line controllers, and 
hence negligible in design of the controllers. The predic-
tion horizon, on the other hand, is a short future time 
that the vehicle speed is predicted for and fed into on-line 
EMSs. 
Unlike EMSs which are majorly slow controllers man-

aging energy storage systems, TDSs are faster due to vehi-
cle dynamics requirements and manage instantaneous con-
tributions of multiple drivetrains. The authors in Wang 
et al. (2018) proposed an energy management strategy 
for off-road vehicles with series hybrid electric powertrain 
and hybrid energy storage. They have developed a model-
predictive control strategy to minimise fuel consumption 
and regulate the state of charge of battery and superca-
pacitor packs to certain values. The simulation results 
in Wang et al. (2018) show that using a hybrid battery-
supercapacitor storage reduces cost, weight and volume of 
an off-road bulldozer while providing a comparable effi-
ciency in terms of fuel consumption. However, the paper 
does not answer the question: How does an optimal torque 
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Figure 2: The vehicle dynamics control structure with the proposed torque distribution block. In case of off-road vehicles, the 
normal load Fz , slip ratio sr and number of passes np are also fed into the developed torque distribution strategy 

distribution between the multiple electric drivetrains of the 
bulldozer impacts energy consumption?. 
This paper addresses the above mentioned gaps through 

the following novel contributions to the knowledge: 

• Energy-efficient torque distribution between differ-
ent drivetrains of a vehicle is formulated as a uni-
fied non-convex problem. A theorem is proposed for 
the first time to convert the resulting non-convex 
problem to a quadratic programming (QP) problem, 
solvable offline to be stored as small-sized lookup 
tables in ECU. Unlike Dizqah et al. (2016); Lenzo 
et al. (2017); Vantsevich (2007); Senatore and Sandu 
(2011b), the proposed theorem is not restricted to 
the drivetrains with the same monotonically increas-
ing power loss curves. The effects of load transfor-
mation due to lateral and longitudinal accelerations 
are also integrated into the developed theorem and 
the solution efficacy has been proven. 

• The introduced theorem is used to develop a novel 
torque distribution strategy for off-road vehicles with 
multiple electric drivetrains, shown to be more effec-
tive in reducing energy consumption compared to 
prior reported strategies. 

• The theorem is also applied as offline solution for the 
optimal torque distribution problem of compound 
hybrid powertrains without supercapacitors. 

The remainder of this paper is organised as follows: 
Section 2 formulates the problem mathematically as a multi-
parametric programming problem. The developed theory 
is introduced in Section 3, including all details of the intro-
duced control strategy. Section 4 provides all simulation 
results for on-road and off-road case studies and verifies 
the effectiveness of the introduced control strategy. The 
paper is concluded in Section 5. 

2. Problem Statement and Formulation 

Fig. 2 shows a simplified version of the vehicle con-
trol hierarchy including the proposed torque distribution 
block for the on-road and off-road vehicles. Reference 
yaw rate, rref , and total required traction/braking force, 
Fref is produced by a reference generator having steer-
ing wheel angle (δ), accelerator and brake pedal positions 

(respectively AP P and BP P ), as well as the longitudi-
nal vehicle speed and acceleration (respectively V and 
ax). Then, the high-level controller overrides longitudinal 
force, if required, and determines the modified reference of 
traction force, F̃ref , alongside the additional yaw moment 
ΔMref required for stability and safety purposes. The pro-
posed torque distribution algorithm, as a multi-parametric 
control allocation strategy, then minimises the powertrain 
power losses as a secondary objective while maintaining 
F̃ref and ΔMref as the primary objective. The algorithm 
takes multiple parameters into account: vehicle’s speed 
and accelerations; as well as normal load (Fz) and number 
of passes (np) of tyres. 
The number of passes (np) indicates the number of 

travels already occurred over the same track and is a mea-
sure of soil compactness due to the multi-pass effect. It 
is zero or a positive number however the first and sec-
ond passes changes sinkage of the tyres into the soil much 
more than the next passes because the soil under the tyres 
become such compact that does not change significantly 
with more passes Senatore and Sandu (2011a); Vantsevich 
(2007); Taheri et al. (2015). In four-wheel off-road vehicles, 
where the rear wheel mostly travels on the same track that 
already passed by the front wheel, np = m : n where m 
and n are respectively numbers of already occurred passes 
of the front and rear tyres and n = m + 1. For instance, 
np = 0 : 1 says that there is no prior pass over the soil 
under front tyre though rear tyre travels over the track 
already compressed by the front tyre. 
The authors in Dizqah et al. (2016) showed that the op-

timal torque distribution problem among multiple different 
drivetrains is a nonlinear multiparametric programming 
problem (mp-NLP). The mp-NLP problems are broadly 
formulated as follows Domı́nguez et al. (2010); Grancharova 
and Johansen (2012): 

z ∗ (θθθ) =minimise 
TTTwww ∈T 

J(TTTwww; θθθ) (1a) 

s.t. G(TTTwww; θθθ) ≤ 0; (1b) 

H(TTTwww; θθθ) = 0; (1c) 

θθθ ∈ Θ (1d) 

where Θ is the feasible set of the parameter vectors θθθ, and 
G and H represent the inequality and equality constraints. 
J is the cost function which depends on the set of traction 
and generation torques (which are alphabetised by respec-
tively t and g hereafter) of each wheel’s drivetrain as the 
decision variables TTTwww = [τw,tFL τw,tFR τw,tRL τw,tRR τw,gFL τw,gFR τw 

3 



∈ T ; τw,ti , τw,gi ≥ 0 i ∈{F L,F R,RL,RR} (F: front, R: Rear, 
L:left, R:right), as well as on the parameters θθθ ∈ Θ. T 
represents the feasible set of decision variables. It is im-
portant to note that since the problem depends on pa-
rameters θθθ, the optimal decision variables TTTwww 

∗(θθθ) and the 
corresponding optimal value z ∗(θ) are also parametric. In 
other words, the optimal solution changes with respect to 
the value of parameters θθθ. 
The cost function J (TTTwww; θθθ) is defined as the total en-

ergy consumption of the powertrain, which is the difference 
between the sum of the total traction power and the sum 
of the total regenerated powers of all wheels. It is shown in 
Dizqah et al. (2016) that such a cost function is equivalent 
to: X 

J (TTTwww; θθθ) = [Ploss,ti (τw,ti ; θθθ)− 
i∈{F L,F R,RL,RR} (2) 

Ploss,gi (τw,gi ; θθθ)]. 

which only depends on the power loss of the traction (Ploss,ti ) 
and regeneration (Ploss,gi ) modes of each wheel. It is 
worth noting that the sign of the traction and regeneration 
powers are different since unlike the traction power which 
is discharged from the battery, the regenerated power is 
stored. 
In effect, the optimal torque distribution problem of a 

vehicle with four drivetrains, one per wheel, for small steer-
ing angles is formulated as follows Dizqah et al. (2016): 

TTTwww 
∗ (θθθ) = arg minimise J (TTTwww; θθθ) (3a)

Tw ∈T X 
:= [Ploss,ti (τw,ti ; θθθ) − Ploss,gi (τw,gi ; θθθ)] 

i 

s.t. ATTTwww = Reff [θ1, θ2]
T ; (3b) 

0 ≤ τw,ti ≤ τw,tmax (θθθ); (3c) 

0 ≤ τw,gi ≤ τw,gmax (θθθ); (3d) 

τw,ti τw,gi = 0; (3e) 

θθθminminmin ≤ θθθ ≤ θθθmaxmaxmax (3f) 

i ∈{F L,F R,RL,RR}. 

where Reff is the effective radius of tyres and it is assumed 
that the vehicle operates within a limited range of yaw 
rates. A is defined as follows: � � 

A = 
1 
−d 

1 
d 

1 
−d 

1 
d 
−1 
d 

−1 
−d 

−1 
d 

−1 
−d 

(4) 

where d is the front and rear half-track. 
The θθθ1×n is a n-dimensional vector where n is the num-

ber of parameters. The first two parameters are: the ref-
˜erence longitudinal force (θ1 = Fref ); and the desired yaw 

moment to be generated by unequal torque distribution 
among wheels (θ2 = ΔMref ). The other parameters like 
vehicle speed or number of passes are selected as per ap-
plication in section IV. 
The first row of (3b) formulates the fact that the sum 

of tractive minus regenerative torques is the same as the 
desired total torque of F̃ref Reff . The second row indicates 

that the generated yaw moment, due to unequal torques 
applied to the left- and right-side of vehicle, is the same 
as the reference value of ΔMref . 
Problem (3) is a non-convex optimisation problem due 

to the complementarity constraint τwi,t = 0; τwi,t ≥τwi,g τwi,g 

0 which formulates the fact that each wheel only operates 
in traction or regeneration at each moment. Moreover, 
power loss curves of Ploss,ti and Ploss,gi in (3a) are non-
convex Dizqah et al. (2016). 

3. Design of Control Strategy 

It is already shown in Dizqah et al. (2016) that holding 
the following assumption: 

Assumption 1. The vehicle consists of four identical elec-
tric drivetrains which have equal power loss characteristics, 
i.e., Ploss(τw; θ) = Ploss,t/gi 

(τw,t/gi 
; θ); i ∈{F L,F R,RL,RR} hold-

ing for either traction or regeneration. 

problem (3) can be split into two separate problems as 
per left- and right-side of the vehicle. The resulting 
problem per each side is as follows: 

{τwF , τwR } ∗ (τw 
∗ , θθθ) = arg minimise J (τwF , τwR ; θθθ)

τwF ,τwR ∈T 

:= PlossF (τwF ; θθθ) + PlossR (τwR ; θθθ) 
(5a) 

∗ s.t. B[τwF , τwR ]
T = Reff τw ; (5b) 

0 ≤ τwF , τwR (θθθ). (5c)≤ τwmax 

where B is defined as one of the following values depending 
on the traction and regeneration modes of tyres: � � � � � � 

1 1 ; 1 −1 ; −1 1 (6) 

and τw 
∗ is the total side torque at contact patches of wheels 

which is calculated using the following Lemma Dizqah 
et al. (2016): 

Lemma 1. Meeting equality constraints of problem (3), 
there is only one feasible set of values for the total torque 
of vehicle sides which is calculated as follows: � 

∗ ˜τw,l = 0.5 Fref − � 
∗ τw,r = 0.5 F̃ref + 

� 
ΔMref 

Ref f ; (7a)
d � 

ΔMref 
Ref f . (7b)

d 

where τ∗ and τ∗ are, respectively, the reference total w,l w,r 
torques of the left- and right-hand sides of the vehicle. 

Also, holding the following assumption: 

Assumption 2. The drivetrain power loss curve of each 
corner of vehicle is positive and monotonically increasing 
in terms of the torque demand, τw. In other words, both 
the Ploss,t/gi 

(τw,t/gi 
; θ) ≥ 0 and ∂Ploss,t/gi 

(τw,t/gi 
; θ)/∂τw,t/gi 

≥ 
0 are met. 
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the authors in Dizqah et al. (2016) proved that: 

Lemma 2. If Assumptions 2 hold, the optimal torque 
distributions make both front and rear drivetrains of each 
side of the vehicle work in either traction or regeneration. 

Consequently, the solution of (3) is calculated by si-
multaneously solving of (5) for both left- and right-side 
of vehicle. The optimum solution of (5) for each side is 
either applying total torque to a single wheel (axle) or 
evenly distributing the total torque between the front and 
rear wheels Dizqah et al. (2016). The optimum switching 
points between these two cases depend on the vehicle pa-
rameters and are calculated as follows Dizqah et al. (2016): 

Theorem 1. Holding Assumptions 1 and 2, the optimal 
solution of each side of the vehicle is: 

• Single-axle, for small values of the reference torque 
demand; 

• Even distribution among the wheels, for large values 
of the reference torque demand; 

• And the optimal switching point between strategies 
(a) and (b) at each value of θθθ = θθθ0 is calculated as 
the solution of: 

Ploss(τsw; θθθ0) + Ploss(0; θθθ0) = 2Ploss(0.5τsw; θθθ0). (8) 

where τsw is the torque, named as switching torque, at 
which the controller switches between the single-axle and 
even distribution strategies. 

However, as described in Section I, these two assump-
tions are not held for most real cases. For instance, the 
power loss curves of the wheels of off-road vehicles are 
different due to the multi-pass effect, regardless the simi-
larity or non-similarity of the drivetrains. Moreover, the 
drivetrains composing hybrid electric powertrains are in-
tuitively different in terms of technologies, efficiency maps 
and therefore power loss curves. Furthermore, vehicle ac-
celerations cause variations of normal loads on the tyres 
making the power loss curves of each drivetrain different 
and hence failing Assumption 1. 
To address the above mentioned issues, Theorem 2 is 

introduced in this paper as below to formulate and prove 
a general tool to develop energy-efficient torque distribu-
tion strategies for the on-road and off-road vehicles with 
multiple drivetrains. 

Theorem 2. The solution of (5) and hence the optimum 
torques applied to the front and rear wheels of vehicles with 
multiple drivetrains are: 

τ ∗ 
wf 
= τ0 + � ∗ ; (9a) 

τ ∗ 
wr 
= τ0 − � ∗ . (9b) 

where τ0 = 0.5 × F̃ref × Reff is half of the total torque de-
mand per vehicle side (i.e., the even-distribution solution) 

and �∗ is the optimum deviation from the even distribution. 
Then, �∗ is the solution of the following quadratic opti-
mization problem at any given value of parameters θθθ = θθθ0: 

� ∗ (τ0; θθθ0) = arg minimise J (�; τ0, θθθ0) := (10a)
� 

1 2(rττ Ploss,f (τ ; θθθ0)|τ +=τ02 
2 rττ Ploss,r(τ ; θθθ0)|τ =τ0 ) �

2+ 

(rτ Ploss,f (τ ;θθθθθθθθθ000)|τ =τ0 )− 

rτ Ploss,r(τ ; θθθ0)|τ =τ0 )) �+ 

s.t. − τ0 ≤ � ≤ τ0. (10b) 

Proof. The optimal distribution of the total torque de-
mand of τw for each side of the vehicle is the solution of 
(5). By approximating the cost function of (5) around τ0, 
the resulting Taylor series is: 

, τwr ; θθθ0) ∼ (τ0; θθθ0)(τwf − τ0)+J (τwf = Plossf (τ0; θθθ0) + rτ Plossf 

1 2 rττ Plossf (τ0; θθθ0)(τwf − τ0)
2+ 

2 
Plossr (τ0; θθθ0) + rτ Plossr (τ0; θθθ0)(τwr − τ0)+ 

1 2 2 rττ Plossr (τ0; θθθ0)(τwr − τ0) . 
2 

(11) 
Substituting (9) into (11), one reformulates (11) as follows: 

Total losses by even distribution z }| {
J (�; τ0, θθθ0) ∼ Plossf (τ0; θθθ0)+= (τ0; θθθ0) + Plossr 

(rτ Plossf (τ ; θθθ0)|τ =τ0 −rτ Plossr (τ ; θθθ0)|τ =τ0 ) �+ (12) 

1 2 2(rττ Plossf (τ ; θθθ0)|τ=τ0 + rττ Plossr (τ ; θθθ0)|τ=τ0 ) �
2 . 

2 

The first two terms are constant and positive for each pair 
of (τ0; θ) and therefore the cost function (12) is minimised by 
solving (10) and choosing the optimum value � ∗ . 

Constraints (10b) implies that the front and rear torques 
must be within [0, 2τ0]. Depending on the engaged drivtrains, 
other boxing constraints may also be added. 

If the power loss curves are not locally monotonically-increasing 
in terms of the torque demand, (5) must be solved for all val-
ues of matrix B and the one with the minimum power loss is 
selected. 

Remark 1. The higher order derivatives can also be added 
to the Taylor expansion in (11) for power loss curves with 
large Lipschitz constant (i.e. stiffer functions), leading to 
a non-linear optimization problem; however, for normal 
power loss curves the coefficients of the higher order terms 
are small and therefore the higher order derivatives of the 
Taylor expansion are negligible. 

Remark 2. Problem (10) is solved online using a quadratic 
programming tool for different values of B and instanta-
neous values of torque demand and parameters. Alterna-
tively, it can be solved offline as a mp-NLP Domı́nguez 
et al. (2010); Grancharova and Johansen (2012) and the 
solution is stored in ECU as a look up table. 
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(a) (b) (c) 

Figure 3: Powertrain layouts of studied vehicles: (a) Off-Road 
with four independent per-wheel drivetrains; (b) Electric pow-
ertrain with four independent per-wheel drivetrains; and (c) 
Compound hybrid electric powertrain with batteries as electric 
storage. 

Remark 3. If for any torque demand F̃ref · Reff the dif-
ference of the gradient and the sum of the hessian of power 
losses at τ0 are both zero, then even distribution is the op-
timum solution. 

Remark 4. If the difference of the gradient and the sum 
of the hessian of power losses at τ0 are both negative, then 
� = τ0 is the optimum solution of (10) and hence single-
axle is the optimum solution. 

4. Case Studies and Simulation Results 

The effectiveness of the developed Theorem is investi-
gated through design and analysis of three torque distrib-
utors for vehicles in Figure 3. First, Theorem 2 is used to 
develop an energy-efficient torque distributor for off-road 
vehicles by taking both the drivetrians’ and traction effi-
ciencies into account. The traction efficiencies are calcu-
lated using the experimental results provided in Vantsevich 
(2007); Senatore and Sandu (2011a). Second, the devel-
oped theorem is used to extend the introduced controller 
in Dizqah et al. (2016) to electric vehicles with multiple 
drivetrains travelling with lateral and longitudinal acceler-
ations. Finally, an optimal energy management strategy is 
developed to minimise total energy consumption of com-
pound hybrid electric powertrains with batteries as the 
only electric storage. 
On-road simulations have been conducted using the 

SIMULINK Toolbox of Vehicle Dynamics. The analysis 
and simulation results indicate all three developed con-
trollers are optimal in terms of energy consumption. 

4.1. Optimal TDS for Off-Road Vehicles 

In contrast to on-road vehicles where the traction ef-
ficiencies are negligible, the efficiencies are considerable 
for off-road applications. Hence the power loss of each 
drivetrain of off-road vehicles, from energy source to the 
resulting force at drawbar, is calculated as follows: 

1 
Ploss(θ

0) = ( − 1)Fx(θ
0)Vx. (13)

ηdr(θ0)ηt(θ0) 

(a) 

(b) 

(c) 

Figure 4: Provided (a-b) drawbar pull and (c) traction effi-
ciency maps in Senatore and Sandu (2011a) of a studied off-
road vehicle in terms of slip ratio, normal force and number of 
passes. Combining these maps, the traction efficiency is fitted 
to a multiparametric polynomial of order three of parameters 
θ0 = [np, Fz , Fx] 

where ηdr is efficiency of the drivetrain from energy source 
(i.e., battery in electric drivetrains) to contact patch of 
tyre including the rolling resistance. Fx(N) is the resulting 
longitudinal force applied to vehicle at drawbar to acceler-
ate or pull a load (i.e., drawbar pull). Vx is the longitudi-
nal speed of tyre (ms−1) that is same as the vehicle speed 
for straight motions. ηt is the traction efficiency of the 
driven tyres and is defined as ratio of the resulting draw-
bar power to the applied rotational power at the contact 
patch of tyre: 

0 Fx(θ
0)Vx Fx(θ

0)(1 − sr(θ0))Ref f 
ηt(θ ) = = . (14)

Tx(θ0)ωw Tx(θ0) 
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Table 1: Parameters of the soil and test vehicle. 

Parameter Name Parameter Value 
Vehicle mass (ms) (kg) 2965 
Wheelbase (`) (m) 2.7 
Rear axle to centre of gravity (bl) (m) 1.9 
Gearbox ratio of electric drivetrain (τgb) 10.0 
(-) 
Wheel radius (Ref f ) (m) 0.36 
Half-track (d) (m) 0.79 
Nominal power of each electric drivetrain 35.0 
(Pnom) (kW) 
Soil type for off-road vehicle (parameters Dry sand 
in Senatore and Sandu (2011a)) (-) 

where Tx is driving torque at the contact patch of tyre 
(Nm) due to shear stress. ωw is the rotational speed of 
the tyre (rad/s) and Reff is the effective rolling radius 
(m) which is considered to be constant for efficiency cal-
culation and equal to the smallest value around the de-
formed tyre. sr is the slip ratio defined as sr = (Reff ωw − 

)−1Vx)(Reff ωw . 
The authors in Senatore and Sandu (2011a) provided 

experimentally-measured drawbar pull Fx and traction ef-
ficiency ηt maps of driven tyres of a vehicle in terms of 
different slip ratios (sr), number of passes (np) and nor-
mal loads (Fz). Figures 4a-4b and 4c respectively illustrate 
the drawbar pull and traction efficiency maps reported in 
Senatore and Sandu (2011a). Combining these maps, the 
traction efficiency is fitted to a multiparametric polyno-
mial (15) of order three of parameters θ0 = [np, Fz, Fx]. 
To do the combination, the provided drawbar pull map is 
first fitted to a multi-parametric polynomial of order two 
of parameters and then is solved for slip ratio as a function 
of drawbar pull. The resulting parametric solution of the 
slip ratio is then substituted into the fitted polynomial of 
traction efficiency. 

X3 3−i 3−jXX 
ηt(np, Fz , Fx) = aijk np iFz

j Fx
k . (15) 

i=0 j=0 k=0 

Substituting (15) into (13) and due to the fact that ηdr 

depends on a parameter set of [Vx, ax, ay], the resultingPloss 

in (13) is variable in terms of Fx and depends on param-
eter set of θ0 = [Vx, Fz , ax, ay, np]. The optimal torque 
distribution problem (3), as a result, becomes a multi-
parametric problem with θ = [ F̃ref , ΔMref , Vx, Fz, ax, ay , np] 
that can be solved off-line for Fx at different values of pa-
rameters to generate a seven-dimensional lookup table. 
As an example, the problem (3) is solved for two cases 

by applying Theorem 2 to the left-hand-side wheels of the 
off-road vehicle with parameters in Table 1 Senatore and 
Sandu (2011a): i) the front wheel passes through the sand 
for the first time and the rear wheel passes exactly on the 
same track created by the front wheel (np = 0 : 1); and ii) 
the front wheel travels on an already created track followed 
by the rear wheel (np = 1 : 2). Fig. 5 summarises the 
simulation results for the two cases where the x-axis is the 
total drawbar force demand of the left-hand-side wheels. 
Fig. 5a illustrates the resulting optimal distribution 

(a) 

(b) 

(c) 

(d) 

(e) 

(f) 

Figure 5: Simulation results of the developed optimal TDS for 
the off-road vehicle in Table 1 for the first and second pass(es) 
(np = 0 : 1) and second and third passes (np = 1 : 2). The 
calculated optimal (a) drawbar force distribution, (b) traction 
and (c) total efficiencies, (c) deviation from even distribution 
(� ∗ ), alongside the resulting (d) optimal power loss curves com-
paring to the single and even distributions, and the resulting 
(e) slip ratio of tyres 
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of the drawbar force demand between the front and rear 
wheels for both above cases. In both cases, the vehicle op-
erates as rear-wheel-drive for low drawbar force demands 
which matches with the fact that the traction efficiency of 
the rear-wheels is higher due to multiple pass effects. How-
ever, once the demand exceeds a threshold (i.e., around 
respectively 2600N and 2720N for the cases (i) and (ii)), 
the controller splits the demands between both the front 
and rear wheels taking the multi-pass effect into account 
by applying more torque to the rear wheel. These thresh-
olds are aligned with the traction and total efficiencies in 
Figs. 5b and 5c which drop sharply after the thresholds. 
The difference between contributions of the front and rear 
wheels decreases by increase in demand which matches to 
Fig. 4c where the traction efficiencies become similar at 
high slip ratios (equivalent to high applied torques). Fig. 
5d depicts the corresponding calculated optimal �∗ as in 
(9) and (10). �∗ is the optimum deviation from even dis-
tribution between the front and rear wheels. 
Fig. 5e shows the resulting optimal power loss curves 

of the above case (ii) comparing to the single and even 
distribution strategies. The results of case (i) show the 
same trends and are removed to make the figure simpler. 
The optimal power loss curves are generated by applying 
the derived optimal drawbar forces in Fig. 5a to the off-
road vehicle. In Fig. 5e, it is clear that the controller 
tracks the minimum power losses. At high demands, the 
resulting power loss is lower than the one from even distri-
bution due to the fact that the rear wheel, traveling on the 
compacted track, contributes more than the front wheel. 
In other words, the controller exploits the benefits of the 
multi-pass phenomenon rather than even distribution. 
Fig. 5f illustrates the resulting variations of slip ra-

tio of tyres for the above two cases. It shows that unlike 
the results of the prior researches (e.g. Vantsevich (2007); 
Senatore and Sandu (2011a)), the same slip ratios, or even 
distribution of the drawbar force, is not the optimal solu-
tion. It shows that at lower demands than the threshold, 
the optimal controller uses only one of the tyres (i.e., the 
rear tryre) at the region of slip ratio where the efficiency is 
higher. For example, Fig. 4c shows that this region is be-
tween 0.1 and 0.45 for np = 1 which matches to the results 
in Fig. 5f. Once the force demand reaches to the threshold, 
where the traction efficiency drops, the controller engages 
both the tyres to maintain both the slip ratios within the 
region where efficiency is higher. 
The glitches in all figures happen where there are mul-

tiple close sub-optimal points. 

4.2. Extension of the controller in Dizqah et al. (2016) 
Load transformation, due to the longitudinal and lat-

eral accelerations, changes the power loss characteristics 
of the drivetrains. Theorem 2 is applied to investigate 
the effects of the accelerations on the optimum torque dis-
tribution of electric vehicles with multiple identical drive-
trains and extend the controller introduced in Dizqah et al. 
(2016). Based on the notations and formulation presented 

(a) 

(b) 

(c) 

(d) 

(e) 

Figure 6: Applying Theorem 2 to a vehicle in Table 1 with 
identical drivetrains running at 37.5km/h with ax = 10; ay = 
−10ms −2 . (a) Variation of power loss curves due to accelera-
tion; (b) calculated optimal torque distributions; (c) calculated 
optimal torque deviation � ∗ ; and (d) total power loss of the 
drivetrains with the introduced distribution strategy in com-
parison to the single-axle and the even-distribution strategies. 
(e) Zoomed-in version of (d) at the switching torques. 
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in Lenzo et al. (2017) both the rolling resistance torque 
and power loss vary linearly by load transformation as fol-
low: 

Fz
τRR(Fz ) = τRR(Fz0 ) ; (16a)

Fz0 

Fz
Ploss,RR(Fz ) = Ploss,RR(Fz0 ) . (16b)

Fz0 

where Fz is the transformed load due to lateral and lon-
gitudinal accelerations and Fz0 is the static load of each 
corner. 
As a result, the power loss curve of each corner, in 

terms of the torque demand, shifts left/right and up/down 
by a normal load variation which is governed by equations 
(16a) and (16b), respectively. The resulting power loss 
curves depend on the values of parameters θ0 = [Vx, Fz0 , ax, ay] 
and the optimal torque distribution problem (3) is a multi-
parametric problem with θ = [ F̃ref , ΔMref , Vx, Fz0 , ax, ay ] 
that can be solved off-line to generate a six-dimensional 
lookup table. 
Fig. 6a, as an example, shows the effects of the lon-

gitudinal and lateral accelerations of ax = 10 and ay = 
−2−10ms on the power loss curves of different corners 

of a vehicle with identical drivetrains running at V = 
37.5km/h. The shape of the power loss curve of each cor-
ner does not change and only shifts up/down and left/right 
due to the load transformation by the longitudinal and lat-
eral accelerations. Thus, Theorem 1 is not applicable and 
Theorem 2 is required to calculate the optimal torque dis-
tribution among drivetrains by solving problem (10) at a 
set of vehicle speeds and lateral and longitudinal acceler-
ations. 
Fig. 6b illustrates the calculated optimal torque distri-

bution between the front and rear wheels of the left- and 
right-hand-side of the vehicle in Table 1 at the above-given 
speed and accelerations. It is shown that controller em-
ploy front drivetrains for lower torque demands because 
of higher losses of the rear ones. Moreover, the switching 
torque τsw of the right-hand-side drivetrains is larger than 
the left-hand-side one due to left-cornering. It is also seen 
that exceeding the switching torque, the controller does 
not distribute torque demands equivalently amongst the 
drivetrains but there is a difference between them which 
is also illustrated in Fig. 6c. Fig. 6c depicts the calcu-
lated �∗ as the solution of the corresponding problem (10). 
Fig. 6d compares the optimal total power losses of each 
side of the vehicle, calculated by applying the developed 
strategy, to the results of: i) using only front drivetrain; ii) 
using only rear drivetrain; and iii) even distribution. As it 
shows, the resulting power loss is optimum. 

4.3. Optimal EMS for Hybrid Electric Vehicles 

For the third case study, Theorem 2 is used to develop 
an energy management strategy for a compound hybrid 
electric powertrain in Fig. 3c where engine can either con-
tribute to the wheels or operate in series mode. The pro-
vided ’Hybrid Electric Vehicle Input Power-Split Reference 

Application’ in Simulink 2018a is used as the benchmark. 
The reference model consists of an energy management 
strategy similar to the one in Toyota Prius 2010 which is 
a rule-based strategy implemented as a state flow. It is 
assumed that batteries are charged by changing the gear-
box topology to series configuration and then the engine 
operates at its minimum fuel consumption point to charge 
the batteries. The performance of the built-in strategy 
and the proposed one are compared at a sample speed of 
70kph and increasing slope from zero to 15 degrees (equiv-
alent to 27%) within 30 seconds. This scenario sweeps all 
the torque demands at a constant speed. 
To apply Theorem 2, the power loss curves of conven-

tional drivetrain and the fuel-equivalent power loss curves 
of the electric drivetrain are calculated at the speed. The 
engine efficiency of the conventional drivetrain is usually 
represented as Brake Specific Fuel Consumption (BSFC) 
map which is defined as below Husain (2011): 

ṁf ṁf
BSF C = = . (17)

Pb 2πNTe 

where Te and N are, respectively, engine torque (Nm) 
and rotational speed (rounds/sec). Pb and ṁf are, re-
spectively, the produced power (W ) and the corresponding 
fuel consumption rate (g/sec). 
The brake thermal efficiency of the engine, on the other 

hand, is calculated as follows: 

Pb
ηBT h = . (18) 

ṁf .HHV 

where HHV is the higher heating value of fuel Husain 
(2011). 
Substitute (18) into (17), one gets: 

1 
ηBTh = . (19)

BSF C.HHV 

as tank-to-engine-shaft efficiency. 
Therefore, for a given BSFC map and at any specific 

speed, the tank-to-wheels power loss curve of the drive-
train is calculated in terms of torque demand as follows: 

1 
Ploss,conv = ( − 1)τwωw + PlossRR . (20)

ηBT h ηtrans 

where ηtrans is the efficiency of the transmission line from 
the engine shaft down to the wheels. PlossRR is the additive 
loss due to rolling resistance. The other losses are ignored. 
τw and ωw are respectively torque and rotational speed of 
wheel. The gear ratios of the final drive and the gearbox at 
constant speed of 70mph are respectively 3.267 and 1.360. 
Similarly, the fuel-equivalent power loss curve of the 

electric drivetrain is calculated as follows: 

1 
Ploss,elec = ( − 1)τwωw

ηBT h,max ηgen ηmot ηtrans (21) 
+ PlossRR . 
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(a) 

(b) 

(c) 

Figure 7: (a) The optimal deviation from even distribution, �, 
across the range of total torque demand; and the (b) opti-
mal torque distribution between the conventional and electric 
drivetrains; and the resulting (c) optimum power loss curve 
comparing to the single-drivetrain and even distributions. 

where ηgen is the efficiency of the generator at the optimum 
speed of the engine and is 90%. It is assumed that engine 
operates in series at its best fuel consumption, ηBT h,max, 
during charging of batteries. ηmot is efficiency of the elec-
tric motor and is provided as a map in terms of rotation 
speed and torque demand. 
The power loss curves of the conventional and electric 

drivetrains of ’Hybrid Electric Vehicle Input Power-Split 
Reference Application’ are calculated using (20) and (21) 
and given maps. The resulting optimal torque distribution 
problem (3) is a multi-parametric problem with θ = [ F̃ref , 
ΔMref , Vx, Fz0 , ax, ay] that can be solved off-line to gen-
erate a six-dimensional lookup table. Fig. 7a depicts the 
calculated solution of problem (10) at an example speed of 
v = 70kph = 43.5mph. The resulting optimum torque at 
wheels contributed by the conventional and electric drive-
trains are illustrated in Fig. 7b for different total torque 
demands. The electric drivetrain supplies all the torque 
demand less than 240Nm where the conventional drive-
train solely contributes after. The torque demand larger 
than 520Nm are provided with both the drivetrains at dif-
ferent rates depending on the amount of torque demand. 
Fig. 7c illustrates the resulting optimal power loss of 

(a) 

(b) 

(c) 

(d) 

(e) 

Figure 8: (a) A lookup table implementation of the developed 
energy management strategy for the compound hybrid power-
train in Fig. 3c at a sample speed of 70kph = 43.4mph and 
increasing road grade in (b); and the performance comparison 
of the developed strategy to the original one in SIMULINK ’Hy-
brid Electric Vehicle Input Power-Split Reference Application’ 
example in terms of (c) speed regulation, (d) torque distribu-
tion between the hybrid powertrain and (e) the resulting fuel 
economy. 

the powertrain comparing to the even distribution and 
single-drivetrain cases. The even distribution and single-
drivetrain are respectively the cases when torque demand 
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evenly splits between the drivetrains or is supplied solely 
by one of the drivetrains. Fig. 7c shows that the calcu-
lated torque distribution in Fig. 7b minimises total power 
loss of the powertrain. 
The calculated optimal �, i.e., deviation from even dis-

tribution, in Fig. 7a is stored in a lookup table witihin the 
model as the energy management strategy. Fig. 8a shows 
an implementation of the strategy which is obviously very 
simple and quick. Performance of the developed energy 
management strategy is compared with the built-in strat-
egy at constant speed of 70kph and road grade changes 
as in Fig. 8b. The scenario sweeps all torque demands 
at the constant speed. Fig. 8c indicates that the vehicle 
speed starts from zero with both strategies and reaches 
to 70kph (equivalent to 43.4mph) and stay constant after-
wards. The resulting torque distribution generated by the 
developed strategy comparing to the one from the original 
strategy in the model are depicted in Fig. 8d. Both of the 
strategies use the two conventional and electric drivetrains 
at the beginning of the scenario when the car accelerates 
and needs high torque. They also employs both the driv-
etrains, though at different rates, during the second half 
of the scenario when the road grade is large and substan-
tial torque is needed. The main difference is at low and 
middle torques, i.e., after reaching the target speed and 
during the moderate grades, where strategies operate dif-
ferently. The original strategy uses the electric drivetrain 
to assist the conventional one while the developed strategy 
turns off the engine during low torque demands (between 
7 − 18s) and turns off the electric motor during middle 
torques (between 18 − 20s). The fuel economy comparison 
is provided in Fig. 8e which shows slight improvement by 
the developed strategy at the end of the scenario while it 
is much simpler to implement and faster to operate. 

5. Conclusions 

This paper introduces an algorithm to solve the opti-
mal torque distribution problem offline, in terms of energy 
consumption, for both on- and off-road vehicles with mul-
tiple drivetrains. The drivetrains have been represented 
with their total power loss curves which have been then 
integrated into the introduced theorem to dynamically cal-
culate the optimal contribution of each drivetrain. In this 
paper, for the first time the original multi-parametric non-
convex problem (non-convex mp-NLP) has been converted 
to a multi-parametric quadratic programming (mp-QP) 
problem. The resulting mp-QP can be solved online hav-
ing the instantaneous values of parameters or can be solved 
offline using multi-parametric optimisation tools. 
Unlike prior researches, the introduced control strat-

egy is not limited to the monotonically increasing and 
convex power loss curves and can be applied to any type 
of drivetrains. The simulation results indicate that the 
developed control strategies improve energy consumption 
comparing to the well-known single-axle and even distri-
bution counterparts. Moreover, it indicates that unlike the 

general understanding, even when the drivetrains are ex-
actly the same the even-distribution (for on-road vehicles) 
and equal-slip-ratios (for off-road vehicles) strategies are 
only applicable to the very high torque demands where 
the power loss curves become convex. Non-convexity of 
the power loss curves at the low torque demands, on the 
other hand, causes the single-wheel or less-balanced distri-
bution strategies become the optimal ones for a wide range 
of the operating points. 
The introduced theorem provides a systematic approach 

to formulate and solve the problem offline to generate 
small-sized multi-dimensional lookup tables for fast real-
time implementation of the optimal control strategy. 
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