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ABSTRACT

An examination is made of the consequences of a special type of
convection on the behaviour of hot plumes emitted from tall chimneys. The
type of convection envisaged is that in which thérmals, originating at the
ground,'transport heat and other surface constituents to great heights. As
they rise they amalgamate with each other and eatrain air at all levels.

The environment - that 1s the atmosphere excluding the thermals - is assumed
to be slowly subsiding, compensating for the mass flux from the surface. The
convection region is assumed similar at all heights and from the similarity
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laws governing the dynamics of isolated thermals we obtain Ve(z) = -8 .
whereJUe(z) is the subsiding velocity of the environment, z height above
ground and‘B a constant.

The chimney plume is assumed either to be emitted into a thermal,
in which case it does not reach the ground, or into the subsiding environment.
In the latter case, it is depleted by thermals as it travels dowvmwind and
when passive, the plume is compressed vertically. If the plume remains buoyant
long encugh then maximum ground level concentrations can be parameterized by a
single number (FD/UBz), where F_ is the initial buoyaucy flux parameter of the
chimney plume, and U the wind speed. It is found that maximum ground level
concentrations are increased over those calculated for a neutral environment.

Alternatively, if the plume is assumed to become passive at a fixed distance

downwind, maximum ground level concentrations are st1ll increased.



It is realised that there may be occasions when there 1s thermal

convection but no subsidence - e.g. at coastal sites where sea breezes may

replenish the mass flux from the surface. Maximum ground level concentrations

are decreased for these occasions.



Chimncy Plumes in a Convective Atmosphere

1 The convection model

The problem under investigation is that of determining the
pchaviour of chimney plumes cmitted into the air under strong con-—
vective conditions. Under such circumstances winds are gencrally
light and organised mixing and heat transport from the surface is
maintained through rising hot air masses called thermals, that
originate near the ground. These thermals transport all surface
air constituents (including pollutants) from the ground, they mix
with the ambient .ir as they rise and consequently grow in size.

The motion may extend to considerable heights — perhaps one or two
xilometres above the surface and for this reason it is hypothesised
that in order to maintain their buoyancy over such ﬁepths and also
to ensure that the thermals do not occupy the whole sky 2t some
height, they must amalgamate as they rise. o compensate for this
upflow from the surface the enviromment — that is the air mass
excluding the thermals — is slowly subsiding, and being stably
stratified is warmed. There may also be conditions under which
compensating inflov occurs through horizontal convergence into the
convective field and then the environment would not necessarily need
to sink to replenish this loss of air. These conditions may be
typical of coastal areas where sea breczes readily form to replace
the warmed air over the land. Agzin, large scale convergence into
the low pressure centre formed within the convective recgion may also
ocecur.

One way ﬁf describing the type of convection in which subsidence
is the mechanism for mass conservation has been to invoke the

principles of similerity in order to obtain a quantative understanding
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of the dynamics of the system. The ficld of conveetion is then
detormined by thc.buoynncy flux at the surface end the simllurity
relations governing the dynamies of isolated thermals.

The-extcnt of the region must be infinite or the capping
inversion at the top of the mixing layer must be ot a height much
greater than the region of interest where similarity is invoked.

The thermals must occupy the same fraction of the sky at all heights
and from the dynamics of isolated three dimensional thermals one
result obtained is that the velocity of ascent of the thermals or
descent of the environment is proportional to the cubed root of
height above the surface. The environment decelerates as the
ground is approached because its downward m=ss decreases through
entrainment into the thermals, whilst it alvays cccupies the same
fraction of the sky. Fig. (1) shows schematically the type of
convection enviseged here. This is taken from Scorer (1969) where
the details of the calculations can be found.

Tt is recognised that the theory does not extend right down to
the ground where the tiny thermals would theoretically have large
temperature excesses. Tt is conjectured that the thermals burst
from irregularities in the surface layer which may be 50-100 feet
in depth and are of finite size at their jnception. Their existence
is beyond doubt but there remains confusion as to the detailed
mechanisms of their generation. ‘

Hence the theory is really only applicable above this surface
leyer and in conditions when the vertical extent of the mixing is
much larger than that of the chimney plume itself. Most hot
sources from relatively high stacks {greater than 250 feet say) would
be expected to travel for considerable distances within this similarity
region. Extrapolation down to smaller chimneys and heat sources

would be speculative.
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Fig (1)} A similarity model of thermal convection., Thermals,
originating at the ground, mix with their environment nand with
eaeh other as they accelerate upwards. The environment slowly
subsides, decelerating as it necurs the ground.

For similarity -
(i} Thermals occupy the same horizontal fraction of the sky

at all heights,

(i) Thermal size is proporfional %o the height above pground,



2 Passive plume behaviour in the convection rfield ' .

A model of plume bohaviour under such conditions has been
offered by F.B. Smith (Smith {1957a,1957b))., He considered passive
ground level line sources emitted inito a convective region which
was capped by an inversion. He considercd effectively two plumes.
One was the original plume which was depleted as it traveiled down—
wind and the other was the "convected plume™.. This consisted of
those entrained ground level plume elements which were now subsiding
after having been carried to the top of the convection layer. Plume
p;ofiles were developed for the ground level plume by extending the
solutions for non-convective conditions which ware calculated from
the 2-dimensional diffusion equation.

In our case we shall only be concerned with the original plume
and assume that those elements which become entrained into the
thermals after travelling to great heights will reappear at the
surfece at some considerable distance downwind, = if at all, and
will not appreciably affect maximum ground level concentrations(ﬁl”ﬁ)_
Here we are considering elevated 3—dimensicnal plumes =nd shall assume
a concentration distributicn for the plume in non convective conditions
rather than solve the "diffusion equation'. At great heights away
from the surface it is not unreasonable to assume that conditions
become more isotropic and in common with most other theorectiecal
investigations we shall assume the plume distribution to be Gaussian.
It will be shown that under certain conditions the concentration
profile dees not change from a nen—convective to & convective atmosphere.
However the organised mixing will modify certain plume features. The
plume is considered either to be emitted into a thermsl - whence it
does not reach the ground - or it is emitted into the subsiding
én?ironment, through which thermals penetrate and part of which they

entrain,



F.B. Smith noticed that the convection will modify the "original®
plume in two ways. Fifst the thermals will deplete the plume and
second the subsiding environment will compress it because the air
higher up is descending more rapidly than thet nearer the ground.

He assumed that the rate of descent of the environment (—Ve(z))
was proportional to the height above the ground {z) .

S0
Ve(z) = "7&2. ,_7\)0 onstant (1)

* The rate of loss of volume per unit volume of the environment

is given by
dve(Z)/dZ = =A ' (2)

So the rate of loss of material at any height is a fixed proportion
of the concentration at that height and hence depletion does not
glter the shape of the concentration profile,

With a Gaussian pfofile and compression given by equn. (2}
the shape of the concentration profile again remains unchanged
although the standard deviation will change.  Equn. (2) says that
the rate of separation between two particles is proportiomal to
their separation. Consider a concentration profile C, at time

1
t =0 in fig. {2) given by _3:/29202.

- )
lej3 _(H /\Po) C
A , constant and qyo the standard deviation at time t = 0.
Now consider the change in profile under compression alone

given by equn. <(.2).
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FIG. .(2) Change in concentration profile by compression alone.

For any y , &y/dt = -y so ¥y = y(t=0)e"1t with respect to
therorigin. For a particle at y =¥ at 5 =0 and Y ¥, at

t = tl we have

At -ys/ 232

Y= Y€ 7' Coty0 = C‘(H"\) ’ WW)@

e - g/ 2@

szgj;) = Wbaz'

Whus the Gaussian profile is preserved with the standard
-At .
deviati = .e. ad/at = A¢.
eviation @ tpoe i.e w/at J
The passive plume is also expanding under the influence of
the eddies in the subsiding enviromment and hence the total rate of

expansion is given by.“
dglde = (dgldt), , -2 (3)

The first term on the right hand side of equn. {3) gives the
rate of expansion for the plume in the non-convective atmosphere
appropriate to the standard deviation at any time and the second term

is the compression term.
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It is assumed thut (dqydx) . =un_ (constant) (L)
A=0 o
gives a reasonable estimate of cddy expansioen. It assumes the
plume spreads conically and is expected to apply reasecnably well
near the source at least up to the point of maximum GLC.
Hence with q? =0, the vertical standard deviation of plume
material, U wind speed, the solution of equn. . (3) with

o, (t=0) = 0 is given by
g, = (Vaof A)(1-&™) (5)

The horizontal spread of the plume remains unafiected by com—
pression in a statisticael sense because the loss of volume of the
plume is taken up by the thermals. Instantanaously , howvever, the
plume will take up an elliptical shape, preserving volume, because
the motion is incompressible. So with x distance downwind, Y

acrosswind distance, 2z height above ground we have
Oy = Gux , O constant (6)

and with the Gaussian profile,concentrations are given by

Foo_ o7 (e . e
%6

- 25—3& _{z- h)‘/zgzl ~(z HY/2 Ot )
( (7}

C(X.‘tj‘z\ =

The second term on the right hand side of equn. (7} is %he
image source and it is assumed that the image enviromment is a
perfect reflection of the real environment with Ve(z) ; Ve(—z)
for z < 0.

h is the centreline of the plumé and is a function of x .

Provided the rate of subsidence is much less than the wind specd



the distribution in vertical plancs aboul the plume centre line will
be a good approximation.

To find F{x) in cqun. (7) we apply ihe conservation of mass
to a vertical slice of the plume as bvelow, integrated over all space.

From Tig. (3)

Total flux of material through surface A - Total flux through B

= Rate of loss of plume material through entraimment into

the thermals.

z U »  Cixyz) Cix+bx.y,2)

Y
IZi—%x &

P16, (3) Conservation of pollutant.

d,V()

U[ “ C(x, 3,z)d.‘jdz HC (x+5x, Y, ) dﬁdz] C{x 31‘)d\<d\jdz

d.

and with dVe/dz = =2

d/dx [ H C(*_.:j.z)r{acfz:l*— 20 H C(x,glz) djdz

the solution of which is

-k f0 _
Sg C!x,n\j,z\djfiz = conntant. € . (8)

Now when x = O, Unglx'ﬂ.Z)djdl = (- U)Q where Q is the omount
of matcrial cmitted/sccond and o is the proportion of the sky

occupied by thermals. Hence



s -a’fz“ﬂ’(“"“”wzof *fZ"‘WZ"z")
(9)

C(X,j.z) - (L"_i‘)g,@ e + €

20T gy0;
and for ground level axial concentrations

- MM —-hlfj‘ao‘?‘
@(1«{5) . e e. 7 o)

The results obtained in equations - (5) and . (10} apply only
to an environment in which equn. (2} holds. As discussed earlier

/3

.. . 1 .
gecording to similarity theory Ve(z)cC 2 and if we are to
apply the results of this theory ve must justify the form of
equn. {2). Now provided the gradient of Ve(z} varies marginally

over the plume depth it is fair to approximate the rate of subsidence

over the plume through a linear dependence on height. As the plume
expands this approximation becomes poorer. The rate of depletion

. ~Ax/U
as expressed in equn. - :{10) through e depends solely on the

gradient of Ve(z) . The gradient changes slowly with height avove
the ground and the rate of change of gradient with height
(deve/dzecc 2"5/3) at great heights is small. Fig. (b4} shows
the variation of Ve(z) with height for perhaps strong convective
condiﬁiggé. The centreline of the plume hix.) however depends on
.Sve(z) directly and because-fbe(z) changes more rapidly with height

than dVe/dz -3t is & better approximation to assume h varies as -

dhfdt o¢ h'®

So provided the major part of the plume trajectory is spent well

above the surface layer there will not be any great error in assuming
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the exponential depletion rate, A is taken as the appropriate
average gradient over the plume trajectory.

A hot plume expands under its own buoyancy and cqun. (10}
could then only be applied after such a time as the plume becomes
effectively passive. To calculate maximun GLCs we introduce

variobles.

x distance downwind measured from the point where the plume becomes
passive.

H{x) = n{x) centre line of the plume.

}Q}z H(xrﬁ) chimney height + plume rise.

X aetual distance from chimney to x = 0 .

1

%?o lateral siandard deviation of plume at x = O .

050 vertical standard deviation of plume at x = O .

So equn. {10) becomes

ré
(- o) Ax+x0/U = H®fRoR .
((x,0,0) = L—UH%%- e e o)

a

From equation (%)

~A%JU
0, = {;\ao (l*gﬂ /) y $= |“)6;° - (12)

Oy - (}'50 * QX . define £ Uo - (3)



-3 -
To caleulate H{x) , we have with x = Ut
dnfde = -ph"

Ho = (e~ (p13)t)™"

Introducing

AHo .
R B i s

then the point of max GIC x = X is given by %% = 0 and the

solution of

“20.

g = A0t (1= (£ 24 06" Dot o]
" (1-5e™ Y (1-5e2% + 26,0 +¢)

G;
vhere O, = Goxmﬁ/Ho N.B., if “d% = %i"*- then 9 I-E

Equation {15} can be solved graphically given ¢ which in general
will be a function of the convection (through A ) and the heat content

of the gases {through H, ).

02,72 0o a

N.B, o, H2 H (- =2 o — = 2

s A0, Kby fole P cor Oo P
With ¢, &iven from equn. {15) max. GLC Cmax is given

by

1 ~2Pm Y,
Coowfo , 2b b OVH-5E Pk
C _R0) © e wte e
max

UTHE Qi (E+ 2¢m ) (1- §72¥) (16)




Without convection max. GLCs will be given by

-

! . 2G Qo
Cmax = EnOHA 0 17}

The effect of convectiop may be studied from examination of
the ratio of equns. (16) and  (27). B, is the plume rise plus
chimney height in a non-convective atmosphere.

Heving established equations | (15) and  (17) it is now

necessary to obtain an expression for the rise of the buoyaut plume

in the convective atmosphere to determine 1§ .

3 Buoyant plumes in the convection field z2nd calculatian of

maximum ground level cconcentrztions

Plume rise is determined by the instantaneous distribution of
buoyant material within the plume elements rather than the statistical
properties of the mean material distribution and so it is necessary
to consider the detail of the thermal activity to describe the plume
trajectory.

On emission buoyant plume elements either collide and become
entrained'into passing thermals when they will be carried to great
heights or they will become part of the subsiding environment,
expanding at a rate determined by their heat content and rising
relative to the subsiding air. In the latter case it will be assumed
that the plume may be considered as a bent over cylindrical thermal,
its trajectorf-being calculated in a similar fashion to that in &
non convective atmosphere.,  This will be all right provided the
spacing between the environmental thermals is much larger than the
Plumes vertical size near the source. If ¢ 1is the Traction of sky

occupied by the thermals, S the horizontal spacing between thermals
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end D the thermal diamcter then

s*fo* - (-0)/ 0, S+ D (1-0)/0

Typically o < 1/5 or S > 2D {Scorer (1949)). With thermal
dimensions D about 200 m at a height of 200 m above ground,{.Jarncr and
Tellford(1967)), initial plume lengths, or S , will be gbout L0C m. ,
Hence the assumption made above will be satisfactory.The intermittancy
of plume elements as they leave the chimney will be handled in the
same way as for the passive plume described earlier.

As the plume travels downwind thermals will puncture it,
entraining plume material, and it might be expected to become
Tragmented and 3-dimensional in nature. Then it will behave more
like a series of discrete lumps than a continucous plume., However
these elements must recombine again further downwind because they
expand longitudinally, forming yet again a continucus plume albeit
of reduced buoyancy per unit length vecause plume material has been
Jost to the thermals. Incidentally Richards (l96§) has shown that
the exterior flow field surrounding a thermal may be represented by
a potential flow with no wake and so the plume would automatically
reform behind the thermal without needed to d@iffuse longitudinally.
Hence the plume may not be split up. Here it will be assumed that
the plume may still be treated as a continuous entity even at greater
distances downwind but its trajectory will be medified because of
buoyancy depletion. This depletion rate may again be described in
an identical fashion to the earlier passive plume treatment. The
transition point between the initial and final trajectory will be
difficult to determine. Their relative importance depends to a large
extent on the size to which the plume is allowed to grow or on which

Plume risc formula is chosen.



The appropriate veloeity of subsidence Ve(z) for the buoyant
plwne will be the instantancous velocity of subsidence. This will
be equal to the mean veloeity only if the thermals are homogenously
spaced in horizontal planes. The mean plume rise is not expected to
be too different from the rise calculated using the mean velocity
of subsidence provided the above holds and average CLCs computed from
this will not then be in serious error.

Further we have to discuss the compression of the buoyant plume
due to the increasing velocity of subsidence with height. In a
statistical sense compression did not affect the lateral spread of
the passive plume because depletion through entrainment into the
thermals compensated exactly for this volume loss. This is not
true for the instantaneous plume. Because the compression will be
volume conserving at any moment in time circular cress—sections of
the plume will tend to be changing into elliptical forms., The
consequences of this for the buoyant plume would be that the surface
area would increase indefinitely and hence dilution too. t would
then require knowledge of the rate of lateral and vertical diffusionm
before a complete solution could be found. However the problem does
differ from fhat discussed for the passive plume bLecause here the
buoyant plume determines its own rate of mixing and its own particular
shape. It is therefore assumed that at all stages in its development
the hot plume tends to maintain its primary configuration having been
.subjected to small deformetions, and therefore the effect of com-
pression can ée ignored,

Consequently the eguations of motion will only be modified in
that the rate of entrainment will be assumed proportioﬁal to the
relative velccity of the plume with respect to the subsiding

environment of which it is & pert, for the initial plume trajectory,
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and with a buoyancy depletion term for larger distances {rom the
BOUICC e

Tho conservation nquaticns of mass, buoyancy and meoieniun are
given below for a neutral enviromment with the following notation.
Zero suffix denotes values at staclc exit.
v gas exit velocity, () denaity of plure, Pa de;nsity of environmont,
z height sbove ground, r plume radius, AB potential tamperature
excess of plume, 8 potential temperature of plume, F busyancy flux
parareter = 4“0693/9 , Fo initial buroyancy flux pacanater :\«gﬁszj/ﬁﬁo ,
Vo volume flux from stack, g acceleration due to grevily, Fm initiel
mopentum flux parameter = E’ovo‘*-"fﬂ'ee , W velocity of sases relative to
subsiding environment, —Ve_{z_ﬁ velocity of subsidence of environrent,
U wind speed, % travel time from chirnay.

Density differences are imporitent only for the generation of buoyancy

forces.

Mess dfas ( em“U) = mTUg, AW & constant . (18)

Morentun  H/at (ens*0Uw) = Up, %g 9 | ' (19}

Buoyancy (i) d/qk ( ﬁpUé‘BB) = 0 (20)
BEREEY d’d,&(ﬁgo%g] ‘ 3‘“‘“%9 , % constant (21)-

Plurs velocity dz2f e = W Ve(2) - (22)

Solving Cirst the set of equations with equn. * {20) we have
r‘&gésg I PR w = ot + Fa {23)
from equn,  (19). With Ft»F_  for most hot sources aftor a short
time then
™Uw + fit  and from oqun. (18) drfar = o(w (21)
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Hence .
we (&fof90*) U (25)
and
dzfat, = (4F[g02) P A" & Ve(z?‘ (26)
Equn. {26) is then solved for =z once Ve(z) is known.

For any but the very simplest functional forms for Ve(z)
equn. (26} is difficult to solve. lience it was decided to take
the simplest form which most nearly approximated to the form
suggested from similarity theory i.e. Ve(z)(n 21/3 . For this

reason a linear approximation was assumed where -
Ve(z-) = #(K + )\QZ) ’ : Ap,k > O CO-nSt.'lIltS

Fig. {4} shows two linear approximations used. Each one is
applied according to the anticipated trajectory of the hot plume.

For example, approximation (i) gives a fit within 5% of curve A over
& height range 200~1500 feet and similarly approximation (1i) gives

a fit within 5% over the range 200—-2000 feet. So provided the plume
centreline is reasonably well‘anticipated the approximatien can

be made with small error. 411 the linear approximations of course
diverge near éhe ground. However the theory itself does not apply
at the surface wherc theoretically the infinitesimally small thermals
have infinitely large temperature excesses.  Indeed it is probably
more realistic to assume a finite velocity of descent at the ground

in accordance with the concept of large thermals “bursting” from
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surluce irrcgulsaritices wikly pep-zero velocitics, Furlhor, providet
the plume cxpands anl spends most of its trajectary slove the

surface layerslocal anomolies ab the surface are not cxpected to

influence GLC3 significantly. Hence we use 2 lineur zgoproxization
in order to obtain & Tirst rough arrroximatiszn of the trajzctor
and so the height range of interest is ecztabllznel. T.en g better

linear fit is used to curve A to accord with the dorpth over which
the trajectory is foun? by Ffirst approximaticn.
Ss , cuurn, (2€) becomes

defdt+ Nz = -K + (4ﬁ, v ) ¥

the solution of which is —

+
\H3 }dbg 2.5 “I
ds

L]

7= he ™ o (kD1-€7%) + (1,1 0ed)

4

To evaluate the integral let y =1 - s/t then

- o 5 ~ylhot) )
7 - h k(-6 (46 )", ’3f gy ay

and with e/"';’)“’t’ - Z (“!)(ﬁh’t)n/nl we have
n=0

N
it

he ™™~ (kD) (1- €7 + (4h]9027) Zf- '0st) ) Bln, ?IS)/

H

he™™ - (k[ 20-€) (1815040 ’ZH)W F‘Q (21)

oo G\r”)

Plume rise is assumed to terminate at some time t = tl and provide

Aotl is not too large the serics converpges quite rapidly. tl will

be a function of the plume buoyancy and perhaps wind spe»d, stack
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height and turbulence depemding on the criteria ued for Levarinabing

the rise 1l.e. the plume rise formula used.

e alt-ruative derivation = nrrroprizte perheps Tor lavger
sourcns - pgives from equn, (21)
-t
1 9 _

™y % g = f.e (28)

A is the average value of the gradient of !\" (u)’ over the nluma
o I

trajectory, a2ni is taken as constant. As mentioned carlier,zbove
the surface layers, this is not 2 bad approxination. A3 befere a
rough linear estimate of Ve(z) and A was taken. Hevinz cbtained

the anticipated trajectory a better approximalion is then made.
% is then taken as the average value of the gradiant of Vp(z) from

the stack top to vhere the buoyant plume trajectory is terminated.

i.e. with
3 PR
V (z) = - )1‘(3 ) - ;ﬂ 1
£ ) f } Izl_fﬂ'
vhere Zq is the height at which the trajectory is terminited and

h is the stack height. The plume trajectory is then recalculated

and the second approximztion proved satisfactory.

£
Equn.  (19) gives T Uw=F,+ g([—e,* ) large t atj

E- {29)
)

Equns. (29) and  {24) give

(e, [20) P (2130 2000 6o

with initial conditions r{(t=0) =0 .

Se

we Ldf - ((F)({Uc()(! e ))/ ﬁt "“')l (3;3
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Henee plume trajectory is glven by solution of

a2ldt e -k {EM0) (-9 e SO

giving
5

ot , 15 gl (1= )e s
= he (li\)(l ”) (UFC{}} 6’,) J(és \46".;,“)1455 {322)

The intepral is evaluated as an infipite serics by expanding the

integrand,3xpressions = (27) and {52 ) may be uritten as

2 = he ™ (mo)(l M)+ (36,/2027) "L {0t) (27a)

, =. Iqe:-.)o‘b“ (K/)\o)(]" 6—')\0{) +(3 F(.}/Z,Uo'\l) 113'{}2’33()0’0 (322)

The first two terms represent the centreline of a passive plume
emitted at height h added to which we have the reduced plume rise.
Both egquns. (272) and  {32a) reduce to the familiar plume rise
trajectory as A+ O and E-? 0 and f(kot} . g(hot} + 1 with

K, i
/ko independent of ko

h+(3F,] 2002) P {713 {34)

Functions f and g are shown in fig. {5) for typlcal values
of B, Fo end U . The effect of buoyancy dopletion on the
plume rise is negligible over the distances of interest. Typically

-3

with strong convection lo = 0.5 x 10 sec—l and even vhen
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Fig (5} Functions g and f corregponding to plume rise
with and without plume depletion respectively, for typical
volues ol‘f}, P and U, Typicelly, for strong convcetion,

o
A= 0.5x10"3 sec-l.
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t = 2000 seconts Lhe 1nllucnce ol buoysney depletion 15 smnll,
reduc ire; the plune rise as expected.

One result which beeccnes evident now is that if the plume
continuss to behave according to cither cquations {z7x) or {32:1)
to great distances from the souwrce then eventually the lower uvdge

f the plume must reach the ground. This 1s becruse as the nlune
is diluted its relative rate of rise is reduced until it beccomss
about eoqual in magnitude to the velocity of subsidence of the
enviromment wience throuszh buoyant cxpansion it will sgon reach the
ground. At such a point the height of the pluma will =gual the

anzlysis we will 2ssure

[47]

plume "radius". For the purposes of thi

T L

that the plume has a top-hat profile and so maximum GLCs occur where
it'}irst reaches the ground. For a tuoyant plume this is not such

a drastic asswaption to make and it has as nmuch validity as the more
usual Gaussian orofile, in so far as neither profile rezlly descrides
the shape configuration of a bent over buoyant plume. An advantage
derived from describing the trajectory out to such large distances

is that no artificial dodse need be wmade to terminate the rise in
order to acquire the effective stack height from which GLCs can ve
calculated.

Suppose the plume reaches the ground at time t = t* then t*

is given from the gelution of
¥, 3
Ty = z{t7) (35)

r(t) is given by ecither equations  {24%) and {25) or  {30) und
z(t) given from either  {(27a) or {322).
. . ¥ .
The solution of equn.  (35) results in values of t  which may

be quite large espeocially for very hot sources and weak conveetion.
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Mhis suceeests Abois noeersnary Loowee cquntions {9 and EERS!
t deseribe the trogjectory at bhese larger Jdisbineos. [t must
Further Le added that beeause the eguations Acssribiyg the trujectory
distanees

result in the pluge roaining buoyant for contsisrable

from the source there may be a conflict with scue plunz rise Tormulae.
Some thuecories termincete the rise at ‘listances nwen nevrs

and if one decided to use these formulas then the sppropriate

procudure for caleulating GLCs would be that discussed carlier in

the passive plure theory. Under the tyz- of conil

here i.c¢. light winds and low levels of twbulenze within the

subsvding environment then hot plumes might conzeivably travel tre
distances reqgiired,

Hence from egquns. (32a) and  {30)

% 2
Baf, \Prpy® L he (kb€ )
20 i Ss

Now Ao ,‘K arnd X are all directly vroportional to B .

. 2 ; . . . .
Hence given (FO/UB ) there exists a unique value Bt* satisfying

cqun. (36).

With the top hnat profile and essuming complete reflection at

the ground then max GLCs are given from

j&E’
23(- )
. Cmax = UTF'f‘({;’\?z ]C (37)

Thne factor f takes into aceount wind diresctional changes

causing lateral plume meandering over the sampling period. For

sampling times of about 5 minutes f£#1 and for perivds of an

hour ~ i.e., over the passage of many thermals t= 3 . (N.B. £
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i snatogos bo ((1zfdy) ). Plues deplobion ooaceounbad For by
the exponential decuy tern and the probubility that the plume will
bo emitted inte the aubsiding layer is guantilicd by the {1-a)
tnetor, is follows in an Dlenticwl wiy to thuet usesr in deriving
equn. {19}

The point of max. GLC 1o given at

x¥- Ut ()

4 fAn alternative molsl of buoyant riuam: hohiaviour

Tt is acknowledgoed above that the plome muy be required to
remain buoyant for pericds loager than scme pepuler plumz rise theories
predict. Hence an alternative treatment of calculating GLTs is
now given vhere the plume rise is termineted nsirer the scurce.
Briggs (1969) developed a two-stage model of plume rise in which the
initial plume trajectory is given by equn. {34). In the second
stage mixing is dominated by the inertial subrange of atmospheric
eddies. The final formula for the trajectory is complicated, but
is simplified by Briggs when he notes that the final rise may be
approximated by projectingthe first phase trajectory up to a distance
X = X where x. 1is the transition distance between both stages.

R R

Hence total rise plus stack height (h) is given by
: 13 213
Ho= h+ 18E " (3%) /U ,  ®:0.5 (39)

How x.ROC F02f3h3f5 and he notes that for many of the larger

installations Bxﬁiﬁ ioh . Then

e he veEPaoh)?fU {10)
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foplicit in st (0 s a propertiog orelnlionshiip
butveen Fo and h , for largor plouts. Hewer we shall extend
equn. {40} to cover a wide range of heat »nmissions for a fixed
chimney height (h = LOO foet). fhis will oversstinate th.- plume
rise from the smaller installations (issuming e qun. (3. is true)
but the differences within the zoldel will te vonllor than the
difforencss whieh become apparent whion asing the 2ol ~tlined
garlior. Frigm's data upon witich he bases ogun. CQ) Loaralsr
covers distunces groater than 00D feet from the stack and it was

not. conclusively shown that any of the plurmes from the Zmaller
instzllations had terminated their rice belore this disztance.
Hence there is as much justification to date in vsing equn. (")

with h = 400 feet as there is in using (7. cxactly. The

-

resulting formula is typical of other porular fermula of the 1/u

type e.g. Lucas (1967} takes plume rise ¢ E:uﬁl .

1

Equns. = {30) and  (32a) given the final heignt and radius

of the plume at time
tr = x/U = I0h[U = 4000/U  ,ue

Hence

=o t-r

t
Hy = 4006 (I 6‘,}“ r) 2?)531) z{athlsJOOtﬂ

and

Tlts) « (EdFY 213[(2/)&:) (/)t-r) \CMT 1)] 1>

To solve equns. {15), {16) ana  {17) we take
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207, = Oy = 21 , =01, 02005, X=i000
g :5\0429/0@0 , 8""((‘, ) \{/ = :it‘flo/ U0u272 ; o= 0-5

5 Valueso of atr-rrhoerie pavanoeters

1/3

Estimntes of 3 where Vefz) = —fz and hence 1luo Ao R
A and K arec now made.

From Scorer {19€9) it can be shown that

V@) = -(%‘—.‘éﬁ%)"%(_ﬁoﬂ N

where H{ is the heat flux from the surface, p is the deasity of

cratura

ey
L

air, ¢ specific heat =zt constant pressure, T =2bsolute ten
E

of the air, and the nurber 0.4 characterises the geometry of

environmental thermals, For conditions of =ztrong convection Hy

might be L0 mw em e giving

Velt) = -~ Io Zi,B(U/(I‘ 6)) . sec T

For a constant heat flux 8 increases as the proportion of sky
occupied by thermals increases.

Also w(z) = (l“G)Ve(z)/c where w{z) 1g the velocity of ascent
of the atmospheric thermals.

Values of Vgl(z) and w (z) for various ¢ are given in Table | (1),

for H;= Lo mw c:rr:m2 , and for heights of 100 and 500 m above ground.

Poble (1)
o /10 175 173
v (z) | 100 m 10 22.9 b5
an s 1| 500 m 7.1 38.5 T7
wiz) | 100 m 89.7 89, 89.7
em 5 ) 500 m 153 153 153
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Gvorer susgesls Lthat oo < 1/3 aned oo tyrleal waloes of 0 ctrong

. . . 1 . .
rats of subsidence would Le 25 cuou ah 100 nmontove ekl

The velceitly of ascont of the thermals o eloce Lo vib-es CRVE W ERTATINS BRI

| N P : -1
sl Tel1iernd (1057« aprroximately 1 n. anc .

G Re

ulta of ocalenlations of max., CLCr and it nee of =ax, GLUS

T

Rogulis derived from the thecry lealing o ezl {15} ave
given in figs. (6 and  (T}. For this case given 2 enimney

height 1t Lioen @;m:UUM&Qﬂfﬂ Secones a funetion of 2 single
paéameter /u il F;/Uﬁ; o oshail oncsws v=L/20 nol ol G305

Curve I on fig. {6) shows 52 ={ ﬁﬂﬂﬂﬂfZQfF09 aszinst p .
As u decreases either through deereasing the heont content of the
gases Fo , or increasing the intenaliy of subsidence B, or wind
speed U , then 0 increasases .

The curve on fig. {7) shows Bt* as a function of u from
which the point of max GLC can be found, for h = h00 feet.
Comparison of the above resulbts and those deduced [rom solutions of
equations (15) and  {16) are shown in fig. {C) by curve II.
Here it is necessary to make estimates of the variables U , 8
ete, before o solution can be found for cach case. Consequently
typicel values representing conditions of light vinds and 2 strong

velocity of subsidence werc chosen. The valuos were —
-1 ,1'[3 N
V=10 ps F—-O'Z fFos Jh=400 (.1

The abscissa is given Ly the seccond scale which gives the heat

-

content of the gases for these fixed meteorological conditions, e
largest values are apprepriate tor large pover stations. The

results show that for the larger heat sources ground level concentra=

tions are higher than those given in curve I. This is cvxpected
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Fip {(6) From cirves I «nd II the maximua hourly ground level

concentralions can be derived for miven plune and atuospheric conditions,
Curves III (u), (b}, and (¢} give the ratios of the wixiuum hourly pround
level eoncentration with convecetion to thil without convection. Two
abscigsa seales nre given, The Tirst i3 piven in terua of (Fo/Upu)

and refers onty to curve I. The sscand, scale is in terms of the tuvitial
heat content of the chinney pases Tor fixed values of U nnd F il

refers to all Lhe curves, Chimney heipht is 400 feet .
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Fig. (8} Point of maximum hourly ground level concentration with
and without convection. Two abscissa scales are shown for fixed
values of U and B. The first gives values of F /IJB2 and the second
is given in terms of the initial heat content o% the chimney gases.
Chimney helght is 400 feet.
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Then with v, %uy =2 x e have

oy = 2@/(Une HE) -(1/2)
M. given from egun. {¥2).

Fig. {6) shows the ratioc with the ordinnte scale roriining
the same. Curves III{a) and III{b} show Cmzx/C'max as a function
of heat content of chimney gases, conditions {&l) applying. These
curvéﬁ were ccmpounded from curves I and IT respectively. Both
curves indicate thet the larger heat sources are the least affccted
by convection. Fven so for the larger scurces in strong convective
conditions it seem2® hourly max GLOs may be increased by a factor of
2 or 3.

Fig. {8) shows the distance of max GLC for convective and
non-convective conditions.  Without convection the point of max GLC

is given by

Xnm = (Hu/dwfi) - %o (J;-Q}

where ¢ /o =3},0 =ax and x is the distance of the virtual
z' 'y 17z o] o
origin to the real source. i.e. x = (o  /a ) - 400D {feet) .
£4

The abscissa is again given in torms of chimney heat flux for

U =10 ft/sec and B = 0.12 06273 5007t , h = 40O feet .
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Curves H{a) anmd Dt{a) correcpuml Lo Ble vo GTa o o deniabedd
from curves I and I in g, (0}, Coeve 15 b cieve from
equn, (LDJ.
As uexpectel,for curve II{a), the point of max JLC is much
nezrce the source 1u convective conditlons due tco subsidenco. For

curve I{a} the effect i3 not 3o marked beeause the plume is assured

to be continually rising.

T Poal cround level conceniratbions

To estimate penit GLCs 1t is assumed that the g2scs in the
subsiding enviromment are nol depleted as thoy travel dowowind i.e.
they do not collide with any thermals. The pecbzbility that this
occurs reduccs as the chimney height or bucgyancy flux of tle gases
is increased. Here because the plute always ramains in the
subsiding air we are essentially cb;erving an instantanecus plune
in so far as we are not integrating over the passage of many
thermals. Hence, for the passive plume, the compression rroluced by
subsidence not only reduces the vertical dimcnsions but increases the

lateral spread. The motion is incompressiblz and so volumes are

conserved, Hence the spread varies zs -

G{U,_/dt = [dﬁ}/d‘ﬁ)—);o B 10—: .30

doyfdt = (4%/dL)5.0 * Aoy (220)

With (do /dt) = Ua_ and (do /dt} # Ua, then the
z -0 o] Y s 1
- 3 =
gquations (hﬂ) and  (4)%) are

Al

sclutions of
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0= Oy e;)t ! (UOO/ 3\)“'6_)&) , O lt-0)y= 0y

0y 6'30 (Ua,/ﬂ -1}, Gyror - Gy,

iven above then axilel CGLUR wroe;-—

]

with a_ and 9,

ra

~H/ 202
a . _
(w00 - Tag, © @)

Where x 1is distance from where plume becemes passive = Ut

Equn. {45) is identical to equn. {10) with the d:pletion
terms missing. To find Cmax egun. {45} iz differentinted w.r.t.
x and equated to zero. For wezk GLCs ao/al?i 1.

The alternative and less tedious approneh is «soain o suppase
the plume remains buoyent until its lover edge vreashes thoe gronnd.
Here the appropriate equations are {24), {25) ant (27a).
Because the buoyant plume is not depleted, it travels Turthsr defore
reaching the ground.

»
Then r{t*) =z(t ) rives

daFo V3 #\23 *(K)\Yl-— m
) (A7) =
(mo) OF) O (;f(xot)/c\))

and peak max GLCs given by

peak

. Ae o
Cﬂ\ﬂx U T ’f‘(t’)z ]C with f

1]
—
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Donk to Meun pax aleds oqd oalobol ovo e Lhie s U o - ety
criissions in i, () are proectically constant =t w value of b,
although the point of pock max., GLC occuss siishily Jurtlor from Lhe
chimney because the gaces remein buoyant lengcoer.

\*“

Peak max GLCs derived above may also be iniicutive of an

envirenment which is praduslly subsiding without ony thormnal activity

taking place e.g. anticyclonie conditious. Acxieming that thaoe
‘o . . . . . . 1
subsiding environment is still well described Lheoush Vefz)CC A /3

then max. 1 hourly GLCs would be abcut } of the yoak values siven

here, for these conditions.

8 Thermal convection without environmenta® svisilicnce

It is elso possible to have a convective atmezphere in which
there is #no subsidence, as described in the introiuction. Here the
loss of air to the thermals is compensated for Ly a horizontal inflow
into the convection field. If we assume that the same amount of
material is entrained into *he thermals as bpafore then we can derive
resulis for Cmax ete. Herc we are obliged to use the two phase
plume model because without subsidence a rising not plume will not
reach the ground in the manner dasscribed before. The plue fvrzjectory

dz

is given by egqun.  {31) with w = Eé the cectual velooity of visa.

So from equn.  (31) we have
Ho = b+ (35 200) P2t 2 e )

and plume rise is again terminated when t, = ch/U .
Strictly speaking the termination of plume rise criteria only
applies to plumes in a non-convective field with no buoyancy

depletion but the errors involved are insignificantly small.
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Axtal wax Gl nre gaven by

SV -Ho 28 At
ali-0) ¢ e e
UWG&U{

f

Cix. 0, 0)

X is measured from the virédual source. = Iz *he Lim

Q
the plume to travel from the virtuzl te tie raal souraes,
is the virtual source strenrth to take into wccount Lhe
the plwae dees rnot undergo ory Zepletion hetw:on the ran
chimney.
Here we have taken o =a x. o =a.x , o Jo

z o Y 1

and with

$ - ,-I;EOOX/HO W" Mo/ 000273

for max GLCs dC/dx = 0 gives

ARNTEN

where (:bm = aoﬁx‘“f/ Ho a;rld 50
""ﬂ'f lé’ﬂd 3
( - 200, & " ’J‘”

wax T UFH?Q" a,

im

and

. . = 1 -
t, is given from t_=u (r(tT)/ao 10h) .

Hence solving equn. {L6) for ¢, &iven ¥ then equn.
obtained.

Values of the ratio equn, (.7} are shown in fig.

a

(hW7) is

(6)

0.6)

{7}

as

a function of heat emisuion by cwrve TTi{c). ifore we have taken
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U=10 ft/sec, pf =0,12 ftﬁ/j atcﬁl and o= L0 roet. Tha

results show that rnx. GLCS will be reducol by up to 507, The

slight increswse in the ratio with heout emission rellects 'he Cact
that the rate of deplebion deerenses with heisht niove reind, Also
the point cf mux. GLC approaches nearer the ohinn .y, Curve 1V in
fig. (8) shows x max agninst noad omission wite ths oiev s fived

meteorological parameters.

" L .

Tne greater vertical expansion ensures that 2 rax sy 56111
approach as near to the chimney as observed for the casze with

subsidence (i.e. curve IIa).

9 Effect of inereasins chimney heirht on mav. OLCs

Increasing the chimney height will reduce max GLIs, the
reduction being greatest for the smaller heat sources when plume rise
is small. For large scurces, because the plume rise is large,
especially in light winds the advantages of increasing the stack
height are small. These remarks apply to noen—convective as well
as convective conditions. With strong convection the improvements
in increasing stack height will be greater because azain olume rise
is reduced. Sc assuming the plume remains bucyani until i% reaches
the ground the ratio of max GLCs for a 800 foot to a hOO Footb
chimney are shown in table :35; The ratios are given for various
values of the parameter (FO/UB2) and in terms of heat content of
gases Tor U = 10 ft secwl and 8 = 0.12 ftE/B sec_l . The ratios
for a non-convective atmosphere are also shown fcr camzarative
purposes for the same fixed meteorological conditions.

As expected the improvement decreases the larger the source, or
weaker the convection. The improvements are compuaralile vith those

expected in o non convective atmosphers, however in absolule terms the

reduction in max GLCs is much greator for a convective atuosphere.
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TABLE (2)

Ratios of mex GLCs for a BOY foobt to a Lud ool chinmney

- 2 - . ]
10 390/3 u 2,23 S0.3 R ]
- -1 . 5 ) T
Heat content cal s = (u,f Fixed) 10 10 10
Antio With convectlion 0,55 0.57 0.51
Betion Without convection 0..2 WLH5 0,69

10 Obcervations of nlumes in convaectiva e-nlitions

Halliday (1968) presents measurements of tih2 rise of plumes
and GLCs avound a power plant in Pretoria. e plumes were studied
during summer afterncons under strong convective conditions. Plicne
trajectories were noted to be often convex rather than concave 1o
the ground the reason being that thermals often take plume s2guents
to greater heights, A series of photographs identifies this
ohencmemNaguite clearly. It was noted that theose segments not
carried aloft reached the ground relatively near to the stack, in
the manner suggested by the theory. Halliday ccmpared his plume
rise measurcments with the Lucas Hoore Spurr {1563) formulz and
demonstrated that the plume rise here was higher! Later he notes
that this result came from including in the measurcrent of plume
rise the upward convected plume elements and suggzests that the

Hoffrctive stack™ height or that needed to calculate GLCs must be

o ..

lower. This conclusion is borne out by measurcnents of GLCs mnde
around the stack, His table 4 shows max. GLOs occurring between 800

130 moasuracacnks were made at

1

and 1600 m from the chimney. { Plume
305 m and 1000;m dovnwind - hence the npparent contowlictions.) The

chimney here has very much the same dimensions as the Tilbury plant
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Jisecussed In Chanter 2. Both power plants have «ooisaion. - 2 abont
L]

A

he Tilbury stack ic 10U m high and Lhe CALOL

Fry

20 M4 per stack.

LY

stack 5.3 n. From the data of Moore (1974 )n;x. 005 1n the

_ . i ; - URE
range of vind speeds 3-Tm 5 occur ol oabout K02 m from the Tithury

3

stuack or ot b times the distanze from the D306 aliloneys,

It is also interesting to nube that Hallidaoy Jizoorded nearly

1/3 of his plume risc measurements mado at 335 7 Jdownwind dn the

_.l .

-

[0}

wind spoed class 2.68 m
plume travelled with a falirly constant gradient, bus in seven cases
the plume rose from the stack vertically ‘o almest its manismum height
and then bent over. Thus the height at 302 m(iounwiLd)wﬁS almost
equal to the heignht at lOOO:nkamwind)” his suggests that some

of those 7 out of 23 cases were probably examples of ithe plume being

U
%]
B
Q
|~
i..—l
T
i
o3
)
i
il

emitted into a thermal and sucgzests value

1L SBupmiary end discussion of results

We have examined the consequences of a spezinl type of convection
on the behaviour of hot plumes emitted frem tall chimneys. The type

, Ooriginating at

h]

of convection cnvisaged is that in which thermal
the ground, transport heat and other surface ceustitueuts to great
heights. As they rise they amalgamate with eazch othsar and cntrain

air at all levels. The environmenit - that iIs the atmcsphere

excluding the thermals - is assumed to be slowly cubsiding, compensating
for the nass flux from the surface. The convection region is

assuned to be zimilar at all hoeights and from the similarity laws
governing the dynamies of isolutwd thermals we obinin Ve(z) = ~Szl/3 ,
where Vc(z) is the subsiding velocity of the envircument, = heipght
above pround and B a constant,

The chimnoy plume is nesumed either to Le cmitted into a thermal,

in which cuse it doos not reach the ground, or into the subsiding



e
environment. In the Jatter cise 1t 15 Goplotol Ly thorsals as it

travels dowmvind wnd when paccive, the plume 15 oo gprgneid voerLbioally.

I the plume voewting Dbuoyanl loug enectuZin thoon . Gicu ocan Lo

r » oothe Anitial
yoant U rho owind croeed.
It is fourdd that max GLCs are incroased cver 250 . ool ™ ¢sod Ao
a reuztrs) envirormont, The £0fe2t of the coovocnlon Lorsonias as
¥ decreases, Alternatively if the pluae i zosused to brecore

passive at a fixed distarce dewnwind mox Ghi
It is realised that thers may be coensisn: wian There fu thowecal
convection but no subsidence — 2.g. 2% coas
may replenish the mass flux from the surface. Sax. GLIC are deorease
Tor these occasions.
The study represents a departure from conventiosnal nrs
higher max. GLCs are derived by assuming lurc-or value of T,
The treatment here aslso provides explanations for ocesasicns when wa

GLCs may be reduced. . Here we have zssumed - ron~prefersntial dis-

tribution of thermals. If the chimney is situated near a hot srpot
faveurable for the formaticn of therrmals tlien the plume may nore cften

than not become entrainasd into them on emission and may rarely reach

1

the ground. Also it is possible that feor tho larosr sources the
plum? itself muy entrain the environmental thoraals becoming
indistinguishable from them and rising to great heights, Converanly
the plant may be situated in an ares not conducive for the rormation

of thermals and the plume will be emitted inte the subsiding air

most of the time.
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