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Abstract

A phenomenological construction of quantum Langevin equations, based on the phys-
ical criteria of (i) the canonical equal-time commutators, (ii) the Kubo formula, (iii) the
virial theorem and (iv) the quantum fluctuation-dissipation theorem is presented. The
case of a single harmonic oscillator coupled to a large external bath is analysed in de-
tail. This allows to distinguish a markovian semi-classical approach, due to Bedeaux and
Mazur, from a non-markovian full quantum approach, due to to Ford, Kac and Mazur.
The quantum-fluctuation-dissipation theorem is seen to be incompatible with a markovian
dynamics. Possible applications to the quantum spherical model are discussed.
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1 Introduction

The description of quantum-mechanical many-body problems far from equilibrium presents
conceptual difficulties which go beyond those present in classical systems [10], 22, [T5], 3T, [711 63].
In particular, while for classical systems either a master equation or a Langevin equation can
readily be written down, this is far from obvious for quantum systems. To obtain at least
formally a set of equations of motion, whose properties could then be studied, requires careful
analysis of the quantum system. While this problem is quite well understood for isolated
systems, for open quantum systems even the correct formulation of the problem appears to be
not completely settled.

In classical non-equilibrium statistical mechanics, writing down a Langevin equation is a
standard, well-established approach for the description of the dissipative relaxation of any
classical system towards its stationary (or equilibrium) state. However, its most straightforward
extension to quantum systems does not work satisfactorily. We recall this difficulty using the
example of a single harmonic oscillator, see e.g. [11),[10]. If s = s(¢) denotes the magnetic ‘spin’
variabld] and p = p(t) the canonically conjugated momentum, the ‘natural Langevin equation’

would read )
Os=—p , Op=—mw?s—Ap+n (1.1)
m

where m is the mass and w the natural angular frequency of the oscillator. The coupling of the
oscillator to an external heat bath is described by additional forces. These are (i) a dissipative
force (assumed ohmic for simplicity) parametrised by the dissipation rate A and (ii) a random
force, which is modelled by a centred gaussian noise 7. Consider the equal-time commutator
c(t) = ([s(t),p(t)]), where initially ¢(0) = ih. If ([s(t),n(t)]) = 0, eq. (L)) implies the decay
c(t) = ihe ¥ [T1]. Such a behaviour is inconsistent with the one of a genuine quantum system,
even at temperature 7' = 0. On the other hand, eq. (LLT)) does furnish an adequate treatment
for classical dynamics. The problem of finding consistent quantum Langevin equations (QLES)
has been intensively discussed, see [31], [71] for detailed reviews and refs. therein.

Bedeaux and Mazur |4} [5] suggested a different quantum Langevin equation. For the case of a
single quantum harmonic oscillator (QHO), their proposal reads (m,w, A are positive constants)

1
Ops = s +1s 5, Op = —mw?s — A\p+n, (1.2)

where the two distinct noises 7,7, are assumed to be centred Gaussians, with the second
moiments

(np(t)n,(t")) = Amhw coth (hw/2kgT) o(t — t') (1.3a)
(V1) = = (1)) = 5 A 82— 7) (1.3b)
(ns(t)ns(t')) =0 (1.3¢)

and wherein the order of the operator noises 7,7, is essential. Also, 7" is the temperature of
the bath and § denotes the Dirac distribution. Clearly, eqs. (L2IL3]) describe a system with
the Markov property. This approach was based on an analysis of the master equation of the

!The oscillator coordinate 2 = x(t) is labelled as a ‘spin’ s = s(t) in view of the planned applications to
non-equilibrium quantum magnets.
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Figure 1: Schematic LRC circuit.

density matrix p, viz. hoyp = —i[H, p| + hLIS/dp, where S is the thermodynamic entropy. The
properties of the super-operator £ are constrained by (i) the hermiticity of the thermodynamic
force 65/dp, (ii) the conservation of probability, i.e. tr(p) = 1 for all times ¢ > 0 and (iii) the
Onsager relations. From this, they deduced the following equation of motion for time-dependent
averages of an operator A [4 [5]

A0~ () = 1r ($200) 6 e (( 1.1+ 04 = 3 ap. ) 00) ( (14)

where dp = p — peq and peq denotes the equilibrium density matrix. They also worked out
all two-time Green’s functions of spin and momentum in the stationary state from (L4 and
verified that a direct solution of (L2)) reproduces the noise correlators (L3)).

For illustration, we briefly mention two possible applications of the equations (L2). (a)
First, consider a LRC' circuit, see fig. mA According to Kirchhoff’s law, the total voltage is
U(t) = Ug + Uy + Uc and one may set Uz = RI and U, = LI, where I = I(t) is the current.
The coupling to an external bath is described by noise terms. The combined noises of the
resistor R and the coil L are taken into account by setting U(t) = Lny. For the capacitor C,
the temporally rough changes in the voltage, sometimes referred to as ‘k7'C-noise’ [41], are
described by Ug = &1 +n;. Herein, one will consider £(t) as the contribution to U which
depends smoothly on the time ¢, whereas the noise 7;(t) describes the rough contribution.
Such a ‘reset noise’ arises from the thermodynamic fluctuations of the amount of charge on the
capacitor [3] 45] 59, 30, IE)HE It is the dominant noise on sufficiently small capacitors and can
be the limiting noise, e.g. in image sensors [45] [59]. Combining the above equations leads to

the Syslem
O I > t [ [ C U .

which is identical to (L2)), upon the correspondences s <+ Uq, p <> [ and ns <> 0, 1, <
nu. While most of the literature discusses classical fluctuations, quantum fluctuations, as we
shall discuss in this work, will become important for analysing noisy nano-electronic circuits

&gUC -

2For typical values of L and C, the wavelength corresponding to the natural frequency ~ v/LC is much
larger than typical sizes of nano-circuits; which are then in the so-called lumped element limit and can be
described by a single degree of freedom [65].

3Indeed, Cn; = j is the current which arises from the random motions of the electric charges in the capacitor
Bl p. 295]. For quantum examples, see [30].



[30, 12, [14]. Their discussion may require to trace precisely the several potential sources of
noise present.

(b) Second, the oscillator (L2)) also arises in model descriptions of the working of the inner
ear of vertebrates [48] [I§]. It is a known biological fact that the vertebrate ear not only admits
but also emits sound, the so-called spontaneous otoacoustic emissions. Such an active process
in the inner ear is well-described by models near to an oscillatory instability which occurs on
the onset of a Hopf bifurcation [48]. Specialised mechanoreceptors, i.e. bundles of hair cells,
provide the work required of such active processes. Indeed, eq. (L2) is a special case of the
most simple of such models, where s describes the hair-bundle position and p the force exerted
by the active process. The two noises 7, 7,, respectively, describe the effects of fluctuations on
the bundle position and the active process, respectively [48] [I§].

How can one decide whether a given system of equations of motion, or a master equation,
can describe a genuine quantum system ? Using the proposal (L2[T.3]) of Bedeaux and Mazur
as a phenomenological device, we formulate the following minimal criteria for a reasonable
description of quantum dynamics:

(A) the (averaged) canonical equal-time commutators [s,(t), pp(t)]) = ik, should be kept
for all times ¢ > 0, if initially obeyed.

(B) the Kubo formule of linear response theory should be reproduced (we shall recall the
precise definition in section 2).

As we shall see, these requirements will be sufficient to fix the commutators between the two
noises 7, 7,. In addition, one must require that

(C) the virial theorem should be reproduced (it is valid in both classical and quantum me-
chanics and is used to analyse strongly interacting many-body systems at ‘thermal’ equi-
librium. Important examples arise in astrophysics and cosmology for self-gravitating
systems, where commonly ‘virialisation” and ‘equilibration’ are treated as synonyms [17,

138, 60, 49]).

(D) the quantum fluctuation-dissipation theorem (QFDT) will be an essential characteristic of
quantum equilibrium states. It has been recognised since a long time that the QFDT is
the key requirement for a stationary state being a quantum equilibrium state, in order to
be consistent with the second fundamental theorem of quantum thermodynamics [37] 28].

Indeed, it has been understood recently that the QFDT is a consequence of the invariance
of the Keldysh path integral under a combined time-reversal and Kubo-Martin-Schwinger
transformation [62] 2]. Moving away from the quantum equilibrium state will break this
symmetry and the QFDT will cease to be valid. Therefore, the confirmation of the QFDT
will serve to distinguish quantum equilibrium states from any other type of stationary
state.

These two conditions will fix the anti-commutators of the two noises 7y, n,. Of course, a discus-
sion must include the question whether all these requirements can be satisfied simultaneously.

Here, we wish to explore which kinds of dynamics are compatible with these criteria. In any
case, a microscopic derivation of a ‘quantum Langevin equation’ which describes thermalisation
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should obey a series of physically reasonable consistency requirements, which we take to be
the four criteria (A,B,C,D). We shall proceed in several steps. In section 2, we shall re-
consider the case of a single harmonic oscillator, described by ([L2) following the suggestion
of [4 [5] of including two noises 7, 7,, but we shall also include the effect of initial conditions.
Proceeding from the exact solution of (I.2), we shall show that the phenomenological criteria
(A,B,C) formulated above provide increasing constraints on the two noises 7y, 1, such that the
combination of all three criteria finally reproduces the proposal (L3) of Bedeaux and Mazur.
On the other hand, the requirement (D) of the QFDT only holds true in the & — 0 limit. In
section 3, a proposal for a quantum Langevin equation of the damped harmonic oscillator, with
two noises 7, 1,, will be presented such that all four criteria (A,B,C,D) will be obeyed. In
addition, the noise correlators are independent of the model parameters m,w and only contain
the damping constant A. Also, the noise correlators are non-markovian. A possible explicit
form is

(s (O)ns(t)) = (mp(t)p(t)) = 0 (1.6a)

(D) = = (O (0 = NS~ )+ SAkaT coth (TEE (0= 0)) ( (1.6b)

where the order of the operators is essential. We shall see that the non-markovianity is a direct
consequence of the QFDT. Eqs. (LAMM) state our proposal for the quantum Langevin equation
of the damped quantum harmonic oscillator, in the special case of ohmic damping. Since the
noise correlators do not depend on the parameters m,w of the model we used as a scaffold
to derive them, they should be generic and applicable in wider contexts. We shall also show
that the QLEs (L2[LA) are equivalent to the second-order Ford-Kac-Mazur (FKM) quantum
Langevin equation [25] 26] 27, BT, [7T] of a particle in an external potential.

We must add that eqs. (L) are not the only solution to the criteria (A,B,C,D). Rather,
we shall see that the most general solution can be expressed by two anti-symmetric functions
¥(t), x(t) and two symmetric functions «(t), 5(t) which also depend on the parameters m, w.

In section 4, we shall illustrate a few simple consequences of the noise correlators ((LAl). The
Langevin equations of the quantum harmonic oscillator can be re-interpreted as the QLE of the
modes of the quantum spherical model in d spatial dimensions. The non-trivial physics (i.e.
distinct from mean-field theory) of this model follows from the coupling of these modes by the
so-called spherical constraint, which is included into the QLE via a time-dependent Lagrange
multiplier. The equilibrium critical behaviour of the quantum spherical model is well-known
[511, 1401 50, 66l 521 58, [7, 8L 67]: while for finite temperatures 7' > 0, the critical behaviour is the
same as for the classical spherical model [0} [44], at temperature 7" = 0 there is a quantum critical
point in the same universality class as the (d + 1)-dimensional classical spherical model [42].
The time-dependent non-equilibrium classical system has also been very thoroughly analysed,
see e.g. [57, 13, B3] 29, 54, 15 39] 211, 20]. The non-equilibrium behaviour of isolated quantum
or classical spherical models was studied recently [6I, 47, [16]. The long-time dynamics of a
disordered quantum spherical model was analysed in the mean-field limit [56]. The quantum
dynamical behaviour of the open quantum spherical model quenched to temperature 7' = 0 as
described by a Lindblad equation was recently studied [68] 69, [70l [64] and it was shown that
for quantum quenches deep into the ordered state, the long-time behaviour of several averages
becomes independent of the coupling to the bath. We shall outline how the explicit solution
of the quantum spherical dynamics can be considerably simplified in the long-time limit via a
scaling argument. This can be done for both the Bedeaux-Mazur noise correlators (L3]) as well

4



as for the quantum noise correlators (I.6)). The qualitative difference of quantum and classical
correlators will also be illustrated for the QHO. We have therefore explicitly formulated the
QLE of the quantum spherical model. However, finding the late-time solutions explicitly is
still technically demanding and will be left to future work. We conclude in section 5. Several
appendices give further background and calculational details.

2 Semi-classical dissipative harmonic oscillator

The quantum Langevin equations (I.2)) are characterised by the two noises 7,(t) and 7,(¢). In
addition, we shall have to characterise the fluctuations of the initial state. We shall apply the
criteria formulated in section 1 to constrain their possible form. From now on, we set kg = 1.

2.1 Formal solution

The first step of the solution of eq. (L2) is to re-write the homogeneous part in matrix form

&(é):((—ﬂgﬁ 1—/7;)(@):4(@( 1)

The eigenvalues of the matrix A are

and they obey the following properties: if 0 < |w| < A/2, then Ay > A_ > 0. If |[w| > /2 > 0,
then A* = Ay and Re Ay = A\/2> 0.

The homogeneous solution implies the following ansatz
s(t) = s (e ™ s (e " p(t) = py(t)e™™ +p_(H)e (2.3)

in order to solve eq. ([L2)) with the method of variation of constants. Two of the four amplitudes
(s4,p+) in the ansatz can be still chosen freely. Our choice is

pi(t) = —mAisi(t) (24)

Now, we reinsert the ansatz (23] into the eqs. (L2), and use the conditions (Z224). This
leads to the simplified system (the dots denote the derivative with respect to time)

1

Se(t)e ™+ (e =) —Agsi()e M = AL (e M = —m(t) (2.5)
which can be separated as follows (throughout, we assume |w| # \/2)
) exp(Ast) (np : exp(A-t) (1
= (= +A_ (t)y=——""(=+A 2.
S+(t) A+ — A (m + ns) y S (t) A+ — A (m + +775) ( 6)



Their immediate integration then gives the formal exact solution of (L.2))

s(t) = 5. (0)e ™"+ s_(0)e !

1 t 1 t
A /0 dr e~ A+ (=7) {_np;;) n A_ns(f)] 67A+ — /0 dr e~ A=) {—np;ﬂ n A+ns(7)}
(2.7a)

p(t) = —mA, s, (0)e ™" —mA_s_(0)e "

A t A_ t
+ 7A1n_ j\_ /0 dr e A+ (t=7) {—n”g) + A—ns(T):| 6 7/\1%— 1 /0 dr e A-(=7) {—n”g) + A+ns(7)]
(2.7D)

Eqgs. (Z1) will be the basis of all subsequent calculations.

2.2 Equal-time commutator

While the amplitudes s4(0) characterise the fluctuations of the initial state, the fluctuations of
the bath are described by ns(t) and 7,(t). We assume that these two types of fluctuations are
independent of each other and therefore that on average

([s:(0), na(®)]) =0, ([na(t), ma(t)]) =0 (2.8)

where a = s, p labels the two noises. The second relation asserts that noises of the same kind
(either for the spin or for the momentum) should commute. It remains to fix the commutator
([s4+(0),s-(0)]) and we also consider the mixed commutator

([ns(t), mp(t)]) = r6(t — 1) (2.9)

where the constant x is to be found. Here, we shall use the d-distribution in order to simplify
the calculations. The physical argument behind is that we observe the system’s dynamics on
time-scales large with respect to any correlation times in the bath. If that assumption should
not be justified, a different bath correlation kernel must be used (in that case k6 (¢t — t') would
become a time-dependent function k(¢ — t')). We shall not explore that possibility in this
section, however.

Using the exact solution (2.7)), the spin-momentum commutator is readily worked out

[5)-p0]) = ~ =3 T A (A' - A') (2.10)

We identify two contributions: for large enough times, only the stationary part will contribute
(the first line in (2.I0)), but there is also a non-stationary part, given by the second line of
(210). The stationarity of the spin-momentum commutator can be achieved by requiring the
following initial condition

Kk/m

([54+(0),5-(0)]) = (A —A (A, +A)

(2.11)

6



(1)

Figure 2: Time-dependence of the normalised commutator f(7) = ([s(7),p(0)])/(ik), over
against the time difference 7, for A = 1 and two values of w.

The sought canonical commutator is obtained from the remaining stationary commutator
([s(t),p(t")]) when we also set t =t'. We read off

([s(t), p(t)]) = T = ih (2.12)

> =

so that we can identify
k=N ((0), mp(E)]) = AR (E— ¥) (2.13)

The second of these reproduces eq. (L3L) as proposed in [4].

On the other hand, for different times ¢ # t’, the canonical spin-momentum commutator is
not kept, but only depends on the time difference 7 = t—t'. The functional form of the two-time
commutator is illustrated in figure 2l For increasing values of w (but still small enough that AL
are real), the peak at 7 = 0 becomes more sharp but there is no simple and model-independent
argument to predict this form.

2.3 Linear responses

As a preparation for the discussion of the Kubo formula and the fluctuation-dissipation theorem

(FDT), we compute responses of the average spin and momentum to an external magnetic
perturbation. The hamiltonian reads H = % + mT‘*’Qsz — hs. The quantum equations of motion
of the closed system are p = +[H, p| and § = +[H, 5], where the equal-time canonical commutator
[s,p] = ih is to be used. Adding to these the damping and noise terms of the open system, the

full equations of motion become now

1
$=—p+n, , p=—m’s+h—Ap+, (2.14)



The linear responses of the spin s and of the momentum p are defined as

d(s(t)) (p(t))

RGO (t, ) .=
(&) Oh(t') |0 Sh(t') |,—o

Q) =

(2.15)

They obey the equations
&y — Lo sy ®) (1 4 2 ps) (4 ¢ ®) (1 4 :
OR (t,t)ZEQ”(U) , 0QW (1) = —mw R (t, 1) — ANQW(t,t') +o(t —t')  (2.16)

Writing Z(t — t',t') = R®)(t,#') and denoting 7 = ¢ — ¢’ yields
PR(1,t) + MO, Z(1, 1) + W (1, ') = d(7)/m (2.17)

Hence, the response R®) = R®) (1) = Z(7,t') is stationary and does not explicitly depend on
t' alone. Introducing the Fourier transform R®)(v) = (27)~1/2 fﬂ<d7' e " R()(7) leads to the

stationary solution
1 1

RO (1) = — 2.18

) my2r V2 — i\ — w? (2.18)

ﬁ(s)(u) has two simple poles in the upper complex v-plane. The spin response function R()
reads

1/m , ,
() (+ _ ) — Y —A_(t—t') _ A (t—t)
R¥(t—1t)=0(t t)iAJr — (e e ) (2.19)

where the Heaviside function © expresses the causality condition ¢t > t’. The magnetic momen-
tum response QP (,#') can be read off from (ZIG).

Analogously, one can consider a perturbation by the momentum operator, where now H =
2 . .
H = I + ™= s> + kp. The equations of motion now read

.1 :
SIEIH']C*'% , p=—mw’s — Ap+1, (2.20)
and the linear response functions are now defined as

R(p)(t’t/) — o(p(t))

o o 0(s(t))
Sk(t') QYY) =

k=0 ok(t")

(2.21)

k=0
An analogous calculation as before leads to the (stationary) momentum response function

mw?O(t —t')

RP(t —t) = T
_l’__ —

(e_A,(t—t') _ e‘A+(t_t/)) = m2w RO (t — 1) (2.22)

2.4 Commutators and the Kubo formulae

In terms of the density matrix p(0), time-dependent averages of an operator A(t) are defined
as (A(t)) = Z ' tr (A(t)p(0)) where Z := tr(p(0)). Following [15], two-time correlators are
defined as follows

Cy(t,t") = = (A(t)B(t") + B(t") A(t))

—~
~=
N
—~
~
~—
oe)
—
~
~
N—
——
~

(2.23a)

N~ N~
N — DN —

C_(t,t) :=

—~
—
N
—~
~+~
~—
Sy
—~
4=
~
~—
—
~

(2.23b)



In what follows, we shall admit in these definitions that A(t) = B(t), unless stated explicitly
otherwise. Our choices will be A = s or A = p, respectively. Then the Kubo formule [15] [71]

REP(¢ — ') = E@(t —t)CEP () (2.24)

relate the anti-symmetrised correlator C_(¢,#') to the linear response function of an operator
A(t) with respect to its conjugate field. Note that the commutator C'_(¢,t') is antisymmetric
in ¢,t" and we shall also see explicitly its stationarity. The Kubo formulae are consequences
of merely the linear response. However, their validity is not related to the condition that
the system which is perturbed had to be at equilibrium, nor that the hamiltonian should be
conserved on average.

We proceed to check ([224]) for the spin and momentum responses in the model at hand.
First, consider the anti-symmetrised spin-spin correlator, which is evaluated using (2.7al)

s 1 —Apt—A_t e A-t- At
Ot 1) = 2<[5+<o> s () (e )

/dr /(dr —Ay (-t ‘”<{np(7) +A-m(ﬂ,%+/\—ﬁs(7/)]>

—A+(t 7Y —A_(t'—T

C o AT AT <

Aol =) < [ﬁpﬂ(;) TAMS(T% 7];177(7;—/) - A+?78(T')} >) (

These commutators are evaluated by using ([Z8[2ZT3). The first and fourth commutator
vanish and by using the initial condition (2.I1]), the other two simplify as follows

—Agt—A_t! _ —A_t—Ayt in(t,t)
C(s (t t) )\h 1/2 {6 e e + _/ dr e~ A=At (AL +A )T

imA, —A_ A+ A
in(t,t")
+ / dT e—At—A+t,e(A++A)T} (

sign (t —t') (e_A*“_t/I - e_A”t_t,‘) (2.25)

_h 1
C 2im AL — A

We point out the stationarity of this anti-symmetrised correlator, which is a consequence of the
assumptions made before on the noise and initial commutators. Technically, the stationarity
comes about since after integration, the contributions from the lower integration limit cancel
the terms coming from the initial condition.

Second, we consider the anti-symmetrised momentum-momentum correlator, which is com-
puted using (2.70). In the same manner as before, we find

mh A+A_

OO (1) = 5 {lple). p(0)]) = G 5 sign (= ¢) (et —emerl) - (2.26)

N —

In order to compare these forms with the response functions, recall from (2.2)) that A +A_ =
Aand Ay A_ = w? Then, letting 7 = ¢t — ' > 0 and comparing eqs. (2252.19) and (2.262.22]),

9



respectively, we see that
2i 2i
RO(t —¢t) = El@(t — )Pt —t) , RVt —t) = %@(t—t’) CP(t—t) (2.27)

which confirms the Kubo formule (2.24]) for the spin and momentum responses. Although
these response functions and commutators are stationary, this does not necessarily mean that
the underlying stochastic process must be stationary itself, since much freedom still remains
for the choice of the initial conditions.

Summarising, we have shown: if for the linearly damped harmonic oscillator with equations
of motion (L3) and the two noises ns(t) and n,(t), the noise correlator (213) (and also (2.3))

and the initial condition (ZI1), namely ([s+(0), s_(0)]) = (ih/2m) [\2/4 — w?"*, are obeyed,
then

1. for all times t > 0, the averaged equal-time commutator ([s(t), p(t)]) = ih is canonical

2. the Kubo formule (2.Z4)) hold true for all times t >t > 0.

This gives a sufficient condition to satisfy the criteria (A) and (B), formulated in section 1.
In addition, we have seen that R®(7)/R®) () = CP(7)/C)(7) = m2w?, for the damped

harmonic oscillator.

2.5 Anti-commutators and the virial theorem

In order to characterise the stationary state further, the anti-commutators of the noises are
required. As suggested by [4] [5], the ansatz

(mp(t)mp(t)) =
<775 (t)ns (t,)> =

5 {00 1)) = ad(t 1)
{00, m(0)) = poe — ) (225)

will be tried, along with the natural assumption ({n,(¢),n,(t')}) = 0. Herein, the constants
a, f must be found. From (Z7), we obtain the spin-spin correlato

2 —Ay(t+1) a 2 —A_(t+t))
Cf)(t,t’)=[<8+(o)2> T +[(s_<o>2>_ e Jet

AL A+ - A )2 2 A_(Ay — A 2

£{5+ " (0)}) n - %AjL)ﬁ(j\X:A_A )2} [(—Au—zxt' _I_e—A+t'—At}
(

5} fe it { S+ AZB S AL 6} fe
(= )
2 29

We observe stationary terms (in the last line) and rapidly decaying non-stationary contribu-
tions (whenever ¢,¢' > |t — t'|), which solely depend on the initial conditions. Similarly, the

[%%—A?
_'_

2, 2A_ 2(Ay + A_

4Herein and below, we denote the averages over the bath, as well as the one over the initial conditions, by
the same symbol (-), although these two averages are unrelated.
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momentum-momentum correlator reads
24 BA? ] e helt+)

CP(t, 1) = m>A% [ 54(0%) = ¢

+(Ay = AL 2
=TS /BA2 e—A,(t-l-t’)

202 | (s (0)2) — __m? +
+m*AZ | [s-(0)%) A_(A+—A_)2] 5

2 ({54(0),5-(0)}) mz T BALA_ —Apt—A_t —A t'—A_t
+mA+A_{ 5 (A + A)(A, — A [e +e
N m’AL (fz +A28) (a, n m?A? (2 + A1) oAl

2A (Al — A)? 2A (AL —A)?

m2AL A (% + ALA_B) Al )

_ m? “Af =] | A fi—t

T IV (e +e ) (2.30)

and has an analogous structure. The virial theorem relates these two correlators at equilibrium,
namely (see appendix A)

Py =m’® ) [ . (2.31)
Therefore, we must require that
C-(f)(t7t)5tat ; m2A+A—C—(i:9)(t>t)stat . (232)

Therein, the last line from eq. (Z30) cancels against contributions in (2.29]) and the remaining
stationary terms lead to the condition

A, (% + 5A3) FA (% + 5/\1) LA (% n 5/\3) AL (% v ﬁAi) g
For § = 0, thiy is indeed an identity. For g # 0, the terms containing « cancel and using the
explicit form of Ay, we finally arrive at \3 = 42, However, since A\, w are independent model

parameters, a generic solution with 5 # 0 is impossible. The result 5 = 0 reproduces (.3d).

Having shown that § = 0, it remains to find «. The spin-spin correlator simplifies to

s , ) o/ m? e~ At (t+t) ) o/ m? e~ A-(t+t)
C_(,.)(t,t) = [(5-1—(0) >_ A(AL —A_)2} 5 + [(3—(0) >_ A (A, — A_)z} 5

|5 o050 + AC“)/[X g [ e

Q A+e—A,\t—t’\ _ A_e_A”t_t/‘
_'_
2 m2w? Ay —A_
The equilibrium contribution is the stationary part (third line of (233]) at ¢ = /. For the
quantum harmonic oscillator at thermal equilibrium it is explicitly known that

(2.33)

(s) B «Q 1 h hw T
Ot Dstar = 22m2w?  2mw coth oT § >f (2.34)
hence
= hA th — 2.
o mw coth o (2.35)

as expected from ([3al). Clearly, in the limit 2 — 0 one goes back to the classical result.
Therefore, the criteria (A,B,C) as specified in section 1, together with the ansditze (2.9[2.28),
reproduce the proposal (1.3) of Bedeaur and Mazur for the noises ns,n,.
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2.6 On the fluctuation-dissipation relationship

Given the explicit results of the previous sub-sections, we can now inquire about the relationship
between the stationary parts of the correlators Cf’p ) and the responses R, Empirically, we
find in the stationary state, using eq. (2.39])

hw

8,C'(7)gas = —hw coth (Z—;) <x<s> (1), 8,C"(T)spar = —hw coth (ﬁ) é@) (r)  (2.36)

First, eq. (2.30) illustrates that the relationship between responses and correlators does not
depend on the observable. Second, these relations do not correspond to the habitual quantum
fluctuation-dissipation theorem (FDT), although in the limit & — 0, the standard classical FDT
is recovered. This means that from the minimal criteria as formulated above in section 1, only
the criteria (A,B,C) are obeyed and indeed lead back to the proposal eqs. (L2I3]), while (D)
can only be satisfied in the i — 0 limit [ Hence the proposal (I.3) for the noise(s) leads at best
to a semi-classical description of the relaxation.

This example explicitly illustrates that the requirement of the canonical commutator rela-
tions, in spite of reproducing the Kubo formulee, by itself is not enough to guarantee that the
stationary state of the dynamics is truly a quantum equilibrium state. Also, the noise correla-
tors (L3)) depend explicitly on the model parameters m, w such that the recipe proposed in [4, [5]
is explicitly model-dependent and can only be applied to systems of harmonic oscillators. More
generally, the ansatz studied in this section assumed J-correlated noise from the outset. While
this certainly simplifies calculations, the physical origin of that assumption remains unclear
and we have seen that from such an ansatz the QFDT cannot be derived.

3 Quantum dissipative harmonic oscillator

We now seek to generalise the approach of the previous section such that all four criteria
(A,B,C,D) are obeyed. Physically, the noises 7,7, describe the properties of the heat bath
and its coupling to the system. If the bath is very large with respect to the system and bath
correlations decay on a much faster time-scale than the typical system’s time-scale, its properties
will be independent of the system’s behaviour and the bath can be considered stationary. Hence,
the correlators of 7n,,n, can be found from the stationary behaviour of the system coupled to
the heat bath. Then the analysis can be simplified by going over to frequency space, via the
Fourier transformation

vors

The equations of motion ([L2) become (for ohmic damping with A > 0)

(Zs(H)(v) = 5(v) = — ﬂ(dte‘i”ts(t) (3.1)

Wa) = %p\(m R L PW) = —mwB(W) — NW) + Ay (v) (3.2)

°In view of recent results [43] which assert that the QFDT does not hold if quasi-classical measurments are
made, semi-classical models such as the present one might acquire some independent interest.

12



Hence, the formal solution is

o mp()/m o+ (v 4+ N (v)
sw) = w? +i\v — v?

_ wi ) - meti ()
plv) = w2 +ilv —12

(3.3a)

(3.3b)

This will be the basis of all following calculations.

3.1 Equal-time commutator

In order to characterise the equal-time commutator [s(t),p(t)]), the commutators of the two
noises must be analysed. We assume

(), ms()]) = [m(®),mp(#)]) =0, [ns(t),mp(t)]) = thri(t — 1) (3-4)

The form of the third commutator, is motivated by the system-plus-bath being stationary. In
appendix C, we show that requiring the conditions (8.4]), where in addition the yet undetermined
function k(t) = k(—t) must be symmetric, is the most simple way to guarantee the validity of
the Kubo formulee. In frequency-space, we have (using (B.1I))

[7:(v), p,(V)]) = 0(v + V)iV 27 R(v) (3.5)
Similarly, for the spin-momentum commutator, we expect the stationary form

[50),p/)]) = 6w + v/ )iv/2r K(v) . [s(t),p(t)]) = ihK (t —t) (3.6)

where K (t) must be found such that K(0) 21 reproduces the required equal-time canonical
commutator, at least on average, according to criterion (A).

Inserting the formal solution ([B.3)) into (B.0) and using ([B.4]) gives

V2 — i\ + w?

Kv) = (V2 —idv — w?)(V? +i\v — w?) R) (8.7)

~

Then K(t) = (fxk)(t) is a convolution, where the Fourier transform f(v) can be read off from
B). If we assume that %(v) = kg is a constant, we obtain K(0) = /271 koA~ such that the
normalisation requirement K (0) = 1 implies

V2T Ko = A (3.8)
We then have the non-vanishing noise commutators
[ns(t), np(t’)D =ihN\o(t — 1) | [ﬁs(y), ﬁp(z/)]> = 0(v +V)ihA (3.9)

Under the simplifying assumptions made, this commutator is the same as proposed by Bedeaux
and Mazur |4, [5]. Indeed, a markovian form of the noise commutator appears to be natural for
the chosen ohmic dissipation.

13



3.2 Linear responses

Adding perturbations to the closed-system Hamiltonian according to H = p?/2m + %mw282 —
hs + kp, the response functions are the same as calculated in section 2. From 2IS222), we

have ) ) .
n(s) _ _ D(p) 1
R¥ (v) P RS S m%u?R (v) (3.10)

for the linear responses of spin and momentum with respect to their conjugate fields.

3.3 Kubo formulae

Using eq. (33), we have

O, ) = % (5), 36/))) = 6(v + /) EO () (3.11a)
(v, /) = % (), ) = 6(v + ) EP () (3.11h)

where
) = - . = C (1) (3.12)

m (V2 —ilv —w?) (V2 +idv — w?) m2w2
Since the Heaviside function is non-local in frequency-space, we cannot compare this directly
with the responses (B.10). Rather, in order to check the Kubo formuleese (2Z24), let 7 =t—t' > 0
and examine in frequency-space the validity of the Kubo formula in the form (A, that is
2i A 2 1 i (s
%CQ(T)@(T) = RO(r) = — o~ E(du ™ O (v) (3.13)
where é(j)(y) is taken from (B.I2]). In the complex v-plane, this function has simple poles at

vy g = j:% +1iy/A2/4 —w?, see figure Bl Of these, v4 1 are in the upper half-plane and v_ 4
are in the lower half-plane. In addition, at the poles v = v, 1, one has

v

V2 +i\v — w?

= 3.14
2i\ ( )

V=L 4

When calculating the integral in (.I3]) via the residue theorem, see fig. B the contour C' will
be closed in the upper half-plane since 7 > 0 and only the residua at v, y will contribute.
Therefore, in order to check (BI3)), consider the contour integral (see fig. Bl), with 7> 0

L 21 B v -1
RO() = h 2w (dy “m (V2 +ilv —w?) (12 — v — w?)
CAAML g,
h 21 m 21\ (V2 —idv — w?)
— d —1
B m/ \/%( — i —w?)
= dv e R (v) (3.15)

\/_
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Figure 3: Integration contour C' for the verification of the Kubo formula (3.13). The poles v 1
(v_ ) in the upper (lower) complex v-plane are indicated, for |w| < A/2, by green filled (red
open) circles. At the end, the limit L — oo is taken.

as required. Herein, in the first line the commutator C'* (1) was inserted from (3IZ): in the
second line the residua at v = v; 1 were computed according to (3:14) and finally the response
function (BI0) was recognised. Of course, the contribution of the upper semi-arc is negligible.

This shows the validity of the Kubo formula ([(A[A4]) for the spin s. Its validity for the
momentum p is now obvious from (BI0) and (BI2)).

Summarising: if for an ohmic dissipation, the only non-vanishing noise correlators are given
by (33), then (i) for all times t > 0 the equal-time canonical commutator ([s(t),p(t)]) = ih
and (i) for all time differences T =t —t' > 0 the Kubo formule for both the spin s and the
momentum p hold true. This implements the criteria (A,B).

3.4 Anti-commutators and the virial theorem

It remains to analyse the admissible forms of the noise anti-correlators. Since the bath is
stationary, we can start from

{ns(),na(®)}) =28 —=1) . {np(),mp(t)}) = 2a(t=1) , ({na(2), mp(1)}) = 29(¢ 1) (3.16)

where the functions a(t) = a(—t), 5(t) = f(—t) and () must be found. In frequency-space
this reads

(W) a0} = ov+v)Ver 28(v)
W), m)}) = 8(v+)V2r 2a(v) (3.17)
{7:), ()} = 6w +v)Var 23(v)

While a(v) and B (v) are symmetric, there is no obvious symmetry for (). With the definition

P (v, v) = ; ({5(v),30/)}) = 6(v +v)CP (v) (3.18a)
CP(w,v) = ; ({Pw).)}) = 0w +1)CP(v) (3.18b)
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we have from (3.3))

aw) Y PN ~ v (& o~
A6y TN V)BW) 4+ o () +A(=v)) + 2 ((v) = A(=v))
Cr) = (V2 — il — w?) (V2 +idv — w?) (3:192)

~o) o\ VPAW) + mA Bw) + imw (F(v) — F(~v))
O ) = (V2 — il — w?) (V2 +idv — w?) (3-19D)

The virial theorem states that C'*) (1) = m?w?C'® (1), see appendix A. Combination with (37
leads to the condition

(2 — W?)a() + (m2w* — m*w? (A2 + 2)B(v) = dmw® F(v) + 3(—v)) (3.20)

The simplest solution is

o~

a(v)=pw) =0, () +75(-v) =0 (3.21)

It is the only solution which does not depend on the model’s parameters m,w. Any other
solution must contain at least one of them. Since we are looking for a characterisation of the
noises 75, 1, which should be independent of the specific physical model under study, we shall
retain the solution ([B.2I]) as our implementation of the condition (C).

Inserting (B.21]), the correlators take the form

2(s) o 2i l/’/}/\(l/) o 1 ~(p)
Cyw) = m2 — i —w?) (12 + il —w?)  miw? C¥'w) (3:22)

3.5 Quantum fluctuation-dissipation theorem

The form of the remaining antisymmetric function 7(v) = —5(—v) is found from the QFDT. As
shown in appendix A, in frequency-space it can be written in the form

af)(y) éfrp)(l/) 1 hv
E9)  &94) Var o 323

Therefore, comparison of (B.12) with (8:22) leads to the condition

~ h
2iv21 7(v) = hi\ coth % (3.24)
which also implements the condition (D). This means that the only non-vanishing commutators

and anti-commutators of the noises are

(.00 70) = " ot (57, é(uw) (L) =i+ ) (325)

They do depend on the assumption of ohmic dissipation and on the properties of the bath
(here the temperature 7"). But since they do not contain the specific parameters m,w of the
harmonic oscillator model we used to derive them, they should be applicable in general.
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It is possible to combine the equations of motion (L.2]) into a single second-order Langevin
equation, which reads [25], 26], 27]

1
Rs+Nos+wls=(, (= Enp + Ans + O (3.26)
The second moments of the ‘composite noise’ ((t) are readily found, first in frequency space
~ 20y 2RA hv , ~ 2~y 2RA ,
(€080 ) = 22 o (57 (sm ) w8 = -T2 vswa ) s2m)

and then for the times

), ¢t} = % Ooodl/ v coth (2—;) <OS(I/(t —t") = % I (6,1& — t') ( (3.28a)

(e, ey = 22 [T av vsin(u(t — ) Ly (3.28D)

imm Jq m

which is the noise-averaged form of the ones proposed by Ford et al. [27, eqs. (2.2,2.3)]ﬁ Since
the ‘composite noise’ ¢ contains derivatives, it should be rougher than the individual noises
Ns, Mp. This feature might be useful for the construction of numerical approximation schemes

for the QLEs G:IEI)EI
Finally, converting (B.28) to real times leads to (as shown in appendix B)

(Om0) )= Teoth (=) @) =imae-1) (329

These are equivalent to the averages given in (I]El)ﬁ Hence, the QFDT implies non-markovian
noise correlators.

Our discussion of the stationary state has produced the necessary ingredients to undertake
the study of the relaxation behaviour, starting from an arbitrary initial state. For the specific
example of the QHO, it is enough to take up the formal solution (2.7)) and to use the quantum
noise correlators (L6). While the responses are (of course !) unchanged with respect to the
treatment of section 2, the correlators will now obey the QFDT, by construction. The explicit
results have been known since a long time, see [25] 26] 27 3T, [7T] and references therein, we
shall not repeat the explicit calculation.

Summarising: if the only non-vanishing second moments of the noises ns,m, are given by
(329) (or equivalently by (3.23)), then the four criteria (A,B,C,D) for a quantum dynamics
of the harmonic oscillator (1.2) are satisfied.

4 An example: the quantum spherical model

The classical spherical model was initially formulated as an exactly solvable variant of the Ising
model, in d spatial dimensions [0, [44]. For short-ranged interactions, and dimensions 2 < d < 4,

SEq. [328a) can also be derived directly from the requirement that the QFDT holds [53].

"Since the v — oco-behaviour in ([3.25)) is less singular than in ([3.28a), it does not depend on an eventual
cut-off, see [31] sec. 3.3].

8Tn appendix B, we shall study in more detail the essential singularities of the average anti-commutator
({ns (), mp(t)}) = %J (g—:’;,t —t'), with J(a,7) := [fdv coth (av)sin (vT).
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its second-order phase transition is in an universality class distinct from mean-field theory. The
quantum spherical model is defined by the hamiltonian [51, 40, [66, 52, [67]

d
K g .
ney j=1

where S,, is the spin operator at the site n € .Z C Z? of a hyper-cubic lattice £ with |.Z| = N
sites, P, is the canonically conjugate momentum, the constants J and ¢ describe the nearest-
neighbour interactions and the kinetic energy, respectively, and p is the Lagrange multiplier
whose value is fixed by the (mean) spherical constraint (> /S2) = A. In momentum spaceﬁ
the equations of motion of the different modes decouple, (uch that the quantum Langevin
equations are

~

8,S(t,q) = gP(t,q)+7.(t,q)
O.P(t,q) = —é(a(tHw(q))?(t,q)—MS(t,qHﬁp(t,q) (4.2)

with w(q) = 22?21(1 — cosq;) and p(t) = d+ 3(t). The spherical constraint, which in mo-

mentum space becomes (27)~¢ [(dq <S(t, q)S(t, —q)> = 1, maintains a coupling between the

modes and fixes 3(t) self-consisteptly (B = [—,7|? is the Brillouin zone). Each mode relaxes
separately to its equilibrium state whose (semi-)classical or quantum nature is determined by
the noises.

Since the Lagrange multiplier 3(¢) is time-dependent, this linear system cannot be solved
via a straightforward matrix exponentiation (the time-dependent coefficient matrices do not
commute for different times). Rather, the quite technical Magnus expansion [46, O] must
be considered. However, the long-time behaviour follows from a single first-order Langevin
equation, which we shall now derive via a long-time scaling limit on the Langevin equations
(Z2) and the associated noises. Considering this over-damped Langevin equations considerably
simplifies the explicit solutions of the dynamics, to be presented in future work.

1. First, we consider the Bedeaux-Mazur noise correlators ([L3]), enhanced by spatial locality.
In momentum space, the noise correlators read

N ORI 5(t)+w(q)><(t—t/)5(
q 2T

(Mp(t. @), (', q)) = qa+4d)

- - - A 1,
(st @)ip(t',q') = — (@t @ns(t'. 4)) = SihA(E—1)d(q +q) (4.3)
Information on the long-time behaviour can be obtained by making the scaling transformation

Ti=gt , Tt q) = ¢¥H(1.q) , T(t,q) =g V,(r,q) , S(t,q) =g"?S(r,q)  (4.4)

and then by considering the long-time scaling limit g — 0, ¢ — oo such that 7 = gt is kept
fixed. Combining eqs. ([E2L3) leads to the equation of motion for the rescaled spin S(7, q)

g°025(7,q) — g°0-71,(7,q) = — (5(7) + w(@)) S(7,q) — Agd,S(7,q) + (7, q) (4.5)

( O(gzyﬁ 0 i

9Adapt\1ng eq. (30, Wb write S(t,q) := (2m)~%2 [f, dr e 197 S(t,7) etc.
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with the new effective noise 7(7, q) := on,(7, @) + g1,(7, @) and we also substituted 3(¢) — 3(7).
The left-hand side of (L) vanishes in the scaling limit such that a classical over-damped
equation of motion remains. In the over-damped case under consideration, A must be considered
large, so that we actually let A — oo, but such that ¢ := Ag is being kept fixed. Then the
scaling limit (4] is well-defined. We have the final semi-classical Langevin equation

00,5(7.q) + (3(r) + w(@))5(7.q) = 7j(7.q) (4.6a)
(i @)+ ) = o/ T () coth T “’“”) €<T il +q)  (46b)

along with  [77(7, ), 7(7',¢)]) = 0. In eq. [@G), two limit cases can be recognised:

(a) T — oo. Eq. (4.6D) reduces to white noise (7(7, ¢)n(7', q')) = 2T0d(t — 7)d(q + ¢') and
eq. (46a)) describes the relaxation towards classical thermal equilibrium. Unsurprisingly,
for sufficiently large temperatures, one is back to an effectively classical system.

This appears analogous to the semi-classical behaviour of the quantum spherical model

with Lindblad dynamics [69).
(b) T'— 0. Then the noise correlator (A.6D]) reduces to
(i(r, @', q')) = oh/3(7) + w(q) 6(r —7)3(q + q') (4.7)

Therefore, at vanishing temperature, the model shows some new type of non-classical
behaviour, but which comes from a markovian dynamics. Further details will be presented
elsewhere.

2. We now present the same analysis for the quantum noises ([LG) derived in section 3. The
only non-vanishing noise anti-commutators and commutators are

~ ~ / / h>\ / / o~ o~ / / B / /
(st q),m,(t',d) ) = 57 (é,t—t) é(q+q) [0t @)1t q)]) = ihAS(t—t)0(q+q')
(4.8)
where the function J(a, 7) is analysed in appendix B. We apply the scaling transformation
Ti=gt , B(t,q) =g"T(r.q) . Bp(t.q) = g"T(r,q) . S(t.q)=g'S(7,q) (4.9)
to eqgs. (A2), re-written in the form
720,5(1,q) = —(3(1) + w(@))S(7,q) — 00,5(,q) + {(7,q) + &7, q) (4.10)
(9°) £+ 0
with the two atxiliary noises
((r,q) == p(r.q) + 0g7%0(1,q) . E(7.q) := 0, 7(T, q) (4.11)

and consider the scaling limit ¢ — oo, ¢ — 0 such that 7 = gt is kept fixed ] Herein, the
rescaled dissipation rate o and the rescaled temperature © are

o=\ , O6=Tg* (4.12)

10 Although the second term in the noise ¢ in @I diverges, it does not contribute, neither to the noise
commutators, nor to the noise anti-commutators.
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Bedeaux & Mazur  quantum
dissipation A | increases for ¢ — 0 increases for g — 0
temperature T | constant decreases for g — 0
line T'=0 neutral unstable
noises 7(t),n(t') | commute for ¢t #¢ do not commute

Table 1: Some physical characteristics of the scaling transformations (L4JL9), respectively,
leading for g — 0 to the overdamped Langevin equations (LGallL.I5al), depending on the chosen
dynamics.

Then the noise commutator
<[5(T, q) +&(7,9),(( @) + (7. q) > = 2ihod'(tr — 7)d(q + q') (4.13)
reproduces (3.28D) and noise anti-commutator, with I(a,7) = 0.J(a, T)
(G0 + &80 ) + 86 a) ) =7 (% ) <<q va) ()

reduces exactly to the form (B3.28al), with the mass set to m = 1 and up to spatial correlations.
Therefore, instead of ([6), the Langevin equations now become

00,5(7,q) + (3(r) + w(q))S(7, q) = (., q) (4.15a)
{n(r.@).0(7".q) )= %f ( 5T T’) o(q+4q) (4.15b)
[ﬁ(T, q), (7, q’)D = 2ichd' (1 —7")0(q + q') (4.15¢)

Clearly, we have two limit cases, using the asymptotics of I(a, 7) from appendix B:

(a) ©® — 0o0. One is back to classical white noise.

(b) © — 0. The eq. ([A.15D) becomes a pure quantum noise, with memory

{i(r.q).0(~".q) ) = —? (%) 0(g+4q) (4.16)
and eq. ([LI5d) is kept.

In table [ we collect some characteristics of the scaling transformation which lead to the
overdamped Langevin equation (LGalf.15al), for either Bedeaux-Mazur noise (I3) or else the
quantum noise ([[LG). The scaling limit generically leads to the overdamped limit A — oo. In
the quantum case, the zero-temperature line 7' = 0 is unstable which means that the long-
time behaviour for all 7" > 0 should be the same as for the classical limit 7" — oo, while for
Bedeaux-Mazur noise 7T is not rescaled. Another important distinction concerns whether the
noise commutator [n(t),n(¢')]) vanishes for different times ¢, or not.
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Figure 4: Time—dependenee of the spin-spin correlator C'J(f) (t) (A1) of the QHO, form = A =1
and w = [0, & o 5] from top to bottom.
(a) Left panel: T = 1. At large times, the correlator saturates for w > 0, while it diverges

linearly for w = 0. The inset shows, for w = 0, the early-time behaviour CJ(FS) ~ t2. The violet
and red curves correspond to ~ t? and ~ t behaviour, respectively and are guides to the eye.
(b) Right panel: 7" = 0. The correlator saturates for w # 0 but grows logarithmically for
w = 0 (the red-dashed line is a guide to the eye). The inset shows again the short-time behaviour
for w = 0 and the violet curve ~ t? is a guide to the eye.

3. Finally, we illustrate some aspects of the non-markovian noise correlator (3:29). Consider
a single QHO, described by the QLE ([L2]), but with the noises (L6). Following the lines of the

treatment of section 2, the equal-time spin-spin correlator C’f) (t) = C’f) (t,t) now becomes

C(s / dr /(dT coth ( (r—71 )) [e_M(t_T)_A*(t_T,) - e_A*(t_T)_M(t_T,)] ((4.17)
2m

where AL are given in (2.2)). For notational simplicity, and analogously to section 2, the initial
conditions were chosen such that the non-stationary terms vanish["]

In figure @ we illustrate the time-dependence of C’f) (1), for several values of w and for two
values of T' (units are such that i = 1).

(A) The case w > 0 corresponds to a harmonic coupling. In this case, for both 7" = 0 and
T =1, the correlator saturates rapidly, although the absolute scales are different. On the
other hand, if one were to consider the QLE ([L.2)) of the harmonic oscillator with a classical
white noise instead, from (2.34]) we would have found the constant C'J(f) =T/(mw?). The
values of that constant indeed agree with the plateau values of the left panel in figure [l
Hence, for a finite temperature 7' > 0, the effect of the quantum correlator (L6l disappears
after a finite cross-over time and for sufficiently large times, the system effectively behaves

UThe first-order equations (C2LE) readily lead to a convergent integral representation of the correlator
Cg_s) (t) without the need of an explicit regularisation.
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as if it were classical. For T" = 0, however, the values of the stationary correlator Cf)(oo)
are distinct from the classical values and the saturation occurs much faster.

(B) The case w = 0 can either be interpreted as a critical mode of a spin system or else as
a diffusing quantum particle. In the latter case, C’f) (t) = (r*(t)) can be interpreted as
the variance of the displacement of the quantum particle. Here, we find an important
qualitative difference as a function of 7. For 1" = 1, the long-time variance C’J(f) (t) ~ t
as for a classical particle (left panel), whereas for the case T = 0 a logarithmic growth
Cf)(t) ~ Int typical for quantum diffusion [36] is found (right panel).

In the insets, for w = 0 the early-time behaviour Cf) (t) ~ t¥* is further illustrated. For
both T'= 0 and T" = 1, an effectively ballistic behaviour with dynamical exponent z = 1
is seen. This persists until the particles begin to encounter the obstacles created by the
interactions with the bath. For T" = 1, one finds the cross-over to classical behaviour with
z = 2 while for 7" = 0 one crosses over to quantum diffusion where C’J(f)(t) ~ Int grows
logarithmically [36] and effectively z = oo.

Turning now to the quantum spherical model, one has the QLE eqs. ([2), with the noise
correlators ([B:29) for each mode, but with an extra factor §(q + q’). These modes are coupled
by the spherical constraint, which in momentum space can be formally written as

/(g;d COttq,—q) =1 (4.18)

This makes the the spherical parameter 3 = 3(¢) time-dependent. As a consequence, the matrix
equation (L2) cannot be solved by a formal matrix exponentiation. In principle, more elaborate
tools such as a Magnus expansion or scaling ansatze should be tried but an explicit solution
of ([A2) is still unknown. If such a solution could be found, solving eq. (ZI8) would determine
the Lagrange multiplier 3(¢). Since the form of this equation is likely to be very different from
the Volterra integral equations found for the classical spherical model [57, [33], its solution 3(¢)
should also be different from the classical result. We hope to return to this difficult open
problem elsewhere.

Although the response functions do not depend explicitly on the noises, they do contain
the Lagrange multiplier 3(¢). Therefore, via the spherical constraint ([AI8]), the quantum noises
will influence the long-time behaviour and the dynamical scaling of the two-time responses
R&P(¢,¢).

5 Concludendum est

We presented attempts for an axiomatic construction of quantum Langevin equations. These
have been based on four physical requirements which appeared reasonable to us, namely (A)
canonical equal-time commutators, (B) the Kubo formulee for spin and momentum, (C) the
virial theorem and (D) the quantum fluctuation-dissipation theorem. The central role of the
QFDT in this discussion stems not only from its recognised fundamental importance in quan-
tum statistical mechanics [37, [71], 28] but also from its being an immediate consequence of an
important dynamical symmetry for quantum equilibrium states [62], 2]. We used the harmonic
oscillator equations of motion (L.2)) as a scaffold to derive the second moments of the two noises
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Ns, Np- This form was motivated by the study of Bedeaux and Mazur [4], 5] although it turned
out that their specific proposal ([L3)), which is markovian, should be seen as a semi-classical
description, since it only satisfies the criteria (A,B,C) while the condition (D) can only be
satisfied in the classical limit A — 0. Furthermore, their noise correlators do depend on the
specific model parameters m, w of the harmonic oscillator and there is no obvious generalisation
beyond this specific model. On the other hand, not requiring the Markov property from the out-
set does lead to a different approach where the noise correlators (IL6) (i) are model-independent
and only contain bath properties (e.g. the temperature 7') and the ohmic dissipation constant
A (ii) are non-markovian as required from the validity of the quantum fluctuation-dissipation
theorem for all & > 0. The noise correlators (L) are equivalent to the well-known second-order
quantum Langevin equation of FKM, of a particle in an external potential |25 27, [71]. It fol-
lows that the quantum noise correlators can indeed be derived from an Caldeira-Leggett-type
independent oscillator model of the bath [25] 26, 27, 3], [7T]. Still, the present re-derivation of
a well-established result is of interest since the implicit assumptions behind each derivation are
not entirely identical: while the derivation according to FKM [25] 26] 27] considers a particle in
an arbitrary potential V' (s) and assumes explicitly a bath made from harmonic oscillators, our
approach focusses on a single harmonic oscillator and proceeds to specify the second moments
of the noise correlators, but does not assume neither gaussianity nor anything else specific about
the bath. These two approaches produce the noise correlators ([LGB.28) which are mathemat-
ically equivalent. It follows that the respective auxiliary assumptions are not really required.
Hence the noise correlators (6] should be generally valid for the description of quantum dy-
namics, both for arbitrary potentials V' (s) as well as for a bath with non-harmonic degrees of
freedom. In addition, the four properties (A,B,C,D) should be viewed as built-in features
of Caldeira-Legget-type oscillator models of the bath. The present formalism also makes the
symplectic structure more explicit.

On the other hand, different choices for the noise correlators are possible. Indeed, their
generic form can be described in terms of two anti-symmetric functions x(t) and ¥(t) (see
appendix C) and two symmetric functions «(t) and 3(t) (see section 3.4), but these functions do
contain the specific model parameters m,w. All four criteria (A,B,C,D) are satisfied by these
solutions but whose applicability is restricted to the harmonic oscillator. Eq. (LG) is merely
the only solution which does not depend on these parameters. Additional physical criteria,
beyond considerations of maximal simplicity, are required to further specify these functions left
undetermined and not contained in the Ford-Kac-Mazur construction [25] 26] 27].

We also used the quantum spherical model as an illustration how to set up the quantum
equations of motion for an analysis of the long-time relaxational properties of this many-body
problem. It turns out that such a constrained quantum dynamics leads to a formidable problem
which has obtained a lot of attention, already since the early days of Dirac [I9] and has been
actively discussed recently, see e.g. [64] [68][69] 35] and references therein. We presented a simple
scaling argument which focusses on the long-time limit where an effective constrained Langevin
equation should become more easily treatable. Work along these lines is in progress, with the
aim of studying non-mean-field many-body quantum dynamics in higher spatial dimensions.

Acknowledgements: We are grateful to A. Chiocchetta, M. D. Coutinho-Filho, A. Gam-
bassi, G.T. Landi, H. Spohn and L. Turban for useful discussions. SW thanks the LPCT
Nancy for warm hospitality, where part of this work was carried out. RA acknowledges finan-

cial support from CAPES (Fundagao do Ministério Brasileiro da Educacao), process number
88881.132083/2016-01.
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Appendix A.

We recall known results on three formulse from quantum statistical mechanics. The notation
will be adapted such as to be in agreement with the definition (B1]) of the Fourier transform.

A.1 Kubo formula

The Kubo formulee are a generic result of linear-response theory, even outside a stationary
state. For a quantum-mechanical system, its well-known time-dependent form is [15]

R(t—t) = % Ot — #)C_(t,¢) = %@(t - t’)% ([s(t), s(#) (A1)

where for the sake of notational simplicity, we restrict attention to the response of a magnetic
moment with respect to its canonically conjugated magnetic field.

In frequency-space, and for a stationary state, the commutator is written as follows

% ([5(v),s()]) =: 6_(% V) =:0(v+1) 6'_(1/) (A.2)
Using (B.1]), the Kubo formula (A.I]) becomes, if only ¢t — ¢ > 0
- /ﬂ(dy MORe) = 2L v L (5(0),50/)
BT s
- %% dv "C_ (1) (A.3)

where ([A.2)) was used in the second line. Since this holds for all t — ' > 0, we have the relation

between the amplitudes
. 2 1 ~

= —— _ A4

Rv) = -+ Nors C_(v) (A.4)

which we shall need below in the derivation of the QFDT. Momentum responses are treated
analogously.

A.2 Virial theorem

The virial theorem is a well-known result of equilibrium statistical mechanics, with many im-
portant applications [38, [60]. A first quantum-mechanical derivation was given by Fock [24].
Consider a system of N interacting particles with masses m,,, and with the hamiltonian

H= Z (% +V( {xn})) ( (A.5)

Use the momentum operator p,, = ¢ dxn and define ¥ := > (x,p,. This gives
dv i Vv
— = [HYV]=2T - a,~— A6
G = =2 (A.6)
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where T = %Z P2 /m,, denotes the kinetic energy. In a stationary state, with the quantum-

mechanical averdge (-), one has 92) /= 0, hence 2(T) = <Z xn%>. Furthermore, if the
potential is harmonic of degree « in all its arguments, that is W(Az,) = A*V(x,,) with A > 0
and for all z, with n =1,..., N, this implies the virial theorem
a
@ =2w) (A7)

Such stationary averages exist for & > —2. For the harmonic oscillator, a = 2, hence (T") =
(V). If the system is a single harmonic oscillator, with H = % + mTWQﬁ, eq. (A7) becomes
(p?) = m?w? (x2), or alternatively C'P)(¢,1) = m?w2C'”(t,t) as quoted in the main text.

For extensions to relativistic quantum mechanics, see [24].

A.3 Kubo-Martin-Schwinger relation and the QFDT

Following [15], we recall the derivation of the Kubo-Martin-Schwinger (KMS) relation for two-
time quantities and use it to obtain the quantum fluctuation-dissipation theorem (QFDT).

At equilibrium, quantum correlators between the time-dependent observables A, B are de-
fined as

Cap(t,t') = (A(t)B(t')) := %tr (A(t)B(t)p(0)) (A.8)

where p(0) = exp (—H/T) is the density matrix and Z := tr(p(0)). In the Heisenberg rep-
resentation, A(t) = /"H*A(0)e~/"Ht Then the quantum correlator can be re-expressed as
follows

1

Cap(t,t') = Z (B(t') e M A(t))
_ %tr (B(t’) o—H/T ji/hHt A(0) o—i/hH )(
1 N A/nEER/GT)) g i/hH(t—h/(iT;; {/h EE(—h/(iT))
= —tr(B)e A(0) ef )
1 / 1 —-H/T

= Cpga (t’,t+ IL) (A.9)

Symmetrising with respect to the times, the Kubo-Martin-Schwinger relation ([A.9)) becomes
ih ih
t——.,t) = tt+— Al

In order to obtain the QFDT, we specialise to the case when A = B and consider
/ ]‘ ]‘ / /
Caa(t,t) = 5 ({A(), A)}) + 5 ([A@®), A@)]) = Co(t, ) + C_(¢, t') (A.11)

Specifically, we shall take A = s or A = p in the text. Herein, C' (¢,t') = C' (', t) is symmetric
and C_(¢t,t') = —C_(t',t) is antisymmetric. Then the KMS relation (A.10Q) is

or(foe ) v (fret) e () e () am
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We use the symmetry and antisymmetry to recast this as

() (o) - (f2) e (2

Next, use the Kubo formula (Al and the stationarity of C. = C,(t —t') and R = R(t — t/)
at equilibrium. This gives

() (o ) ()

Fourier-transforming with respect to 7 =t — ¢/, via (31), produces the QFDT

hv ih ~
h = Al
ot (7)) = 5 Bl (A13)
Finally, using the Kubo formula ([A.4)) brings the QFDT into the form
Crlv) L (A.14)

C_(v) Vor 2T

which is required in the text. Eq. (A14]) shows that éf) /O = éff’) /C®) is independent of
the observable and only contains properties of the bath, as it should be.

Appendix B. Computation of an integral

We calculate the inverse Fourier transformation of (3.25) and derive ([3:29). Then the subtle
point of singular contributions to these inverse Fourier transforms is treated.

B.1 Regular functions

Consider
(). m()}) = 5 /ﬂ(dvdV’ e ({7 (). B (V))

_ 1 1 ivtHiv't h')\ hv /
= o 2dydy e — coth 9T v+

h)\ : ’ hl/
_ i (t—t") o :
o dve {coth (2 ) sign v + sign y]

hA it R hv
_ iwv(t—t') o e . Y L
- [[dve sign v + o 2/‘ dv sin (v(t —t)) [coth (2T> sign I/:| ((B.l)

27

where ([B25) was used in the second line. In the last line, we separate into two contributions:
(i) a singular integral which must be interpreted as a distribution and (ii) a regular convergent
term, where the antisymmetry of the integrand was also used when retaining only the principal
value of that second integral. This second term is given by the identity [55, eq. (2.5.46.17)]

/( dr sin(br) [eoth(ar) — 1] = - coth (;Ts) 6 2 (B.2)

12The entry is labelled incorrectly (2.5.46.7) in [55]. It corrects errors in [34 (17.33.26)] and [23] (2.9.3)].
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The first term in (B)) is evaluated as a distribution [32, p. 173]: [/dx e“*signz = 2io~". We
then obtain

\Wt—t/ Tt—t

:0

01,0 )) = T2y = 22 T ot (I <t—t>)< (B.3)

which is ([8:29) in the main text. W& point ouf that the singular terms, arising in the interme-
diate states of the calculation, cancel in the final result.

Alternatively, the result (B.3) can be obtained from the identity [I], (4.3.91)]

o0

hy 2Ty 1 1 27T
G 5N~/ = (B4
€0 2T si}(I)}* h (v +ie)(v — ie) + ; KV +iv,) (v — iVn)) 7 no (B4

Then, for 7 > 0

(O 0) = 5 [ e comn (57)

27 Jp
/ pelvT N i 2peivT
(\u +ie)(v—ie) = (v +iv) (v —ivy)

T 21y, T
= —2mili
i m lim [ Z iy, ]

— o (%) ( (5.5)

where the integrals are re-expressed as contour integrals which are closed in the upper complex
v-plane such that only the poles with positive imaginary part will contribute. The last sum in
the 4'® line is evaluated using the geometric series. Since the result is anti-symmetric in 7 (as
it should be), one can continue it to the domain 7 < 0.

Comment: the above derivation implicitly assumes that both times are strictly real. If for
reasons of causality, a small imaginary part is introduced, viz. t — ' — t — t' 4 ie, one has the
identity —+ = P —ind(7) [32], where P denotes the principal part, such that (B.3) would be
replaced by

(o). (@} = 2 (-ima(e — 1) + 3T con (- ) ( (B.3)
and (L.€) would turn into
(0 () =5 coth (T 1)) ( () = ~imN3(e ) - 5 comt (T )

(B.6)

B.2 Essential singularities and singular contributions

The presentation given in the above sub-section concentrates on the situations where all vari-
ables are finite. However, there are certain essential singularities, which must be described
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in terms of singular functions(i.e. distributions). Reconsider the average anti-commutator
({ns(7),mp(0)}) = 22T (&, 7). The integral J(a,T) is recast into a scaling from as follows,
where a > 0 is admltted throughout.

vt th
J(a,7) = /ﬂ(dl/ coth(av) e' - /[<dy signyL;M sin uT
1 v
th
- /dy sign v [LQGM - 1} sin vt + /ﬂ(dl/ sign v sin vt
R v

. e—a|zx\ . 9
= dv signy ———— sinvr + —
sinh a|v| T

S ) G ®

where in the third line, the singular integral was expressed as a distribution [32, p. 174]. The
scaling function ¢ (y) is well-defined for all finite values of y, but has an essential singularity
at y — oo.

For the discussion of the physical properties in terms of the scaling variable y = 7/a, we
shall throughout fix 7 and consider the limits a — 0 and a — o0, respectively. First, for
a — 00, one can straightforwardly expand in 1/a, with the result, using [55, (2.4.10.14)] and

1, (23.1.3)]
T\ 2 rxe " -
1+ (3) B
( + a /(dx sinhz /{dx smhg: Ofa )) (

w2 /T2 t

2 (L : B.
(<+ 12 (a) 720( ) e (B8)
Second, for a — 0, rapid oscillations cause that the main contribution to the integral comes

from around z &~ 0. Expanding e™/sinhz ~ 27" — 1 + 32 + O(2?), the leading behaviour is
described in terms of distributions

Ja,7) =~ g((—i-;;/dx {é—H%JF..} signxsin(:cg))(

2
= gsignf - %aé'(f) +0(@*; a—0 (B.9)

J(a,7) =~

NN

where again [32] p. 174, eqs.(17,19,21)] was used (the prime indicates the derivative). We also
see that the terms of order 1/7, which arose in (B.7) as distributions, cancel. For the calculation
of derivatives of J(a, 7), the property 0,signT = 2§(7) [32, p. 22] must be used.

Similarly, we consider the integral

I(a,7) = dl/l/ coth(av) €™
2
- 7'_ a (dxsm 2 P\ a)) (Z ﬁj(a)
25 () — 2”a5’ ; a—0
- B.10
((1 5 (2 +...)<; a0 0
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The asymptotic forms (B.I0) can either be derived analogoukly as before or{ by direct differen-
tiation from (B8IB.9), together with the identity 0, (|7|"sign¥) = n|7|""!, for n € Z and n # 0
B2 p. 52, eq. (10)]

which arises from the noise anticommutator {¢(7),¢(0) ) E 221 (L, 7 )‘ﬁf the QLE (B.26]).

Appendix C. More details on noise commutators

We analyse generic noise commutators

[ﬁs(y), ﬁs(l/)D =0(v+ I/,)ih’lz;(l/) , [ﬁp(y), ﬁp(V')D = 0(v + v)ihx(v) (C.1)

along with  [7,(v),7,(/)]) = 6(v + /)ikk(v), instead of ([BF), where ¥, ¥ and % are unknown
functions. With the definition (311]), the spin-spin and momentum-momentum correlators read

COw) = v+ ”';1 Vr/2 ( )+ (V2 +1A)R) + WAy 4 V2 )\E(—u)) ( (C.2)

(w2 —v2)2 4 222 m m

CP(v) = ”+”)th< 22w )+m2w4$(u)+imw2y(ﬁ(u)+ﬁ(—u)))( (C.3)

(W2 — 12) + 22

Since the choice of the average noise correlators does not affect the response functions ([B.10), a
necessary requirement of the validity of the Kubo formulee, see ([2.24]), is that (B.12)) holds true,

viz. CP (1) £ m2w?C™ (1) (recall again (BII)). This leads to the condition, for all v > 0
VR() + mAot(v) + imw?y (R(v) + R(=v))
L W) + m2w® (A2 4 02) d(v) + muw? (iu (B(v) + R(—v)) + A B(v) — E(—u))) ((0.4)

The most simple solution is (which is independent of the model parameters w, m)

~

W) =) =0 , &) —R(-v) =0 (C.5)

Hence the form of the noise commutator correlations assumed in ([3.4]), with k() even, is the
most simple formulation of a necessary condition for the validity of the Kubo formulee. This
further implies that the commutator [s(7),p(0)]) is even in 7, as illustrated in fig.
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