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Abstract
A new multi-dimensional quasi-discrete model is suggested and tested for
the analysis of heating and evaporation of Diesel fuel droplets. As in the
original quasi-discrete model suggested earlier, the components of Diesel fuel
with close thermodynamic and transport properties are grouped together to
form quasi-components. In contrast to the original quasi-discrete model, the
new model takes into account the contribution of not only alkanes, but also
various other groups of hydrocarbons in Diesel fuels; quasi-components are
formed within individual groups. Also, in contrast to the original quasidiscrete model, the contributions of individual components are not approximated by the distribution function of carbon numbers. The formation of
quasi-components is based on taking into account the contributions of individual components without any approximations. Groups contributing small
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molar fractions to the composition of Diesel fuel (less than about 1.5%) are
replaced with characteristic components. The actual Diesel fuel is simplified to form six groups: alkanes, cycloalkanes, bicycloalkanes, alkylbenzenes,
indanes & tetralines, and naphthalenes, and 3 components C19 H34 (tricycloalkane), C13 H12 (diaromatic), and C14 H10 (phenanthrene). It is shown
that the approximation of Diesel fuel by 15 quasi-components and components, leads to errors in estimated temperatures and evaporation times in
typical Diesel engine conditions not exceeding about 3.7% and 2.5%
respectively, which is acceptable for most engineering applications.
Keywords:
Droplets, heating, evaporation, Diesel fuel, multi-component fuel, discrete
component model
1. Introduction
Diesel fuel droplet heating and evaporation is an important part of the
processes leading to fuel combustion in Diesel engines [1]. Accurate modelling of these processes is essential for their understanding and ultimately
improving engine design. The simplest model of Diesel fuel droplet heating and evaporation is based on a number of assumptions. These include
the assumptions that Diesel fuel can be approximated by a single component (n-dodecane in most cases), temperature gradients inside droplets can
be ignored, the droplet interface is stationary during the time step, and
kinetic/molecular dynamic effects during heating and evaporation can be
ignored [2].
Some of these assumptions were relaxed in several advanced models of
droplet heating and evaporation, described in a number of papers including
[3, 4, 5, 6]. As demonstrated in our recent publications [7, 8, 9], the most
important of the above-mentioned assumptions is that Diesel fuel can be
approximated by a single component. The early models, taking into account
the effect of multiple components in Diesel engines, could be subdivided into
two main families: those based on the analysis of individual components
(Discrete Component Models (DCM))(e.g. [10, 11]), applicable in the case
when a relatively small number of components needs to be taken into account,
and those based on the probabilistic analysis of a large number of components
(e.g. Continuous Thermodynamics approach [12]-[14] and the Distillation
Curve Model [15]). In the second family of models, a number of additional
2

simplifying assumptions were used, including the assumption that species
inside droplets mix infinitely quickly or do not mix at all. Models containing
features of both these families were suggested in [16, 17].
A new approach to modelling the heating and evaporation of multicomponent Diesel fuel droplets, suitable for the case when a large number of
components is present in the droplets, was suggested in [7]. This approach
is based on the introduction of hypothetical components with non-integer
numbers of carbon atoms. These hypothetical components were called quasicomponents. There are some similarities between the quasi-components introduced in [7] and the pseudo-components used in [17], but these quasicomponents and pseudo-components were introduced in different ways. In
contrast to the previously suggested models, designed for large numbers of
components, the model suggested in [7] took into account the diffusion of
liquid species and thermal diffusion, as in the classical Discrete Component
Models, alongside recirculation inside droplets. This model was called the
‘quasi-discrete model’. In [8], this model was generalised to take into account
the differences in liquid density, viscosity, specific heat capacity, and thermal
conductivity for liquid components in Diesel and gasoline fuels.
Although the usefulness and efficiency of the quasi-discrete model was
clearly demonstrated in [7, 8, 9], this model still has a number of serious
limitations the most important of which is that it is based on the assumption
that Diesel and gasoline fuels consist only of n-alkanes. At the same time,
as will be shown later in this paper, the total molar fraction of alkanes (nalkanes and iso-alkanes) is only about 40% of the overall composition of Diesel
fuels (a similar conclusion could be drawn for gasoline fuel [18]). Hence, the
contribution of other components apart from alkanes cannot be ignored.
In this paper, the model originally suggested in [7] is generalised to take
into account the realistic composition of Diesel fuels. This composition is
described in the following section. The model used in our analysis is introduced in Section 3. The new elements of the model are described alongside
the previously developed elements to make the whole paper self-sufficient for
practical application of the results. The solution algorithm is described in
Section 4. The results of calculations are presented in Section 5. The main
results of the paper are summarised in Section 6.
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2. Composition of Diesel fuel
The commercial Diesel fuel selected in the present work conforms to standard European Union fuel (EN590). The detailed chemical species composition was obtained using comprehensive two-dimensional gas chromatography (GCXGC) which is a very convenient tool for the characterisation of
petroleum-based fuels [19]-[21]. Molar fractions of various components in this
fuel are presented in Table 1 [22]. The results presented in this table were simplified, taking into account that the properties of n-alkanes and iso-alkanes
are rather close. Also, one can observe in Table 1 that the contributions
of tricycloalkanes, diaromatics and phenanthrenes to Diesel fuel are rather
small (less than about 1.6% for each of these components). This allows us to
ignore the dependence of the properties of these components on the number
of carbon atoms and replace these three groups with three components, tricycloalkane, diaromatic and phenanthrene, with particular arbitrary chosen
values of carbon numbers. A simplified version of Table 1, in which n-alkanes
and iso-alkanes are merged into one group of alkanes, and tricycloalkanes,
diaromatics and phenanthrenes are excluded, is presented as Table 2. Transport and thermodynamic properties of the components included in Table 2
are summarised in Appendices 1-6. Transport and thermodynamic properties of three components, tricycloalkane, diaromatic and phenanthrene, are
summarised in Appendix 7. Based on the results presented in Table 1, we
assume that the molar fraction of tricycloalkanes is 1.5647%, while the molar
fraction of diaromatics and phenanthrenes are equal to 1.2240% and 0.6577%,
respectively.
Our analysis is based on the results presented in Table 2, in addition to
the three discrete components: tricycloalkane, diaromatic and phenanthrene.
3. Model
3.1. Quasi-components
In the original quasi-discrete model [7, 8], the contribution of various
n-alkanes is described by the distribution function fm (n) [8]:
 

(M (n) − γ)α−1
M (n) − γ
exp −
fm (n) = Cm (n0 , nf )
,
(1)
β α Γ(α)
β
where n0 ≤ n ≤ nf , subscripts 0 and f stand for initial and final, Γ(α) is the
Gamma function, α and β are parameters that determine the shape of the
4

distribution, γ determines the original shift,
(Z
 
 )−1
nf
(M (n) − γ)α−1
M (n) − γ
Cm (n0 , nf ) =
exp −
dn
.
β α Γ(α)
β
n0

(2)

This choice of Cm assures that
Z nf
fm (n)dn = 1.
n0

Assuming that the properties of hydrocarbons in a certain narrow range
of n are close, the continuous distribution fm (n) was replaced with a discrete
one, consisting of Nf quasi-components with carbon numbers
R nj
nfm (n)dn
n
nj = R j−1
,
(3)
nj
f (n)dn
nj−1 m
and the corresponding molar fractions
Z nj
Xj =
fm (n)dn.

(4)

nj−1

where j is an integer in the range 1 ≤ j ≤ Nf . Note that
j=Nf

X

Xj = 1.

(5)

j=1

The choice of nj could be arbitrary. It was assumed that all nj − nj−1
are equal, i.e. all quasi-components have the same range of values of n. For
the case when Nf = 1 this approach reduces the analysis of multi-component
droplets to that of mono-component droplets. These new quasi-components
were not the actual physical hydrocarbon components (nj are not integers
in the general case). Hence this model was called a quasi-discrete model.
These quasi-components were treated as actual components in the conventional Discrete Component Model (DCM), including taking into account the
diffusion of liquid quasi-components in droplets, discussed later in this section. This model was expected to be particularly useful when Nf is much
less than the number of actual species in the hydrocarbon mixture.
5

There are two main problems with the application of this approach to
realistic Diesel fuels, the composition of which is shown in Table 2. Firstly,
even if we restrict our analysis only to alkanes, it does not appear to be
easy to approximate this distribution with a reasonably simple distribution
function fm (n), given by Expression (1) (similar to the one used in [7, 8, 9]).
Secondly, the contributions of the other five hydrocarbon groups apart from
alkanes, presented in Table 2, cannot be ignored in any realistic model of
Diesel fuels. In the model, suggested in this paper, both of these issues will
be addressed.
In the new model, the focus is shifted from the analysis of the distribution
function to the direct analysis of molar fractions of the components. These
are described by the matrix Xnm , where n refers to the number of carbon
atoms, and m refers to the groups (e.g. alkanes) or individual components
(tricycloalkane, diaromatic and phenanthrene). The link between the values
of m and the components is shown in Table 3.

m
Component
1
alkanes
2
cycloalkanes
3
bicycloalkanes
4
alkylbenzenes
5 indanes & tetralines
6
naphthalenes
7
tricycloalkane
8
diaromatic
9
phenanthrene
Table 3

6

For each m the values of njm of quasi-components can be introduced as

Pn=n(ϕm +1)m
(nXnm )
n=n1m


n1m = Pn=n(ϕm +1)m
,


Xnm
n=n1m






Pn=n(2ϕm +2)m

(nX
)

nm
n=n(ϕ +2)m

m

n2m = Pn=n(2ϕm +2)m
,


X
nm
n=n(ϕ +2)m

m
(6)
Pn=n(3ϕm +3)m


n=n(2ϕ +3)m (nXnm )


n3m = Pn=n(3ϕmm +3)m
,



n=n(2ϕ +3)m Xnm
m



......................................


Pn=nkm


n=n((`−1)ϕ +`)m (nXnm )

m
n`m = Pn=nkm
, 

X
n=n((`−1)ϕ +`)m
m

nm

where n1m =nm(min) is the minimal value of n for which Xnm 6= 0, nkm =nm(max)
is the maximal value of n for which Xnm 6= 0 (see Table 2), ` = integer ((km + ϕm )/(ϕm + 1)).
Parameter ϕm is assumed to be integer; ϕm + 1 is equal to the number of
components to be included into quasi-components, except possibly the last
one in the group. ϕm is assumed to be the same for all quasi-components
within group m. If ϕm = 0 then ` = km and the number of quasi-components
is equal to the number of actual components. ϕm and km depend on m in
the general case.
This approach to generation of quasi-components is based on
the selection of the number of components in each quasi-component
(ϕm + 1) in most cases. An alternative approach to their generation
is based on the selection of the number of quasi-components nq .
In this case the number of components in each quasi-component,
except possibly the last one, (nc ) is taken equal to the nearest
integer of the ratio km /nq . If km /nq is not an integer then the
number of components in the last quasi-component (nlc ) is either
greater than nc , if (km /nq ) > nc , or less than nc , if (km /nq ) ≤ nc .
We found the second approach to be more convenient for practical
applications and it was used in our analysis. The values of nim
were calculated using the same approach as in the case presented
in Equation (6).
As in the case of the original quasi-discrete model, nim are not integers
in the general case. In the case when mass fractions of components/quasicomponents with large carbon numbers are small then these components/quasicomponents can be merged to form single quasi-components. Due to the ad7

ditional dimensions introduced by the subscript m in Equation (6), the new
model is called the multi-dimensional quasi-discrete model.
The minimal number of nim for the groups shown in Table 2 is 6 (when
ϕm = km −1 for all m). Taking into account three additional components, not
included in Table 2, the minimal number of quasi-components/components
approximating Diesel fuel within the new model is 9. The multi-component
model can be further simplified and approximated by the single-component
model. The maximal number of these quasi-components/components, providing the most accurate approximation of Diesel fuel, is 98. In this paper
we will investigate by how much the latter number can be reduced, provided
that the errors introduced by this reduction are acceptable for practical engineering applications. Note that in the model considered in [7, 8] the minimal
and maximal numbers of quasi-components for Diesel fuel were 1 and 20
respectively.
The molar fractions of these quasi-components/components are estimated
as

Pn=n(ϕm +1)m

X1m = n=n
X
,
nm

1m




Pn=n(2ϕm +2)m
X2m = n=n(ϕ +2)m Xnm ,
(7)
m


..........................................


Pn=nkm


X
.
X`m = n=n
nm
((`−1)ϕ +`)m
m

Note that in the case when the maximal ` = km was used, the new model
reduces to the conventional Discrete Component Model (DCM), while the
previously suggested quasi-discrete model does not have this property. In
the case considered in [7, 8], Diesel fuel was approximated by 21 components
(n-alkanes), but the maximal number of quasi-components was just 20.
Once the quasi-components have been introduced they are treated in the
same way as in [7, 8], using transport and thermodynamic properties of the
components summarised in Appendices 1-7. The mixtures are treated as
ideal (Raoult’s law is assumed to be valid). In this case, partial pressures of
individual quasi-components/components are estimated as:
pv (nim ) = Xlsim (nim )psat (nim ),

(8)

where Xlsim are the molar fractions of liquid quasi-components at the surface
of the droplet, psat (nim ) are calculated from the data presented in Appendices
8

1-7. In the case of discrete components, these pressures do not depend on n
(they are functions of temperature only).
As in the case of [7, 8], the temperature gradient and quasi-components’
diffusion inside droplets are taken into account based on the analytical solutions to the heat conduction and species diffusion equations inside droplets
respectively. These are discussed in the following sections, mainly following
[23].
3.2. Droplet heating
The process of heating mono- and multi-component droplets is
described by the transient heat conduction equation for the temperature T ≡ T (t, R) in the liquid phase, assuming that all processes
are spherically symmetric [24, 25]. An analytical solution to this
equation, subject to the initial T (t = 0) = Td0 (R) and the boundary
condition (assuming that the effects of evaporation can be ignored):
h(Tg − Ts ) = keff

∂T
∂R

,

(9)

R=Rd −0

and assuming that the convection heat transfer coefficient h = const,
can be presented as [27]:
∞ 




1X
R2 sin λn
T (R, t) =
qn exp −κR λ2n t − d 2 2 µ0 (0) exp −κR λ2n t
R n=1
|| vn || λn
R2 sin λn
− d 2 2
|| vn || λn

Z
0

t



dµ0 (τ )
exp −κR λ2n (t − τ ) dτ
dτ



  
R
+ Tg (t),
sin λn
Rd
(10)

where λn are solutions to the equation:
λ cos λ + h0 sin λ = 0,
(11)




Rd
Rd
sin 2λn
h0
2
|| vn || =
1−
=
1+ 2
,
2
2λn
2
h0 + λ2n
  
Z Rd
R
1
keff
hTg (t)Rd
qn =
T̃0 (R) sin λn
dR, κR =
, µ0 (t) =
,
2
2
|| vn || 0
Rd
c l ρl R d
keff
h0 = (hRd /keff ) − 1, T̃0 (R) = RTd0 (R). The solution to Equation (11)
gives a set of positive eigenvalues λn numbered in ascending order
9

(n = 1, 2, ...). The trivial solution λ = 0 is not considered. Ts =
Ts (t) is the droplet’s surface temperature, Tg = Tg (t) is the ambient
gas temperature, h is linked with the Nusselt number Nu via the
equation Nu = 2Rd h/kg , kg is the gas thermal conductivity. We
assume that fuel vapour is dilute and kg is equal to the thermal
conductivity of air. We are interested only in a solution which is
continuously differentiable twice in the whole domain. This implies
that T should be bounded for 0 ≤ R < Rd .
Solution (10) is valid for h0 > −1, which is satisfied, remembering
the physical background of the problem (h > 0). The condition
h =const is valid for sufficiently small time steps.
keff , cl , and ρl in Expression (10) are the effective thermal conductivity, specific heat capacity, and density respectively of the
liquid phase, R is the distance from the centre of the droplet, t is
time. keff is linked with the liquid thermal conductivity kl via the
following equation:
keff = χkl ,
(12)
where the coefficient χ can be approximated as [26]:


χ = 1.86 + 0.86 tanh 2.225 log10 Ped(l) /30 ,

(13)

where Ped(l) = Red(l) Prl is the liquid Peclet number. Liquid fuel
transport properties and the liquid velocity just below the droplet
surface (see [26] for details) were used for calculating Ped(l) . The
model based on Equations (12) and (13) is known as the Effective
Thermal Conductivity (ETC) model.
The effect of droplet evaporation in analytical solution (10), is
taken into account by replacing gas temperature with the so-called
effective temperature defined as:
Teff = Tg +

ρl LṘde
,
h

(14)

where L is the latent heat of evaporation, Ṙde is the change of
droplet radius due to evaporation, which is taken from the previous
time step and estimated based on Equation (31). Rd and all other
thermodynamic and transport properties are assumed constant in
the analytical solution, but are updated at the end of each time step
10

∆t. The effects of non-constant droplet radius during the droplet
heating process were discussed in [4, 5].
In the limit keff → ∞ the prediction of Expression (10) reduces
to the one which follows from the model based on the assumption
that keff = ∞ [28] (Infinite Thermal Conductivity (ITC) model).
The value of Nu for an isolated moving droplet is estimated based
on the following equation [26]:
!


(1 + Red Prd )1/3 max 1, Re0.077
−1
ln(1 + BT )
d
Nuiso = 2
1+
, (15)
BT
2F (BT )
cpv (Tg −Ts )
Leff
T)
(1+BT )0.7 ln(1+B
, Leff
BT

where BT =

is the Spalding heat transfer number, F (BT ) =
P
L
= L+ Q
= i i Li + PQLṁi , QL is the power spent
ṁd
i
on droplet heating, cpv is the specific heat capacity of fuel vapour,
P
i = i (t) are the evaporation rates of species i, ṁi = i ṁd (ṁd =
i ṁi ). The effects of the interaction between droplets are ignored
(simplified models for these effects are discussed in [29, 11]).
3.3. Species diffusion in the liquid phase
The diffusion of species inside a spherical droplet is described by
a well known species diffusion equation [3]. The analytical solution
to this equation was obtained subject to the following boundary
condition [10]:
α(i − Ylis ) = −Deff

∂Yli
∂R

,

(16)

R=Rd −0

and the initial condition Yli (t = 0) = Yli0 (R), where Ylis = Ylis (t)
are liquid components’ mass fractions at the droplet’s surface (i =
1, 2, 3, ....),
|ṁd |
α=
,
(17)
4πρl Rd2
ṁd is the droplet evaporation rate, the calculation of which is discussed in the next subsection (see Equation (24)). As in the case
of the heat conduction equation, we are interested only in a solution which is continuously differentiable twice in the whole domain.
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This implies that Yli should be bounded for 0 ≤ R ≤ Rd . This led
to the following expression for Yli [10]:
("
"
 2 #


λ0
R
1
exp Deff
t [qi0 − Q0 i ] sinh λ0
Yli = i +
R
Rd
Rd
+

∞
X

"

"



exp −Deff

n=1

λn
Rd

2 #

#)
R
,
t [qin − Qn i ] sin λn
Rd

(18)

where λ0 and λn (n ≥ 1) are solutions to the equations
tanh λ0 = −


λ0
h0Y

respectively, h0Y = − 1 +

tan λn = −

and
αRd
Deff



,


 2
 − 1 2 Rd (1 + h0Y ) sinh λ0
||v0 ||
λ
 0 2
Qn =
Rd
 1
(1 + h ) sin λ
||vn ||2

0Y

λn

1
qin =
||vn ||2

λn
(n ≥ 1),
h0Y

Z

n

when

n=0

when

n≥1

(19)

Rd

RYli0 (R)vn (R)dR,

(20)

0

n ≥ 0,


R
v0 (R) = sinh λ0
Rd





,

R
vn (R) = sin λn
Rd


, n ≥ 1.

Deff is linked with the liquid diffusivity Dl via the following equation
Deff = χY Dl ,
where the coefficient χY can be approximated as:


χY = 1.86 + 0.86 tanh 2.225 log10 Red(l) Scl /30 ,

(21)

(22)

Scl = νl /Dl is the liquid Schmidt number, νl is the liquid kinematic
viscosity. As in the case of keff , liquid fuel transport properties
and the liquid velocity just below the droplet surface were used for
calculating Red(l) . The model based on Equations (21) and (22)
12

is known as the Effective Diffusivity (ED) model. The model,
based on the assumption that species diffusivity is infinitely fast
(Deff = ∞) is referred to as the Infinite Diffusivity (ID) model. Dl
is assumed to be the same for all species. The combined ITC/ID
model is sometimes known as a well-mixed model.
Assuming that species concentrations in the ambient gas are
equal to zero, the values of i can be found from the following
relationship [10]:
Yvis
,
(23)
i = P
i Yvis
where the subscript

v

indicates the vapour phase.

3.4. Droplet evaporation
The evaporation rate of isolated stationary or moving monocomponent droplets can be estimated as [26, 3]:
ṁd = −2πRd Dv ρtotal BM Shiso ,

(24)

where Dv is the binary diffusion coefficient of vapour in air, BM is
the Spalding mass transfer number defined as:
BM =

ρvs − ρv∞
Yvs − Yv∞
=
,
ρgs
1 − Yvs

(25)

Yv is the vapour mass fraction, Shiso is the Sherwood number approximated for the isolated droplets as [3]:
!


(1 + Red Scd )1/3 max 1, Re0.077
−
1
ln(1 + BM )
d
Shiso = 2
1+
, (26)
BM
2F (BM )
M)
Scd = νDairv is the Schmidt number, F (BM ) = (1+BM )0.7 ln(1+B
. BT and
BM
BM are linked by the following equation [3, 26]:

BT = (1 + BM )ϕ − 1,
where


ϕ=

cpv
cpa
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Sh∗
Nu∗



1
,
Le

(27)

(28)

Le = kg /(cpa ρtotal Dv ) = Scd /Prd is the Lewis number,
!


1/3
0.077
(1
+
Re
Sc
)
max
1,
Re
−
1
d
d
d
Sh∗ = 2 1 +
,
2F (BM )

(29)

!


1/3
0.077
(1
+
Re
Pr
)
max
1,
Re
−
1
d
d
d
Nu∗ = 2 1 +
.
2F (BT )

(30)

The derivation of Equation (24) is essentially based on the assumption that ρtotal remains the same at all distances from the
droplet surface. This assumption was relaxed in the recently developed model described in [31, 32]. As follows from Equation
(28), ϕ is a function of BT . Hence, the iteration process needs to
be performed to calculate BT from Equation (27). In our previous
paper [30] it was shown that, in some practically important cases,
Sh∗
Formula (28) can be simplified assuming that Nu
∗ = 1. In our case,
the analysis is based on Formula (28).
In the case of multi-component droplets, the problem of modelling droplet evaporation is complicated by the fact that different
species diffuse at different rates and the evaporation rate of one of
the species is affected by the evaporation rate of other species. Our
analysis of ṁd is based on Equation (24), assuming that thePmixture
of vapour species can be treated as a separate gas (Yvs = i Yvis ).
When calculating the value of Ṙd we took into account both
droplet evaporation and the change in droplet density during the
time step (see Equation (20) in [23]):
Ṙd = Ṙde + Ṙds ,

(31)

where Ṙde and Ṙds are the rates of change of droplet radii due to
evaporation and swelling defined as;
"
#
1/3
Rd (T 0 )
ṁd
ρ(T 0 )
Ṙde =
, Ṙds =
−1 ,
4πRd2 ρl
∆t
ρ(T 1 )
T 0 and T 1 are average droplet temperatures at the beginning t = t0
and the end of the time step t = t1 , ∆t = t1 − t0 .
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3.5. Liquid diffusion coefficient
In the original papers [7, 8], the diffusion coefficient of component j relative to all other components was estimated based on the simplified version of
0
0
the Sanchez and Clifton formula [33]: Djm = Xj Dmj
+Xm Djm
, where m refers
0
0
to the mixture of all other components, Djm
and Dmj
are diffusivities of dilute
solute j in solvent m and dilute solute m in solvent j respectively, both are
in m2 /s. Note that there are errors in the corresponding expressions for Djm
given in [10, 11]. At the same time it was shown in [34, 35] that a more accu0 Xj
0 Xm
rate approximation for Djm is given by the formula Djm = (Dmj
) (Djm
)
(the authors are grateful to P. Kelley for drawing our attention to [34, 35]).
In our case, the difference between these approximations is not important as
0
0
the simplified model, based on the assumption that Dmj
= Djm
, is used in
our analysis.
0
0
Among various approximations for Djm
and Dmj
the Wilke-Chang approximation was chosen. Assuming that Djm is the same for all species, we
can write [36]:
p
7.4 × 10−15 M v T
Djm ≡ Dl =
,
(32)
µl Vv0.6
where M v is the average molar mass defined as
Mv =

"m=9 i=N
X Xm

#−1
(Yim /Mim )

.

(33)

m=1 i=1

When deriving Expression (33) the contributions of tricycloalkanes, diaromatics and phenanthrenes are taken into account in addition to the groups
of compounds presented in Table 2. For these three individual components
Nm = 1.
Mass fractions Yim are linked with the molar fractions Xim by the following formula
Xim Mim
,
(34)
Yim = Pm=9 P
i Mim Xim
m=1
the summation is performed over all species including the ones not included
in Table 2, Vv is defined as
Vv = (σv /1.18)3 ,
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(35)

σv is the Lennard-Jones length (in Å). For individual components this length
could be estimated based on the following formula [39]:
σv3


= 0.17791 + 11.779

Tc
pc




− 0.049029

Tc
pc

2
,

(36)

where critical temperatures Tc and pressures pc are in K and bar respectively.
Our analysis, however, is based on a simpler formula [37]:
0.297

σv = 1.468 M v

,

(37)

where M v is the molar mass (in kg/kmole). These values of σv appeared to
be close to the experimentally observed values reported in [40].
The thermodynamic and transport properties of all quasi-components
within individual groups were estimated based on the values of nim as in
[7, 8, 9].
3.6. Vapour diffusion coefficient
As in our previous papers (e.g. [10, 7, 8]), we could assume that Diesel
fuel vapour diffuses from the surface of the droplet, without changing its
composition, with the average diffusion coefficient estimated from the Wilke
and Lee formula [33]:
h

i
1/2
3.03 − 0.98/Mva
(10−7 )T 3/2
Dva =
,
(38)
1/2 2
pMva σva
ΩD
where Dva is in m2 /s, T is temperature in K,
Mva = 2




−1
1/M v + (1/Ma )
,

Ma is molar mass of air, p is pressure in bar, σva = (σv + σa )/2, σv and
σa are characteristic Lennard-Jones lengths for vapour and air respectively,
measured in Angstrom (Å) (see Equation (37)), ΩD is the function of the
√
normalised temperature T ∗ = kB T /εva , εva = εv εa , εv and εa are characteristic Lennard-Jones energies for vapour and air respectively, kB is the
Boltzmann constant. ΩD is estimated based on Equation (B6) in [41], assuming that εv is equal to that of n-dodecane and εv /kB = 245 K [38, 41].
The latter assumption is justified by the fact that ΩD is a relatively weak
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function of εv and the values of εv for most components of Diesel fuel are not
known to us.
The approach based on Expression (38) could potentially take
into account changes in Dva due to the change in composition of
Diesel fuel during the evaporation process. At this stage, however,
our analysis is based on the assumption that Dva remains equal to
the dodecane/air diffusion coefficient and is estimated based on the
following approximate formula [42]


T
1 m2
−6
Dva = 5.27 × 10
,
(39)
300 p s
where T is in K, pressure p is in bars.
All liquid properties are calculated for the average temperature inside
droplets. All gas properties are calculated for the reference temperature
Tr = (2/3)Ts + (1/3)Tg , where Ts and Tg are droplet surface and ambient gas
temperatures, respectively. Enthalpy of evaporation and saturated vapour
pressure are estimated at the surface temperature Ts .
3.7. Average values of properties
The average values of liquid density, specific heat capacity capacity, latent heat of evaporation and saturated vapour pressure taking into account
the contributions of all individual groups were estimated using the following
formulae [33, 23]:
"i=N
#−1
X
ρl =
(Yi /ρli )
,
(40)
i=1

cl =

i=N
X

(Yi cli ) ,

(41)

i=1

L=

i=N
X

 i Li ,

(42)

Xi pvi .

(43)

i=1

pv =

i=N
X
i=1

where the subscripts li refer to the corresponding liquid quasi-components/components,
N is the total number of quasi-components/components.
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The values of ρli , cli , Li and pvi for quasi-components were calculated
based on the corresponding average carbon numbers. The values of Yi are the
values of the corresponding mass fractions averaged over the whole volume
occupied by the droplets. The above average values were recalculated at each
time step.
Various approximations for liquid mixture viscosity are discussed in Section 9-13 of [33]. All approximations suggested so far can be considered as
further developments of the method of Grunberg and Nissan, originally suggested in 1949. According to this method the dynamic viscosity of the liquid
mixture can be estimated from the following formula:
ln µl =

i=N
X
i=1

i=N j=N

1 XX
Xi ln µli +
Xi Xj Gij ,
2 i=1 j=1

(44)

where Gij is an interaction parameter which is the function of components,
temperature and sometimes composition. The estimate of Gij is not a trivial
task (see [33] for details) especially in the case of such complex liquids as
Diesel fuel. Our task, however, is simplified by the fact that the results of
our analysis are a very weak function of viscosity. This allows us to ignore
this term altogether and simplify Expression (44) to
ln µl =

i=N
X

Xi ln µli .

(45)

i=1

Our analysis is based on Formula (45).
Finding a suitable approximation for the thermal conductivity of a complex liquid mixture, such as Diesel fuel, turned out to be no less difficult than for viscosity. When the ratios of thermal conductivity of quasicomponents/components do not exceed two, the mixture conductivity can
be estimated based upon the power law method as [33]:
kl =

i=N
X

!−1/2
Yi kli−2

.

(46)

i=1

Formula (46) was successfully used in our previous paper [23], where we
studied the process of heating and evaporation of biodiesel fuel droplets. For
these droplets the ratios of thermal conductivities of components indeed do
not exceed 2. In the case of Diesel fuel droplets, however, this ratio can
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exceed an order of magnitude, and the application of Formula (46) for them
cannot be justified.
Our analysis will be based on the values of average thermal conductivity
of typical Diesel fuels as inferred from published data. These are assumed
to be reasonably close to the values of thermal conductivity of Diesel fuel
on which our analysis is focused. The details of the analysis of Diesel fuel
thermal conductivity are presented in Appendix 8.
4. Solution algorithm
These are the main steps of the numerical algorithm:
1. Assume the initial distribution of temperature and mass fractions of
species inside the droplet or use the distributions obtained at the previous
time step (in our case both initial distributions were assumed homogeneous;
the initial molar fractions are given in Table 2). Recalculate the molar fractions of species into mass fractions of species.
2. Calculate the values of liquid thermal conductivity and effective thermal conductivity of the droplet using Equations (85) and (12).
3. Calculate species partial pressures and molar fractions in the gas phase
using Equation (8).
4. Assuming that the concentration of vapour of all species in the ambient
gas can be ignored, calculate the value of the Spalding mass transfer number,
using Equation (25).
5. Calculate the values of liquid heat capacity and diffusivity of the mixture of vapour species in the air, using Equations (41) and (39) respectively,
and species evaporation rates (i ) using Equation (23).
6. Calculate the value of the Spalding heat transfer number using the
iteration process based on Equations (27)-(30).
7. Calculate the values of the Nusselt and Sherwood numbers for isolated
droplets using Equations (15) and (26).
8. Calculate the values of Nu∗ and Sh∗ using Equations (29) and (30).
9. Calculate the rate of change of droplet radius using Equation (31).
10. Calculate the effective temperature, using Equation (14).
11. Calculate the distribution of temperature inside the droplet based on
Equation (10), using 33 terms in the series.
12. Calculate the distribution of species inside the droplet based on Equation (18), using 33 terms in the series. Note that the chosen number of terms
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affects the predicted distribution of species if this number is much less than
33. This effect is much weaker for the distribution of temperature in droplets.
13. Recalculate the droplet’s radius at the end of the time step ∆t. If
this radius is negative then the time step is reduced and the calculations
are repeated. If the ratio of this radius to the initial radius is less than an
à priori chosen small number, εs = 10−6 , then the remaining part of the
droplet is assumed to be evaporated with all liquid species transferred into
the gas phase with a corresponding decrease in gas temperature. If this ratio
is greater than 10−6 then go to the next step.
14. Recalculate the distributions of temperature and species for the new
droplet radius (e.g. T (R) = T (R Rd2 /Rd1 ) = T (R̃), where Rd1,2 are droplet
radii at the beginning and the end of the time step, R̃ is the new R used at
the second time step, T are the values of temperature at the end of the first
time step).
15. Return to Step 1 and repeat the calculations for the next time step.
5. Results
We assume that Rd0 = 10 µm, which is compatible with Sauter Mean
Diameters of Diesel fuel droplets reported in [48, 49] (17.7 µm [48] and 18.3
µm [49]). As in [7] we assumed the following values for ambient air density
and pressure (assuming that the ideal gas law is valid):
ρa = 11.9 kg/m3 ,

Ta = 880 K,

pa = 30 bar.

Firstly, the results of calculations based on the Effective Thermal Conductivity (ETC) model and for stationary droplets will be presented (in this
case the ETC model reduces to a pure conduction model). The
plots of the droplet surface temperatures Ts and radii Rd versus time for
various approximations of Diesel fuel composition are shown in Figs. 1-8. In
Fig. 1 these plots are shown for 4 cases: the contributions of all 98 components are taken into account (indicated as (98)); the contributions of only
20 alkane components shown in Table 2 are taken into account (standard
approximation used in the original quasi-discrete model [7, 8]) (indicated as
(20A)); the contribution of all 98 components is approximated by 6 quasicomponents (corresponding to 6 groups shown in Table 2) and 3 components
(tricycloalkane, diaromatic and phenanthrene) without taking into account
the diffusion between them so that their mass fractions remain equal to the
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initial mass fractions and they behave like a single quasi-component (indicated as (S)); and the contributions of only 20 alkane components shown
in Table 2 are taken into account and these are approximated by a single
quasi-component with the average value of the carbon number (C14.763 H31.526 ;
indicated as (SA)). In the cases when only the contribution of alkanes was
taken into account, the mass fractions of the components were recalculated
to ensure that the total mass fractions of all alkanes were equal to 1. The
same comment applies to the cases when other components are
removed from the analysis.
As follows from Fig. 1, the approximation of 98 actual components with a
single quasi-component (formed of 9 quasi-components/components;
plots S) leads to a noticeable under-estimation of the droplet surface temperature, and an under-estimation of the evaporation time by about 17%.
In the case when Diesel fuel is approximated with 20 alkane components,
the predicted droplet surface temperatures appeared to be higher and the
evaporation time shorter by about 23% than in the case of approximation
of Diesel fuel with 98 components. This means that the approximation of
Diesel fuel with alkanes, a widely used assumption in the modelling of Diesel
fuels (see [7, 8] and the references therein), leads to results which are less
accurate, compared with the approximation of Diesel fuel by a single quasicomponent. The approximation of Diesel fuel with a single alkane quasicomponent (C14.763 H31.526 ) leads to under-prediction of the evaporation time
by about 37% which is not acceptable even for qualitative analysis of the
process. This leads us to question of the validity of the results of numerous
papers where Diesel fuel was approximated with a single alkane component
(e.g. [43]).
Note that in all cases shown in Fig. 1 the droplet surface temperatures
keep increasing with time until the droplets evaporate. This is consistent
with our earlier studies of this process (e.g. [42, 8]). This result questions the
applicability of the assumption that the droplet surface temperature remains
constant during the evaporation process which is widely used in simplified
models of this process (see e.g. [44, 45]). The well known d2 -law is implicitly
based on this assumption (see [3]).
The results of calculations of the droplet surface temperatures Ts and
radii Rd versus time for more refined approximations of Diesel fuel, compared with the case shown in Fig. 1, are shown in Fig. 2. The following
approximations were considered:
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1. The contributions of all 98 components are taken into account as in
the case shown in Fig. 1 (indicated as (98));
2. The contribution of alkanes is approximated by 19 quasi-components/components
(QC/C, 18 components and 1 QC incorporating 2 components with the
largest values of n); the contribution of cycloalkanes is approximated by
17 QC/C (16 components and 1 QC incorporating 2 components with the
largest values of n); the contribution of bicycloalkanes is approximated by
8 QC; the contribution of alkylbenzenes is approximated by 16 QC/C (15
components and 1 QC incorporating 2 components with the largest values
of n); the contribution of indanes & tetralines is approximated by 12 QC/C
(11 components and 1 QC incorporating 2 components with the largest values of n); the contribution of naphthalenes is approximated by 10 QC/C (9
components and 1 QC incorporating 2 components with the largest values of
n); the contributions of tricycloalkanes, diaromatics and phenanthrenes are
taken into account; this leads to the model based on 85 QC/C (indicated as
(85));
3. The contribution of alkanes is approximated by 19 QC/C; the contribution of cycloalkanes is approximated by 9 QC; the contribution of bicycloalkanes is approximated by 8 QC; the contribution of alkylbenzenes is
approximated by 8 QC; the contribution of indanes & tetralines is approximated by 6 QC; the contribution of naphthalenes is approximated by 5 QC;
the contributions of tricycloalkane, diaromatic and phenanthrene are taken
into account; this leads to the model based on 58 QC/C (indicated as (58));
4. The contribution of alkanes is approximated by 10 QC; the contribution of cycloalkanes is approximated by 9 QC; the contribution of bicycloalkanes is approximated by 5 QC; the contribution of alkylbenzenes is
approximated by 8 QC; the contribution of indanes & tetralines is approximated by 3 QC; the contribution of naphthalenes is approximated by 2 QC;
the contributions of tricycloalkane, diaromatic and phenanthrene are taken
into account; this leads to the model based on 40 QC/C (indicated as (40));
5. The contributions of all 98 components are approximated with 9 single
QC/C with average parameters, but diffusion between these QC/C is not allowed so that their mass fractions remain equal to the initial mass fractions
and they behave like a single QC (indicated as (S) as in Fig. 1).
The quasi-components in the above-mentioned approximations were selected as described in Section 3. Zoomed parts of Fig. 2 for droplet surface
temperatures and radii are shown in Figs. 3 and 4 respectively.
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As follows from Figs. 2-4, the values of Ts and Rd predicted by all approximations, except the one of a single quasi-component, are very close.
The temperatures predicted based on Approximations 2-4 are slightly higher
than the ones predicted by the model taking into account the contributions
of all 98 components. The calculations, based on Approximations 2-4 predict slightly shorter evaporation times than the ones predicted by the model
taking into account the contributions of all 98 components. Even in the case
of Approximation 4 (40 QC/C) the predicted evaporation time is only about
1.5% shorter than the evaporation time predicted by the model, taking into
account the contributions of all 98 components. This difference can be safely
ignored in most practical engineering applications. The longer evaporation
times predicted by the model taking into account the contributions of all 98
components, compared with the models based on other approximations of
Diesel fuel, can be attributed to the fact that at the final stages of droplet
evaporation, the speed of evaporation is controlled by the least volatile component. When Diesel fuel is approximated with QC/C, the least volatile of
these quasi-components is never more volatile than the least volatile component of the Diesel fuel.
The results referring to the cases when the contributions of all 98 components are taken into account and the contribution of these 98 components is
approximated with 9 single QC/C with average parameters, but diffusion between these QC/C is not allowed (Approximations 1 and 5), shown in Figs.
1-4, are reproduced in Figs. 5-8. The following additional approximations
were considered for the plots shown in Figs. 5-8:
6. The contribution of alkanes is approximated by 5 QC; the contribution
of cycloalkanes is approximated by 4 QC; the contribution of bicycloalkanes
is approximated by 3 QC; the contribution of alkylbenzenes is approximated
by 3 QC; the contribution of indanes & tetralines is approximated by 3 QC;
the contribution of naphthalenes is approximated by 2 QC; the contributions
of tricycloalkane, diaromatic and phenanthrene are taken into account; this
leads to the model based on 23 QC/C (indicated as (23));
7. The same as above but without diaromatic and phenanthrene;
this leads to the model based on 21 QC/C (indicated as (21));
8. The contribution of alkanes is approximated by 4 QC; the contribution
of cycloalkanes is approximated by 3 QC; the contribution of bicycloalkanes
is approximated by 2 QC; the contribution of alkylbenzenes is approximated
by 3 QC; the contribution of indanes & tetralines is approximated by 2 QC;
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the contribution of naphthalenes is approximated by 2 QC; the contribution of tricycloalkane is taken into account but not that of diaromatic and
phenanthrene; this leads to the model based on 17 QC/C (indicated as (17));
9. The contribution of alkanes is approximated by 4 QC; the contribution
of cycloalkanes is approximated by 3 QC; the contribution of bicycloalkanes
is approximated by 1 QC; the contribution of alkylbenzenes is approximated
by 3 QC; the contribution of indanes & tetralines is approximated by 2 QC;
the contribution of naphthalenes is approximated by 1 QC; the contribution of tricycloalkane is taken into account but not that of diaromatic and
phenanthrene; this leads to the model based on 15 QC/C (indicated as (15));
10. The contribution of alkanes is approximated by 4 QC; the contribution of cycloalkanes is approximated by 2 QC; the contribution of bicycloalkanes is approximated by 1 QC; the contribution of alkylbenzenes is
approximated by 2 QC; the contribution of indanes & tetralines is approximated by 1 QC; the contribution of naphthalenes is approximated by 1
QC; the contribution of tricycloalkane is taken into account but not that of
diaromatic and phenanthrene; this leads to the model based on 12 QC/C
(indicated as (12));
11. The contributions of all six groups shown in Table 2 are approximated by single QCs and the contribution of tricycloalkane, diaromatic and
phenanthrene are taken into account; this leads to the model based on 9
QC/C (indicated as (9)); in contrast to the single component approximation
mentioned above, diffusions between QC/C are allowed in this case;
12. The contributions of all six groups shown in Table 2 are approximated
by single QCs and the contribution of tricycloalkane is taken into account
but not that of diaromatic and phenanthrene; this leads to the model based
on 7 QC/C (indicated as (7));
13. Approximation 5 is further simplified by replacing the contributions of
9 QC/C with 7 QC/C excluding the contributions of diaromatic and phenanthrene; as in the case of Approximation 5, diffusion between QC/C is not
allowed so that their mass fractions remain equal to the initial mass fractions
and they behave like a single component (indicated as (S7)).
As in the cases shown in Figs. 2-4, the quasi-components/components
(QC/C) in the above-mentioned approximations were selected rather arbitrarily.
As one can see from Figs. 5-8, the plots for surface temperatures and radii
based on Approximations 13 and 5 are almost indistinguishable. Also, the
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corresponding plots based on Approximations 11 and 12 are rather close. The
same applies to the plots based on Approximations 6 and 7. This means that
the contribution of diaromatic and phenanthrene can be safely ignored in the
approximation of Diesel fuel when modelling the heating and evaporation
of fuel droplets in realistic Diesel engine-like conditions. Both for droplet
surface temperatures and radii, the accuracy of approximations improves
as the number of QC/C increases. In the case of 15 QC/C the droplet
evaporation time can be estimated with an error of about 2.5%. In the case of
21 QC/C, this error reduces to about 1.5%. This error is comparable with the
one for the approximation of Diesel fuel with 40 QC/C. Thus when balancing
simplicity with accuracy of the model we can recommend the approximation
of Diesel fuel with 21 QC/C if errors less than about 2% can be tolerated.
This number of QC/C can be reduced to 15 if errors less than about 3% can
be tolerated.
The plots of the surface mass fractions Ylis of 18 characteristic and/or
dominant components, predicted based on the model, taking into account
the contributions of all 98 components, for the same conditions as in Figs.
1-8, are shown in Figs. 9-10. These are the components shown in Fig. 9: alkanes C18 H38 (1), C25 H52 (2) and C27 H56 (3), cycloalkanes C20 H40 (4), C24 H48
(5), C26 H52 (6) and C27 H54 (7), alkylbenzene C10 H14 (8), and tricycloalkane
C19 H34 (9). These are the components shown in Fig. 10: alkane C10 H22
(1), bicycloalkanes C11 H20 (2) and C25 H48 (3), alkylbenzenes C23 H40 (4) and
C24 H42 (5), indane or tetraline C13 H18 (6), naphthalenes C10 H8 (7), C11 H10
(8) and C19 H26 (9). Note that the scales in Fig. 9 are about an order of
magnitude larger compared with Fig. 10.
As can be seen from Figs. 9-10, the mass fractions of the lightest components, such as C10 H14 , C10 H22 , C11 H10 , C10 H8 and C11 H20 , monotonically
decrease with time, while the mass fraction of one of the heaviest components,
C27 H54 , monotonically increases with time. The behaviour of the intermediate components appears to be more complex. Initially mass fractions of these
components increase with time, but at the end of the evaporation period they
start decreasing with time. At the very final stage of droplet evaporation only
one, the least volatile component, remains in the liquid phase (C27 H54 in the
case shown in Fig. 9). This behaviour of the surface mass fractions is consistent with that predicted by the simplified version of the quasi-discrete model
described in [7, 8]. Note that strictly speaking the heaviest component in the
mixture shown in Fig. 9 is C27 H56 . This component, however, turned out to
be slightly more volatile than C27 H54 . Hence, a rather sharp increase in the
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mass fraction of C27 H56 close to the end of the evaporation period is followed
by an equally sharp decrease at the final stage of evaporation.
Plots similar to those shown in Figs. 9-10, but for 8 characteristic and/or
dominant QC/C, as predicted by the model based on the approximation
of Diesel fuel by 21 QC/C, are shown in Fig. 11. These are the QC/C
presented in this figure: alkane C17.622 H37.244 (range C16 H34 – C19 H40 ) (1),
alkane C20.869 H43.737 (range C20 H42 – C23 H48 ) (2), cycloalkane C25.644 H51.287
(range C25 H50 – C27 H54 ) (3), bicycloalkane C21.243 H40.485 (range C20 H38 –
C25 H48 ) (4), alkylbenzene C10.207 H14.413 (range C8 H10 – C13 H20 ) (5), indane or
tetraline C11.407 H14.814 (range C10 H12 – C13 H18 ) (6), naphthalene C11.533 H11.067
(range C10 H8 – C15 H18 ) (7), tricycloalkane C19 H34 (8).
As can be seen from Fig. 11, the surface mass fractions of the lightest
QC, C10.207 H14.413 and C11.407 H14.814 , monotonically decrease with time, while
the surface mass fraction of the heaviest QC, C25.644 H51.287 , monotonically
increases with time. The surface mass fractions of other QC/C initially
increase and then decrease with time. This behaviour of the mass fractions
is similar to that shown in Figs. 9-10 for individual components.
Plots similar to those shown in Fig. 11, but for 11 characteristic and/or
dominant QC/C, as predicted by the model based on the approximation of
Diesel fuel by 15 QC/C, are shown in Fig. 12. These are the QC/C presented in this figure: alkane C10.335 H22.670 (range C8 H18 – C12 H26 ) (1), alkane
C19.380 H40.760 (range C20 H42 – C23 H48 ) (2), cycloalkane C12.562 H25.125 (range
C10 H20 – C15 H30 ) (3), cycloalkane C18.297 H36.595 (range C16 H32 – C21 H42 )
(4), cycloalkane C22.977 H45.953 (range C22 H44 – C27 H54 ) (5), bicycloalkane
C14.743 H27.487 (range C10 H18 – C25 H48 ) (6), alkylbenzene C10.207 H14.413 (range
C8 H10 – C13 H20 ) (7), indane or tetraline C12.495 H16.990 (range C10 H12 – C16 H24 )
(8), indane or tetraline C18.615 H29.229 (range C17 H26 – C22 H36 ) (9), naphthalene C12.392 H12.783 (range C10 H8 – C20 H28 ) (10), tricycloalkane C19 H34 (11).
As can be seen from Fig. 12, the surface mass fractions of the lightest
QC, C10.335 H22.670 , C10.207 H14.413 , and C12.495 H16.990 , monotonically decrease
with time, while the surface mass fraction of the heaviest QC, C22.977 H45.953 ,
monotonically increases with time. The surface mass fractions of other QC/C
initially increase and then decrease with time. This behaviour of the mass
fractions is similar to that shown in Figs. 9-10 for individual components and
Fig. 11 for QC/C in the model based on the approximation of Diesel fuel by
21 QC/C.
Plots of the mass fractions of alkylbenzene C10 H14 and tricycloalkane
C19 H34 versus normalised distance from the droplet centre (R/Rd ) at four
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instants of time as predicted by the model, taking into account the contributions of all 98 components, are shown in Fig. 13. These components were
chosen as typical high-volatile and low-volatile components. As can be seen
from this figure, the surface mass fraction of C10 H14 decreases, while the
surface mass fraction of C19 H34 increases with time, in agreement with the
results shown in Fig. 9. Also, these changes in the surface mass fractions of
C10 H14 and C19 H34 lead to corresponding changes in mass fractions inside the
droplets, leading to the formation of the spatial gradients of the corresponding mass fractions. This clearly demonstrates the limitation of the Infinite
Diffusivity (ID) model and the model based on the approximation of Diesel
fuel with a single quasi-component, which are widely used for the analysis of
Diesel fuel droplet heating and evaporation.
Plots of temperature versus normalised distance from the droplet centre (R/Rd ) at four instants of time as predicted by the model, taking into
account the contributions of all 98 components, are shown in Fig. 14. As
can be seen from this figure, temperatures throughout the droplet increase
with time, and the temperature gradients can be plainly seen at all instants
of time. This clearly shows the limitations of the Infinite Thermal Conductivity (ITC) model, which is widely used for the analysis of droplet heating
and evaporation (see [3] and the references therein). The droplet surface
temperatures predicted by Fig. 14 are the same as those shown in Fig. 1, as
expected.
Plots similar to those shown in Fig. 13, but for the mass fractions of
alkylbenzene quasi-component C10.207 H14.413 (range C8 H10 – C13 H20 ) and tricycloalkane C19 H34 , predicted by the model based on the approximation of
Diesel fuel by 15 QC/C, are presented in Fig. 15. The plots presented in Figs.
13 and 15 show the same trends, although the mass fraction of the quasicomponent C10.207 H14.413 is clearly larger than that of alkylbenzene C10 H14 .
Plots similar to those shown in Fig. 14, but predicted by the model based
on the approximation of Diesel fuel by 15 QC/C, are presented in Fig. 16.
The trends of the plots shown in Figs. 14 and 16 are rather similar; the
droplet surface temperatures inferred from Fig. 16 are the same as those
inferred from Fig. 5 as expected.
We have found that the results, similar to those presented in Figs. 15 and
16 for alkylbenzene quasi-component C10.207 H14.413 , tricycloalkane C19 H34 and
temperature, but for the model based on the approximation of Diesel fuel by
21 QC/C, do not show any qualitatively new features compared with those
presented in Figs. 15 and 16. These plots are not presented.
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The values of droplet surface temperatures Ts and radii Rd versus the number of QC/C, predicted by the ETC/ED model for
stationary droplets at time instants t = 0.02 ms, t = 0.5 ms, t = 1
ms, t = 2 ms and t = 2.5 are shown in Figs. 17-21. As follows
from these figures, the predictions of the models based on the approximation of Diesel fuel by about or more than 21 QC/C are
reasonably close to the prediction of the model taking into account
the contribution of all 98 components. The values of droplet radii
at these time instants show trends similar to those observed for
the surface temperature. This is consistent with the results shown
in Figs. 7 and 8 for the droplet evaporation time. This confirms
the previous conclusion, inferred from Figs. 7 and 8, that a realistic
Diesel fuel can be approximated by about 21 QC/C. Moreover, the
number of these QC/C can be reduced to 15 if the errors of about
3.7% for the surface temperature and 2.5% for evaporation time
can be tolerated. The errors in the estimates of Ts and Rd appear
to be particularly large in the case when the number of QC/C is
less than 15 at t = 2 ms.
Note that in contrast to the case when Diesel fuel is approximated by alkanes only (see [7, 8, 9]), in our case we do not observe
a clear reduction in errors with increasing numbers of QC/C. For
example, in the case shown in Fig. 19, the value of the surface
temperature predicted by the model based on the approximation
of Diesel fuel with 58 QC/C is clearly less accurate than the value
of this temperature predicted by the model based on the approximation of Diesel fuel with 21 QC/C. This can be attributed to the
fact that mole fractions of components in realistic Diesel fuel cannot be approximated by a smooth function of the carbon numbers
for various groups shown in Table 2. These errors are generally
reasonably small (not more than about 26 K for surface temperatures and not more than about 1.8 µm for droplet radii) when
the number of QC/C is approaching or more than 21 for the cases
shown in Figs. 17-21 and can be safely ignored in most practical engineering applications. These errors can increase at the very final
stage of droplet evaporation, but are generally not important in
engineering applications. These errors increase slightly when the
number of QC/C approaches 15 (not more than 29.5 K for surface
temperatures and not more than about 2.5 µm for droplet radii),
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but even in this case they can be tolerated in most engineering
applications.
Plots similar to those shown in Fig. 5, but for a droplet moving with
velocity 10 m/s, and based on the assumptions that Diesel fuel can be
approximated by 98 and 15 QC/C and a single quasi-component, are presented in Fig. 22. In the same figure, the plots calculated using the multicomponent model, based on the Infinite Thermal Conductivity/Infinite Diffusivity (ITC/ID) approach, are shown. Comparing Figs. 5 and 22, one can see
that moving droplets are heated up faster than stationary droplets and reach
higher temperatures. Note that at the final stages of evaporation of droplets
for which Diesel fuel is approximated by 98 and 15 QC/C, temperatures can
approach or even exceed the critical temperatures of some components. In
this case the results become less reliable. As in the cases considered in [7, 8],
there are noticeable differences in the predictions based on the ETC/ED and
ITC/ID models, especially for temperatures at the initial stage of droplet
heating. As mentioned in [2], accurate prediction of these temperatures is
particularly important for the prediction of the auto-ignition timing in Diesel
engines. This brings into question the reliability of the models for heating
and evaporation of Diesel fuel droplets based on the ITC/ID approximations.
These models are almost universally used for the analysis of these processes.
Plots similar to those shown in Fig. 22, but for droplet radii are presented
in Fig. 23. Comparing Figs. 7 and 23 it can be seen that moving droplets
evaporate about 3 times faster than stationary droplets. Similar to the case
shown in Figs. 7 and 8, the model based on the approximation of Diesel fuel by
a single quasi-component leads to under-prediction of the droplet evaporation
time. For the case shown in Fig. 23 this under-prediction was estimated to
be about 19% for the ETC/ED model. At the same time, the evaporation
time is not very sensitive to the choice of ETC/ED or ITC/ID models. In
the case when Diesel fuel is approximated by 98 components, the application
of the ITC/ID model leads to under-estimation of the evaporation time by
only about 3%. This is consistent with the results earlier reported in [41].
As in the case shown in Figs. 7 and 8, the approximation of Diesel fuel with
15 QC/C leads to under-estimation of the evaporation time by about 2.5%
(see Fig. 23). This confirms our earlier conclusion, based on the analysis of
stationary droplets, that 15 QC/C can reasonably accurately approximate
realistic Diesel fuel for the analysis of heating and evaporation of droplets.
To illustrate the computational efficiency of the new model, a diagram of CPU time, required for calculation of stationary droplet
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heating and evaporation with parameters specified earlier in the
paper, versus the number of QC/C is shown in Fig. 24. Intel Xeon
(core duo) E8400, 3 GHz and 3 GB RAM, was used. The time step
was set as 1 µs. As one can see from this figure, the model based
on 15 QC/C requires almost 6 times less CPU time compared with
the model taking into account the contribution of all 98 components. This clearly illustrates the efficiency of the new model.

6. Conclusions
A new multi-dimensional quasi-discrete model is suggested and tested for
the analysis of heating and evaporation of Diesel fuel droplets. As in the
original quasi-discrete model suggested earlier, the components of Diesel fuel
with close thermodynamic and transport properties are grouped together
to form quasi-components. In contrast to actual components, these quasicomponents are allowed to have non-integer values of carbon atoms. This,
however, does not prohibit their treatment as actual components, and the
modelling of the diffusion of these quasi-components inside the droplets. In
contrast to the original quasi-discrete model, the new model takes into account the contribution of various groups of hydrocarbons in Diesel fuels;
quasi-components are formed within individual groups. Hence, the term
‘multi-dimensional’ is used to describe the new model. Also, in contrast to
the original quasi-discrete model, the contribution of individual components
is not approximated by the distribution function of carbon numbers. The
formation of quasi-components is based on directly taking into account the
contributions of individual components. Groups contributing small molar
fractions to the composition of Diesel fuel (less than about 1.5%) are replaced by individual components.
The application of the new model is illustrated for one specific type of
Diesel fuel, containing the following molar fractions of the groups of components: 13.6518% of n-alkanes, 26.4039% of iso-alkanes, 14.8795% of cycloalkanes, 7.6154% of bicycloalkanes, 1.5647% of tricycloalkanes, 16.1719%
of alkylbenzenes, 9.1537% of indanes & tetralines, 8.6773% of naphthalenes,
1.2240% of diaromatics, and 0.6577% of phenanthrenes. Since the contributions of tricycloalkanes, diaromatics, and phenanthrenes are less than about
1.5%, they are replaced with individual components C19 H34 (tricycloalkane),
C13 H12 (diaromatic), and C14 H10 (phenanthrene). The difference between
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the thermodynamic and transport properties of n-alkanes and iso-alkanes is
ignored and they are treated as alkanes. This led us to a simplified presentation of Diesel fuel with the following six groups: alkanes (molar fraction
40.0556%), cycloalkanes (molar fraction 14.8795%), bicycloalkanes (molar
fraction 7.6154%), alkylbenzenes (molar fraction 16.1719%) indanes & tetralines (molar fraction 9.1537%), and naphthalenes (molar fraction 8.6773%),
and 3 components, C19 H34 (molar fraction 1.5647%), C13 H12 (molar fraction
1.2240%), and C14 H10 (molar fraction 0.6577%).
The total number of components in the simplified approximation of Diesel
fuel is equal to 98. Thermodynamic and transport properties of all these components are presented. Mixing rules are used for calculation of properties of
the mixtures of the components, except for the thermal conductivity. The
latter is based on the approximation of the results of experimental studies of
typical Diesel fuels. Several further approximations of the above simplified
approximation of Diesel fuel were considered. These include the approximation of Diesel fuel by a single quasi-component (mass fractions of all
components inside the droplet do not change with time), the approximation of Diesel fuel by only alkanes, ignoring the contributions of all other
components, the approximation of each of the above-mentioned six groups
by single quasi-components with average values of carbon numbers (9 quasicomponents and components altogether), and the approximation of each of
the above-mentioned six groups by one or more quasi-components, leading
to between 12 and 98 quasi-components and components. All these approximations were used for the analysis of heating and evaporation of a typical
Diesel fuel droplet in Diesel engine-like conditions. It is pointed out that approximations of Diesel fuel with only alkanes leads to less accurate modelling
results compared with the approximation of Diesel fuel by a single quasicomponent. This questions the applicability of the previously developed
quasi-discrete model based on the former approximation (see [7, 8, 9]). Also,
it is pointed out that the approximations of Diesel fuel by less than about 15
quasi-components/components lead to unacceptably large errors (relative to
the prediction of the model, taking into account the contributions of all 98
components) in predicting droplet temperatures and evaporation times and
are not recommended for practical engineering applications. The approximation of Diesel fuel by 15 quasi-components/components, leads to errors
in estimated temperature and evaporation times not exceeding about 1.6%
and 2.5% respectively, which is acceptable for most engineering applications.
This model requires about 6 times less CPU time compared with
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the model taking into account the contributions of all 98 components.
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Appendix 1
Transport and thermodynamic properties of alkanes
All values of parameters in this and other appendices are given in SI units.
All approximations for transport and thermodynamic properties, given in
this and other appendices, are strictly only valid for the limited range of
temperatures and carbon numbers stated. Two methods of extrapolating
these values beyond this range are commonly used. Firstly, it can be assumed
that the values at T < Tmin and n < nmin are the same as the values at
T = Tmin and n = nmin , and the values at T > Tmax and n > nmax are the
same as the values at T = Tmax and n = nmax . Secondly, the approximations
can be used beyond the range of temperatures and carbon numbers for which
they were originally obtained. In both cases, these extrapolations can lead to
errors which are difficult to control, and their choice depends on the physical
nature of the properties and the availability of experimental data beyond
the range of temperatures for which they were obtained (see [46, 47]). The
methods of extrapolation will be specified for specific properties of particular
components. The values of properties at T > Tcr are assumed to be the same
as those at T = Tcr (this approximation allows us to avoid rigorous analysis
of the case when the droplet temperatures exceed the critical temperatures
of the lightest components; the errors imposed by this approximation are
expected to be small).
Molecular structure, boiling and critical temperatures
The chemical formula of alkanes is Cn H2n+2 (8 ≤ n ≤ 27) and they
incorporate n-alkanes and iso-alkanes, the chemical structures of which for
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n = 20 and n = 16 are shown in Fig. A1 (n-icosane and 3,6,9,10-methyldodecane). The difference in transport and thermodynamic properties of nalkanes and iso-alkanes is ignored in our analysis. For example, the difference
between the boiling temperatures of alkanes and iso-alkanes for n = 8 − 20
does not exceed 4.5 K [46], which is less than about 1% of the value of this
temperature.
Using data provided in [46], the dependence of critical and boiling temperatures on n was approximated by the following equations in the range
5 ≤ n ≤ 25 [7]:
Tcr(a) (n) = aca + bca n + cca n2 + dca n3 ,

(47)

Tb(a) (n) = aba + bba n + cba n2 + dca n3 ,

(48)

where the coefficients are presented in Table A1, (a) stands for alkanes.

coefficient
aca
bca
cca
dca
value
242.3059898052 55.9186659144 −2.1883720897 0.0353374481
coefficient
aba
bba
cba
dba
value
118.3723701848 44.9138126355 −1.4047483216 0.0201382787
Table A1
The range of applicability of these coefficients was extended to 26 ≤ n ≤
27, remembering that the molar fractions of alkanes with these n is less than
0.05%. The validity of this was checked by finding new correlations valid in
the range 8 ≤ n ≤ 27. The predictions of these new correlations turned out
to be almost indistinguishable from those predicted by Correlations (47) and
(48).
Liquid density
The temperature dependence of the density of liquid alkanes for 8 ≤ n ≤
27 was approximated, using data reported in [46], as:
Cρ

ρl (T ) =

−(1− TT )
cr
1000Aρ Bρ
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,

(49)

where Aρ , Bρ and Cρ for individual values of n were approximated by the
following expressions:

 Aρ = 0.00006196104 n + 0.234362
Bρ = 0.00004715697 n2 − 0.00237693 n + 0.2768741
(50)

Cρ = 0.000597039 n + 0.2816916
Tcr = Tcr(a) are critical temperatures (see Equation (47)).
Expression (49) is identical to the one used in [8], but with different
values of the coefficients (these were obtained for 5 ≤ n ≤ 25). The maximal
difference between the predictions of Expression (49) and the corresponding
equation given in [8] is less than 0.5%.
Approximation (49) is assumed to be valid up to the critical temperatures
of all components (Tcr ). Note that for some components Tcr in Expression
(49) needs to be replaced with a temperature which is slightly less than the
critical temperature. This effect is not taken into account in our analysis.
Liquid viscosity
Following [50], the temperature dependence of the dynamic viscosity of
liquid alkanes for 4 ≤ n ≤ 44 was approximated as:
i
h
100(0.01 T )b(n) ]
−3
[
µl (T ) = 10
10
− 0.8 ,
(51)
where
b(n) = −5.745 + 0.616 ln(n) − 40.468 n−1.5 .

(52)

The temperature range of the applicability of Approximations (51) and (52)
was not explicitly specified in [50], but the author of [8] demonstrated good
agreement between the predictions of these approximations and experimental data in the range of temperatures from 10◦ C to 100◦ C. Also, it was
demonstrated in [8] that the agreement between the values of liquid viscosity
predicted by Approximations (51) and (52) and the results presented on the
NIST website [51] is almost ideal. Note that the values of dynamic viscosity
affect droplet heating and evaporation only via the corrections to the values
of thermal conductivity and diffusivity in the Effective Thermal Conductivity
and Effective Diffusivity (ETC/ED) models. In most practically important
cases, the influence of viscosity on the final results is expected to be very
weak. In our analysis it was assumed that Approximations (51) and (52)
are valid up to the critical temperatures; no low temperature limits for their
validity were imposed.
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Liquid heat capacity
Following [52], the temperature dependence of the heat capacity of liquid
alkanes for 2 ≤ n ≤ 26 was approximated as:


43.9 + 13.99(n − 1) + 0.0543(n − 1)T
cl (T ) = 1000
,
(53)
M (n)
where M (n) = 14n + 2 is the molar mass of alkanes.
The temperature range of applicability of Approximation (53) was not
clearly identified in [52] for all n, except to say that this approximation is
not valid at temperatures close to the temperature of fusion. It was shown
in [8] that the agreement between the values of the liquid heat capacity
predicted by Approximation (53) and the experimental results for T = 300
K [51] is almost ideal. In our analysis it is assumed that Approximation
(53) is valid up to the immediate vicinity of the critical temperatures; no low
temperature limit for its validity was imposed remembering that our analysis
is focused on liquids. Bearing in mind that molar fractions of alkanes with
n = 27 are about 0.3% we assume that Equation (53) is valid in the whole
range 8 ≤ n ≤ 27.
Liquid thermal conductivity
Although we were able to show that it is more accurate and reliable to
base the estimate of the thermal conductivity of liquid Diesel fuel on experimental data rather than on correlations using the thermal conductivities of
individual components, we believe that it would be appropriate to present
the latter conductivities for all components. This approach opens the way for
using more efficient correlations for the estimate of the thermal conductivity
of the mixtures, should these correlations be suggested in the future.
Following [53], the temperature dependence of thermal conductivity of
liquid alkanes for 5 ≤ n ≤ 20 can be approximated as:
kl (T ) = 10

»
Ak +Bk (1− TT

2/7

)
cr

–

,

(54)

where Tcr are critical temperatures as in Approximation (49), the numerical
values of Ak and Bk for individual values of n are given in [53]. These values
were approximated by the following expressions [8]:

Ak = 0.002911 n2 − 0.071339 n − 1.319595
(55)
Bk = −0.002498 n2 + 0.058720 n + 0.710698.
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Although Approximations (54) and (55) were derived for 5 ≤ n ≤ 20,
they can be used in the whole range 8 ≤ n ≤ 27. Possible errors imposed by
these approximations in the range 21 ≤ n ≤ 27 are expected to have a very
small effect on the final results as the molar fractions of alkanes in this range
of n are less that 1.5%. The range of applicability of Approximation (54)
depends on the values of n. For n = 8 this range was determined as 216-540
K; for n = 9 – 243-588 K; for n = 10 – 248-607 K; for n = 11 – 230-625 K;
for n = 12 – 264-625 K; for n = 13 – 268-642 K; for n = 14 – 279-658 K;
for n = 15 – 283-671 K; for n = 16 – 291-685 K; for n = 17 – 327-732 K;
for n = 18 – 301-708 K; for n = 19 – 305-718 K; and for n = 20 – 310-729
K [53]. It is assumed that the temperature range for n > 20 is the same as
for n = 20. As shown in [8], the values of kl predicted for T = 300 K and
T = 450 K agree well with the data reported in [51].
The upper limits of the temperature ranges, shown above, are close to
critical temperatures. If they are greater than the corresponding critical temperatures, then these limits can be imposed as the critical temperatures. The
values of thermal conductivity at temperatures below the minimal temperatures can be assumed to be equal to those at the minimal temperatures.
Saturated vapour pressure and enthalpy of evaporation
The following approximation (Antoine equation) for the dependence of
the saturation vapour pressure (in Pa) on n was used in our analysis [54]:


log10 0.001 × psat (n) = A(n) −

B(n)
,
T + C(n)

(56)

where
A(n) = 0.022 n + 5.8474,

B(n) = 52.807 n + 981.92,

C(n) = −5.0431n − 31.205,
T is in K. The above approximations for A(n), B(n), C(n) were derived for
8 < n < 27. They are valid in the temperature range 298-423 K for n = 8;
315-449 K for n = 9; 338-468 K for n = 10; 356-499 K for n = 11; 367-520
K for n = 12; 384-540 K for n = 13; 399-559 K for n = 14; 413-577 K for
n = 15; 426-594 K for n = 16; 438-610 K for n = 17; 449-625 K for n = 18;
462-639 K for n = 19; 475/652 K for n = 20; 393-630 K for n = 21; 402-642
K for n = 22; 411-653 K for n = 23; 419-664 K for n = 24; 427-675 K for
n = 25; 434-685 K for n = 26; and 442-695 K for n = 27.
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In our analysis, Approximation (56) was used up to the critical temperature. No low temperature limit for the applicability of this approximation
was imposed. At low temperatures (close to room temperature), the values
of pressure are expected to be small and realistic errors in its estimate are
not expected to produce noticeable effects on the overall picture of droplet
heating and evaporation. By the time the droplet surface temperatures reach
values higher than the above-mentioned temperature ranges, their radii have
become very small in most cases. In this case the errors in determination of
the vapour pressure are also expected to produce a small effect on the overall
picture of droplet heating and evaporation.
This approximation is consistent with one used earlier in [7, 8]; the approximation used in these papers was valid for n < 17.
Following [46] the values of specific enthalpy of evaporation for alkanes
were approximated as
A(1 − Tr )B
× 106 ,
(57)
L=
M (n)
where the values of A for specific values of n provided by [46] were approximated as
A ≡ AL = 0.0066 n2 + 4.697 n + 20.258
for n ≤ 20 and
A ≡ AH = −0.1143 n2 + 7.853 n − 8.8344
for n > 20. The original values of B provided by [46] were used: B = 0.439
for n = 8, B = 0.377 for n = 9, B = 0.451 for n = 10, B = 0.413 for n = 11,
B = 0.407 for n = 12, B = 0.416 for n = 13, B = 0.418 for n = 14, B = 0.419
for n = 15, B = 0.422 for n = 16, B = 0.433 for n = 17, B = 0.451 for
n = 18, B = 0.448 for n = 19, B = 0.409 for n = 20 and B = 0.380 for
n ≥ 21.
The accuracy of the above-mentioned approximations of A by AL and AH
is illustrated in Fig. A2. As can be seen from this figure, the values provided
by [46] are reasonably close to the values of AL or AH , which justifies the
application of the latter in our analysis. Similar closeness between approximations and the values of A and B provided by [46] was observed for other
hydrocarbons (the plots are not presented). In all cases, Approximation (57)
is assumed to be valid up to the critical temperature in all cases [46]. No low
temperature limit for the validity of this approximation was imposed.
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Appendix 2
Transport and thermodynamic properties of cycloalkanes
Molecular structure, boiling and critical temperatures
The chemical formula of cycloalcanes is Cn H2n (10 ≤ n ≤ 27) and their
typical chemical structure is shown in Fig. A1 (1-propyl-3-hexyl-cycloheptan)
Using data provided in [46], the dependence of critical and boiling temperatures on n was approximated by the following equations:
Tcr(c) (n) = acc + bcc n + ccc n2 + dcc n3 ,

(58)

Tb(c) (n) = abc + bbc n + cbc n2 ,

(59)

where the coefficients are presented in Table A2, (c) stands for cycloalkane.

coefficient
acc
bcc
ccc
dcc
value n ≤ 10 667
0
0
0
value n > 10 425.28 31.442 −0.9002 0.0125
coefficient
abc
bbc
cbc
value
176.51 32.312 −0.4776
Table A2
Expressions similar to those given in (58) and (59) could be obtained
using the analysis presented in [55]-[57].
Liquid density
The temperature dependence of the density of liquid cycloalkanes for
5 ≤ n ≤ 25 was approximated by Expression (49) with Aρ , Bρ and Cρ
approximated as:

 Aρ = 0.00003 n2 − 0.0016 n + 0.278
Bρ = 0.00003 n2 − 0.00237693 n + 0.2823
(60)

Cρ = 0.28571
Tcr = Tcr(c) are critical temperatures (see Eq. (58)).
For 11 ≤ n ≤ 25 the values of densities predicted by Eq. (49) with the
coefficients defined by Eqs. (60) almost exactly coincide with those given in
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[46]. For n ≥ 26 the deviation between these results could be up to 3%. This
deviation is not important since the molar fractions of cycloalkanes for these
n are expected to be less than 0.03% (see Table 2).
As in the case of alkanes, Approximation (49) is valid up to the immediate
vicinity of the critical temperatures of all components (Tcr ).
Liquid viscosity
Following [58], the temperature dependence of the dynamic viscosity of
liquid cycloalkanes for 10 ≤ n ≤ 94 was approximated by Approximation
(51) with b(n) defined as:
b(n) = −9.001 + 2.350 log10 (14n).
As in the case of alkanes, in our analysis it is assumed that Approximation
(51) with b(n), defined by the above expression, is valid up to the critical
temperatures; no low temperature limits for its validity were imposed.
Liquid heat capacity
Following [59, 60], the temperature dependence of the heat capacity of
liquid cycloalkanes for 10 ≤ n ≤ 27 was approximated as:
"


2 #

Ru
T
T
ac + b c
,
(61)
cl (T ) =
+ cc
M (n)
100
100
where Ru = 8315J/kmole is the universal gas constant, M (n) is the molar
mass in kg/kmole,
ac = 33.75209 + 2.7345 (n − 10),
bc = −5.21095283 + 0.122732 (n − 10) K−1 ,
cc = 2.78089 − 0.123482 (n − 10) K−2 .
The temperature range of applicability of Equation (61) is between melting and boiling temperatures.
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Liquid thermal conductivity
The temperature dependence of thermal conductivities of liquid cycloalkanes for 10 ≤ n ≤ 27 can be estimated from the following expression (derived
from the combination of the boiling-point method and Riedel formula) [46]:
kl (T ) =

2.64 × 10−3
3 + 20(1 − Tr )2/3
√
×
,
3 + 20(1 − Tbr )2/3
Mn

(62)

where Mn = 14n is the molar mass, Tr = T /Tcr , Tbr = Tb /Tcr . The approximations of Tcr and Tb are given by Expressions (58) and (59).
Expression (62) is valid up to the boiling temperatures.
Saturated vapour pressure and enthalpy of evaporation
Following [54], the saturated vapour pressure is approximated by the
Antoine equation (56) with
A(n) = 0.0201n+5.8268, B(n) = 47.34n+1115.2, C(n) = −5.4145n−23.03.
Equation (56) with the above values of coefficients for cycloalkanes is valid in
the range 340-484 K for n = 10; 359-508 K for n = 11; 376-530 K for n = 12;
393-551 K for n = 13; 367-399 K for n = 14; 423-589 K for n = 15; 429-606
K for n = 16; 450-622 K for n = 17; 458-637 K for n = 18; 474-651 K for
n = 19; 486-665 K for n = 20; 496-677 K for n = 21; 507-689 K for n = 22;
414-664 K for n = 23; 422-675 K for n = 24; and 430-686 K for n = 25.
As in the case of alkanes, the above approximations for A(n), B(n), C(n)
were used outside the range of temperatures for which they were obtained,
up to the critical temperatures and below the above-mentioned minimal temperatures.
As in the case of alkanes, following [46] the values of L for cycloalkanes
were estimated by Expression (57). The values of A for individual n provided
by [46] were approximated as
A = −0.0085 n3 + 0.4134 n2 − 2.556 n + 56.345,

B = 0.38

for n 6= 16. As in [46], A = 101.3122 and B = 0.49 for n = 16.
As in the case of alkanes, Expression (57) for cycloalkanes is assumed to
be valid up to the critical temperatures.
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Appendix 3
Transport and thermodynamic properties of bicycloalkanes
Molecular structure, boiling and critical temperatures
The chemical formula of bicycloalkanes is Cn H2n−2 (10 ≤ n ≤ 25) and
their typical chemical structures are shown in Fig. A1 (diethylbicycloheptan
and ethylcycloheptan-cyclononane).
Using data provided in [46] for 10 ≤ n ≤ 25, the dependence of critical
and boiling temperatures on n was approximated by the following equations:
Tcr(b) (n) = 134.85 ln(n) + 395.85,

(63)

Tb(b) (n) = 217.41 ln(n) − 32.662,

(64)

for 13 ≤ n ≤ 24,
for 10 ≤ n ≤ 25.
Tcr(b) (10) = 703.60 K, Tcr(b) (11) = 752.51 K, Tcr(b) (12) = 762.49 K. (b)
stands for bicycloalkanes.
Following [46], in the correlations shown later in this appendix Tcr(b) (10)
is replaced with the parameter Tc(b) (10) = 702.25 K. Since Tcr(b) (25) for bicycloalkanes is not available for us, we used Tcr(b) (25) = 833.34 K for 1,1
dicyclohexyltridecane instead of Tcr(b) (25) for bicycloalkanes in these correlations.
Liquid density
Using data supplied in [67], the temperature dependence of the density of
liquid bicycloalkanes for 10 ≤ n ≤ 25 was approximated by Expression (49)
with Cρ = 0.28571 and Aρ and Bρ approximated by the following expressions.
For 11 ≤ n ≤ 12:

Aρ = −0.0034 n + 0.3231,
Bρ = −0.0031 n + 0.3022.
For 13 ≤ n ≤ 18:

Aρ = 0.0002 n2 − 0.0072 n + 0.3529,
Bρ = −0.0003 n2 − 0.0278 n + 0.4966.
For 19 ≤ n ≤ 25:

Aρ = 5 × 10−5 n2 − 0.0032 n + 0.3168,
Bρ = 0.0004 n2 − 0.0179 n + 0.4965.
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Remembering that the molar fraction of bicycloalkanes for n = 10 is less
than 0.7% we assumed that ρl(b) (T )(n = 10) = ρl(b) (T )(n = 11).
As in the case of previously considered components, Approximation (49)
for bicycloalkanes is assumed to be valid up to the immediate vicinity of the
critical temperature, and no low temperature limit was imposed.
Liquid viscosity
Following [58], the temperature dependence of the dynamic viscosity of
liquid bicycloalkanes for 10 ≤ n ≤ 94 is approximated by Expression (51)
with b(n) defined as:
b(n) = −9.513 + 2.248 log10 (14n − 2).
As in the case of previously considered components, in our analysis it is
assumed that Approximation (51) with b(n), defined by the above expression,
is valid up to the critical temperatures; no low temperature limits for its
validity were imposed.
Liquid heat capacity
Following [59, 60], the temperature dependence of the heat capacity of
liquid bicycloalkanes for 10 ≤ n ≤ 25 was approximated by Expression (61)
with the coefficients defined as:
ac = 19.2782 + 2.7345 (n − 11),
bc = 4.722955 + 0.122732 (n − 11) K−1 ,
cc = 0.08912 + 0.123482 (n − 11) K−2 .
As in the case of previously considered components, the temperature
range of applicability of these approximations is between melting and boiling
temperatures.
Liquid thermal conductivity
Following [47], the temperature dependence of thermal conductivity of
liquid bicycloalkanes for 10 ≤ n ≤ 25 was estimated by Expression (62)
with Mn = 14n − 2. As in the case of previously considered components,
Expression (62) for bicycloalkanes is valid up to the boiling temperatures.
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Saturated vapour pressure and enthalpy of evaporation
Following [46, 47], the saturated vapour pressure for bicycloalkanes for
10 ≤ n ≤ 25 is approximated by the following formula:
ln(pvb /pcb ) = f 0 + ωb f 1 ,
where

(65)

6.09648
− 1.28862 ln Tr + 0.169347Tr6 ,
Tr
15.6875
f 1 = 15.2518 −
− 13.4721 ln Tr + 0.43577Tr6 ,
Tr

f 0 = 5.92714 −

Tr = T /Tcr(b) , Tcr(b) is the critical temperature estimated from (63), pcb is
the critical pressure of bicycloalkanes estimated as

pcb = 105 0.0711 n2 − 3.8116 n + 60.998 Pa,
ω ≡ ωb = −0.001 n2 + 0.0679 n − 0.3039.
As in the case of previously considered components, Expression (65) is assumed to be valid up to the critical temperatures.
As in the case of alkanes and cycloalkanes, the values of L for bicycloalkanes could be estimated by Expression (57) with the values of A provided in
[46] approximated as
A = −0.1405 n2 + 8.1341 n − 3.2083,
and B = 0.434 for n = 10 and B = 0.38 otherwise.
In contrast to previously considered hydrocarbons, however, we have
found that a more accurate approximation for L for bicycloalkanes is given
by the following expression (cf. [47, 33]):
( R T
cr (b)
− uM (n)
Φ1 (Tr , ωb ) when Tr < 0.6
L=
(66)
Ru
T
Φ (T , ωb ) when Tr ≥ 0.6,
M (n) cr (b) 2 r
where the units of Ru and M (n) are the same as in Equations (61),
Φ1 = [(−6.09648 − 15.6875ωb ) + (1.28862 + 13.4721ωb ) Tr

−6 (0.169347 + 0.43577ωb ) Tr7 ,
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Φ2 = 7.08 (1 − Tr )0.354 + 10.95 ωb (1 − Tr )0.456 ,
Tr = T /Tcr (b) , ωb was defined earlier.
Approximation (66) was compared with the data provided in [46] for
C10 H18 , C11 H20 , C12 H22 and C25 H48 . The maximal deviation between the
results predicted by (66) and data provided by [46] did not exceed about 5%.
Equation (66) was used in our analysis. As in the case of alkanes and
cycloalkanes, this expression is valid up to the critical temperatures.
Appendix 4
Transport and thermodynamic properties of alkylbenzenes
Molecular structure, boiling and critical temperatures
The chemical formula of alkylbenzenes is Cn H2n−6 (8 ≤ n ≤ 24) and
their chemical structures are shown in Fig. A1 (1,4-dipropylbenzene and 1,4dipentylbenzene).
Using data provided in [46, 55, 56, 57, 61, 62, 63, 64, 65, 53], the dependence of critical and boiling temperatures on n was approximated by the
following equations:
Tcr(ab) (n) = acab + bcab n + ccab n2 ,

(67)

Tb(ab) (n) = abab + bbab n + cbab n2 ,

(68)

where the coefficients are presented in Table A3, (ab) stands for alkylbenzenes.

coefficient acab
bcab
ccab
value
427.89 27.408 −0.4388
coefficient abab
bbab
cbab
value
171.6 33.426 −0.5252
Table A3
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Liquid density
Using data supplied in [46], the temperature dependence of the density
of liquid alkylbenzenes for 5 ≤ n ≤ 25 was approximated as:
ρl(ab) (T ) = Aρab + Bρab T + Cρab T 2 + Dρab T 3 ,

(69)

where Aρab , Bρab , Cρab and Dρab for individual values of n were approximated
by the following expressions.
For n = 8 and n = 9:

Aρab = −32.04 × n + 1422.6



Bρab = 0.1831 × n − 2.824
(70)
Cρab = −0.0005 × n + 0.0056



Dρab = 6 × 10−7 × n − 7 × 10−6 ;
for n = 11 − 20:

 Aρab = −0.0477 × n2 − 0.4141 × n + 1082.6
Bρab = 0.0004 × n2 − 0.0062 × n − 0.7017

Cρab = Dρab = 0.

(71)

It is assumed that ρ(n = 10) = 0.5 (ρ(n = 9) + ρ(n = 11)) and ρ(n >
20) = ρ(n = 20). The latter assumption is justified by the fact that molar
fraction of components with n > 20 is about or less than 0.2%.
Approximations (69)–(71) are assumed to be valid up to the immediate
vicinity of the critical temperatures. Their predictions agree with experimental data provided in [66].
Liquid viscosity
Following [58], the temperature dependence of the dynamic viscosity of
liquid alkylbenzenes is approximated by Expression (51) with b(n) defined
as:
b(n) = −9.692 + 2.261 log10 (14n − 6).
As in the case of alkanes, cycloalkanes and bicycloalkanes, in our analysis
it is assumed that Approximation (51) with b(n), defined by the above expression, is valid up to the critical temperatures; no low temperature limits
for its validity were imposed.
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Liquid heat capacity
Following [59, 60], the temperature dependence of the heat capacity of
liquid alkylbenzenes for 8 ≤ n ≤ 24 was approximated by Expression (61)
with the coefficients defined as:
ac = 15.1109 + 2.7345 (n − 7),
bc = 0.68109 + 0.122732 (n − 7) K−1 ,
cc = 1.96346 − 0.123482 (n − 7) K−2 .
The temperature range of applicability of these approximations is between
melting and boiling temperatures.
Liquid thermal conductivity
Following [46, 47], the temperature dependence of thermal conductivity of
liquid alkylbenzenes for 8 ≤ n ≤ 24 can be estimated by Expression (62) with
Mn = 14n − 6. As in the case of cycloalkanes and bicycloalkanes, Expression
(62) for alkylbenzenes is valid up to the boiling temperatures.
Saturated vapour pressure and enthalpy of evaporation
Following [54], the saturated vapour pressure for alkylbenzenes is approximated by the Antoine equation (56) with
A(n) = 0.0007 n2 − 0.0064 n + 6.0715, B(n) = 51.811 n + 1049.1,
C(n) = 0.1215 n2 − 9.6892n + 11.161.
The temperature ranges of applicability of Equation (56) for alkylbenzenes are the following: 306-420 K for n = 8; 323-455 K for n = 9; 343-486
K for n = 10; 361-510 K for n = 11; 378-531 K for n = 12; 394-553 K for
n = 13; 406-571 K for n = 14; 421-590 K for n = 15; 438-606 K for n = 16;
450-622 K for n = 17; 458-636 K for n = 18; 473-651 K for n = 19; 485-665
K for n = 20; 495-677 K for n = 21; 505-688 K for n = 22; 414-664 K for
n = 23; and 423-675 K for n = 24.
As in the case of alkanes and cycloalkanes, the above approximations for
A(n), B(n), C(n) are used up to the critical temperatures. In most cases,
the upper limits of applicability of these approximations, as established in
[54], are close to the critical temperatures. Temperatures between the abovementioned upper limits of applicability of these expressions and the critical
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temperatures might be observed only at the very final stage of droplet evaporation and the errors in the estimates of vapour pressure in this case are
expected to produce negligibly small effects on the evaporation process.
As in the case of alkanes and cycloalkanes, values of L for alkylbenzenes
were estimated by Expression (57) [46]. The values of A and B provided in
[46] were approximated as
A = 0.0007124 n5 − 0.05315 n4 + 1.4963n3 − 19.83 n2 + 128.65 n − 276.8,
= −0.007 n2 + 0.1172 n − 0.0989 when 8 ≤ n ≤ 10,
= −0.0062 n2 + 0.1829 n − 0.9093 when 11 ≤ n ≤ 14,
= −0.0013315 n3 + 0.0634 n2 − 0.9842 n + 5.3794 when 15 ≤ n ≤ 19,
= 0.38 when n ≥ 20.
As in the case of alkanes and cycloalkanes, Expression (57) for alkylbenzenes is assumed to be valid up to the critical temperatures.

B
B
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Appendix 5
Transport and thermodynamic properties of indanes & tetralines
Molecular structure, boiling and critical temperatures
The chemical formula of indanes and tetralines is Cn H2n−8 (10 ≤ n ≤
22) and their chemical structures are shown in Fig. A1 (pentylindane, as
an example of indanes, and 1-propyl-(1,2,3,4-tetrahydronaphthalene), as an
example of tetralines). Indanes and tetralines differ by the numbers of carbon
atoms in the second ring. When this number is equal to 5 we have indanes;
when this number is equal to 6 we have tetralines. Their properties are very
close and will not be distinguished in this appendix.
Using data provided in [46], the dependence of critical and boiling temperatures on n was approximated by the following equations:
Tcr(i) (n) = aci + bci n + cci n2 ,

(72)

Tb(i) (n) = abi + bbi n + cbi n2 ,

(73)

where the coefficients are presented in Table A4, (i) stands for indanes &
tetralines.
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coefficient
aci
bci
cci
value (n = 10) 720.15
0
0
value (n > 10) 555.59 17.898 −0.2486
coefficient
abi
bbi
cbi
value
249.21 25.894 −0.3319
Table A4
Liquid density
Following [46], the temperature dependence of the density of liquid indanes and tetralines for 10 ≤ n ≤ 22 was approximated by Expression (49)
with Aρ , Bρ and Cρ approximated by the following expressions.
For 10 ≤ n ≤ 16:

 Aρi = 0.0002 × n2 − 0.0079 × n + 0.3622,
Bρi = −710−5 × n3 + 0.0031 × n2 − 0.0438 × n + 0.4608,
(74)

Cρi = 0.2677 for n = 10; Cρi = 0.28571 for 11 ≤ n ≤ 16;
for 17 ≤ n ≤ 20:

 Aρi = 0.0002 × n2 − 0.0079 × n + 0.3622,
Bρi = 6 × 10−5 × n2 − 0.0025 × n + 0.2908,

Cρi = 0.28571.

(75)

It is assumed that ρ(n > 20) = ρ(n = 20). This is justified by the fact
that molar fractions of these components are less than 0.2%.
Eqs. (74) and (75) are valid in the range of temperatures 237.4 − 720.15
K for n = 10; 232.3 − 722 K for n = 11; 243.6 − 735 K for n = 12; 254.8 − 745
K for n = 13; 266.1 − 756 K for n = 14; 277.4 − 767 K for n = 15; 288.6 − 777
K for n = 16; 299.9 − 788 K for n = 17; 311.2 − 797 K for n = 18; 322.5 − 805
K for n = 19; and 333.7 − 814 K for n ≥ 20.
As in the case of previously considered components, Approximations
(74)–(75) are assumed to be valid up to the immediate vicinity of the critical
temperatures.
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Liquid viscosity
Following [58], the temperature dependence of the dynamic viscosity of
liquid indanes & tetralines for 10 ≤ n ≤ 94 is approximated by Expression
(51) with b(n) defined as:
b(n) = −9.411 + 2.217 log10 (14n − 8).
As in the case of previously considered components, in our analysis it is
assumed that Approximation (51) with b(n), defined by the above expression,
is valid up to the critical temperatures; no low temperature limits for its
validity were imposed.
Liquid heat capacity
Following [59, 60], the temperature dependence of the heat capacity of
liquid indanes & tetralines for 10 ≤ n ≤ 22 was approximated by Expression
(61) with the coefficients defined as:
ac = 14.136 + 2.7345 (n − 11),
bc = 6.43698 + 0.122732 (n − 11) K−1 ,
cc = 14.136 − 0.123482 (n − 11) K−2 .
As in the case of previously considered components, the temperature
range of applicability of these approximations is between melting and boiling
temperatures.
Liquid thermal conductivity
Following [46, 47], the temperature dependence of thermal conductivity
of liquid indanes & tetralines for 10 ≤ n ≤ 22 can be approximated by
Expression (62) with Mn = 14n − 8. As in the case of previously considered
components, Expression (62) for indanes & tetralines is valid up to the boiling
temperatures.
Saturated vapour pressure and enthalpy of evaporation
Following [46, 47], the saturated vapour pressure for indanes & tetralines
is approximated by Expression (65) in which f 0 and f 1 were defined earlier, Tr = T /Tcr(i) , Tcr(i) is the critical temperature estimated from (72) (cf.
Expression (65) for bicycloalkanes), pci is the critical pressure estimated as

pci = 105 0.0693 n2 − 3.8821 n + 63.771 Pa,
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ωi (the acentric factor) is estimated as
ωi = 0.617 ln(n) − 1.11.
As in the case of previously considered components, Expression (65) for indanes & tetralines is assumed to be valid up to the critical temperatures.
As in the case of alkanes, cycloalkanes and alkylbenzenes, the values of L
for indanes & tetralines were estimated by Expression (57). The values of A
provided in [46] were approximated as
A = −0.0793 n2 + 6.3293 n + 5.7796.
The following values of B provided by [46] were used: B = 0.303 when n ≤ 10
and B = 0.38 when n > 10.
As in the case of alkanes, cycloalkanes and alkylbenzenes, Expression (57)
for indanes & tetralines is assumed to be valid up to the critical temperatures.
Appendix 6
Transport and thermodynamic properties of naphthalenes
Molecular structure, boiling and critical temperatures
The chemical formula of naphthalenes is Cn H2n−12 (10 ≤ n ≤ 20) and
their typical chemical structure is shown in Fig. A1 (1-propylnaphthalene).
Using data provided in [46], the dependence of critical and boiling temperatures on n was approximated by the following equations:
Tcr(n) (n) = acn + bcn n,

(76)

Tb(n) (n) = abn + bbn n,

(77)

where the coefficients are presented in Table A5, (n) stands for naphthalenes.

coefficient
acn
bcn
value
655.14 9.7878
coefficient
abn
bbn
value
350.37 15.218
Table A5
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Liquid density
Using data supplied in [66, 67], the temperature dependence of the density
of liquid naphthalenes for 10 ≤ n ≤ 20 was approximated as:
ρl(n) (T ) = Aρn + Bρn T,

(78)

where Aρn and Bρn for individual values of n were approximated by the
following expressions:

Aρn = 1.45 n2 − 55.715 n + 1671.9
(79)
Bρn = 0.0087 n − 0.8084.
As in the case of previously considered components, Approximation (78)
is assumed to be valid up to the immediate vicinity of the critical temperature, and no low temperature limit was imposed.
Liquid viscosity
Following [58], the temperature dependence of the dynamic viscosity of
liquid naphthalenes for 10 ≤ n ≤ 94 is approximated by Expression (51)
with b(n) defined as:
b(n) = −9.309 + 2.185 log10 (14n − 12).
As in the case of previously considered components, in our analysis it is
assumed that Approximation (51) with b(n), defined by the above expression,
is valid up to the critical temperatures; no low temperature limits for its
validity were imposed.
Liquid heat capacity
Following [59, 60], the temperature dependence of the heat capacity of
liquid naphthalenes for 10 ≤ n ≤ 20 was approximated by Expression (61)
with the coefficients defined as:
ac = 9.67805 + 2.7345 (n − 11),
bc = 5.982952 + 0.122732 (n − 11) K−1 ,
cc = 0.2688 + 0.123482 (n − 11) K−2 .
As in the case of previously considered components, the temperature
range of applicability of these approximations is between melting and boiling
temperatures.
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Liquid thermal conductivity
Following [46, 47], the temperature dependence of thermal conductivity of
liquid naphthalenes for 10 ≤ n ≤ 20 can be approximated by Expression (62)
with Mn = 14n − 12. As in the case of previously considered components,
Expression (62) for naphthalenes is valid up to the boiling temperatures.
Saturated vapour pressure and enthalpy of evaporation
Following [46, 47], the saturated vapour pressure for naphthalenes for
10 ≤ n ≤ 20 is approximated by the same Equation (65) as for bicycloalkanes
and indanes & tetralines, but for

pc ≡ pcn = 105 0.2009 n2 − 8.443 n + 104.09 Pa,
ω ≡ ωn = −0.0018 n2 + 0.0997 n − 0.5082.
As in the case of previously considered components, Expression (65) is assumed to be valid up to the critical temperatures.
As in the case of alkanes, cycloalkanes, alkylbenzenes and indanes &
tetralines, the values of L for naphthalenes were estimated by Expression
(57). The values of A provided in [46] were approximated as
A = 0.2607 n2 − 2.1791 n + 66.218 for 10 ≤ n ≤ 16,
A = −0.1929 n2 + 10.926 n − 37.384 for n ≥ 17.
The values of B provided by [46] were approximated as
B = −0.0003165 n3 + 0.01545 n2 − 0.2495 n + 1.722 for all n.
As in the case of alkanes, cycloalkanes, alkylbenzenes, and indanes & tetralines, Expression (57) for naphthalenes is assumed to be valid up to the
critical temperatures.
Appendix 7
Transport and thermodynamic properties of tricycloalkanes, diaromatics and phenanthrenes
The molar fractions of tricycloalkanes, diaromatics and phenanthrenes
are 1.5647%, 1.2240% and 0.6577% respectively. Their range of n is rather
narrow: 14 ≤ n ≤ 20 for tricycloalkanes, 13 ≤ n ≤ 16 for diaromatics and
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14 ≤ n ≤ 18 for phenanthrenes. This allows us to ignore the dependence of
the properties of these substances on n and consider the properties for just
one n for which the properties are available. Thus, the analysis of these three
groups will be reduced to the analysis of three representative components
referred to as tricycloalkane, diaromatic and phenanthrene.
Molecular structure, boiling and critical temperatures
The chemical formula of tricycloalkanes is Cn H2n−4 . The properties presented in this appendix refer to n = 19 (C19 H34 ). The chemical formula
of diaromatics is Cn H2n−14 . The properties presented in this appendix refer
to n = 13 (C13 H12 ). The chemical formula of phenanthrenes is Cn H2n−18 .
The properties presented in this appendix refer to n = 14 (C14 H10 ). Typical
chemical structures of diaromatics and phenanthrenes are shown in Fig. A1
(di(3-ethyl-phenyl)methane and ethylphenanthrene, respectively).
Using data provided in [68], the boiling and critical temperatures for
tricycloalkane were estimated as:
Tb(t) = 692.33 K, Tcr(t) = Tb(t) × 0.738686−1 = 937.25 K.
Using data provided in [46], these temperatures for the remaining two substances were estimated as:
Tb(d) = 537.42 K, Tcr(d) = 760.00 K
for diaromatics, and
Tb(p) = 610.00 K, Tcr(p) = 869.00 K
for phenanthrenes. (t) stands for tricycloalkanes, (d) stands for diaromatics,
and (p) stands for phenanthrenes.
Liquid density
Using data supplied in [67], the temperature dependence of the density
of liquid tricycloalkane and phenanthrene was approximated as:
ρl(t) (T ) = Aρt + Bρt T,
where
Aρt = 1151.17, Bρt = −0.694690
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(80)

for tricycloalkanes, and
Aρt = 1374.16, Bρt = −0.819355
for phenanthrenes.
The approximation for tricycloalkane is valid in the range of temperatures
(273.15 – 372.05) K, while the approximation for phenanthrenes is valid in
the range of temperatures (490.70 – 557.80) K.
Using data supplied in [67], the temperature dependence of the density
of liquid diaromatic was approximated as:
ρl(t) (T ) = Aρd + Bρd T + Cρd T 2 + Dρd T 3 ,

(81)

where
Aρd = 1.22498 × 103 , Bρd = −7.21739 × 10−1 ,
Cρd = −8.65342 × 10−5 , Dρd = 1.63332 × 10−9 .
This approximation is valid in the range of temperatures (284.15 – 523.15)
K.
In contrast to the previously considered components, it was assumed that
the values at T < Tmin are the same as the values at T = Tmin , and the values
at T > Tmax are the same as the values at T = Tmax . This ‘cautious’ approach
can be justified by the very small contribution of these components to the
process of Diesel fuel droplet heating and evaporation.
Liquid viscosity
Following [68, 69], the temperature dependence of the liquid dynamic
viscosity is approximated as:


ηa − 597.82
+ ηb − 11.202 ,
(82)
µl = M exp
T
where M is molar mass,
M = 262.4733

kg
, ηa = 3107.93, ηb = −9.936
kmole

for tricycloalkanes,
M = 168.23

kg
, ηa = 2199.18, ηb = −5.395
kmole
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for diaromatics, and
M = 178.23

kg
, ηa = 1613.54, ηb = −3.372
kmole

for phenanthrenes.
Equation (82) is valid up to 0.7 Tcr .
Liquid heat capacity
Following [59, 60], the temperature dependence of the heat capacity of
liquid tricycloalkanes and polycyclic aromatics was approximated by Expression (61) with the coefficients defined as:
ac = 32.9773, bc = 8.243707 K−1 , cc = 0.93225 K−2
for tricycloalkanes,
ac = 17.9997, bc = 3.230018 K−1 , cc = 0.5203 K−2
for diaromatics, and
ac = 2.43092, bc = 12.11225 K−1 , cc = 0.80569 K−2
for phenanthrenes.
As in the case of previously considered components, the temperature
range of applicability of these approximations is between melting and boiling
points.
Liquid thermal conductivity
Following [47], the temperature dependence of thermal conductivity of
liquid tricycloalkanes and polycyclic aromatics can be estimated based on
Expression (62) with Mn = 14n − 4 for tricycloalkanes, Mn = 14n − 14 for diaromatics and Mn = 14n−18 for phenanthrenes. As in the case of previously
considered components, Expression (62) for tricycloalkanes, diaromatics and
phenanthrenes is assumed to be valid up to the critical temperatures.
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Saturated vapour pressure and enthalpy of evaporation
Following [54], the saturated vapour pressures for tricycloalkane, diaromatic and phenanthrene are approximated by the Antoine equation (56) with
A(n) = 15.14702, B(n) = 6103.355, C(n) = 0
for tricycloalkane in the range of temperatures 301-321 K,
A(n) = 6.38684, B(n) = 2334.129, C(n) = −92.028
for tricycloalkane in the range of temperatures 333-464 K,
A(n) = 9.79557, B(n) = 3740.286, C(n) = 0
for diaromatic in the range of temperatures 273-298 K,
A(n) = 6.19796, B(n) = 1885.888, C(n) = −88.292
for diaromatic in the range of temperatures 333-647 K,
A(n) = 11.631, B(n) = 4873.4, C(n) = 0.05
for phenanthrene in the range of temperatures 306-321 K,
A(n) = 6.37081, B(n) = 2329.54, C(n) = −77.87
for phenanthrene in the range of temperatures 356-650 K.
The upper bounds of the temperatures mentioned above are very close to
the critical temperatures of the components. In our analysis these bounds
are identified with critical temperatures. At temperatures below Tmin and
above Tmax it is assumed that pv (T < Tmin ) = pv (T = Tmin ) and pv (T >
Tmax ) = pv (T = Tmax ). At intermediate temperatures when pv (T ≤ T1 ) and
pv (T ≥ T2 ) are known but pv (T1 < T < T2 ) are not known, it is assumed that
in the latter range of temperatures pv can be approximated by interpolation
as:
pv (T2 ) − pv (T1 )
pv (T ) = pv (T1 ) +
(T − T1 ).
T2 − T1
As in the case of density, this ‘cautious’ approach can be justified by the very
small contribution of these components to the process of Diesel fuel droplet
heating and evaporation.
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Following [47, 33], L for tricycloalkane, diaromatic and phenanthrene was
estimated by the equation, inferred from the Clausius-Clapeyron equation
[12]:
Ru d ln psat (n)
L=−
,
(83)
M (n) d(1/T )
where Ru is the universal gas constant. Remembering (56), Formula (83) can
be rewritten as:
Ru B(n)T 2
.
(84)
L=
M (n)(T + C(n))2
where B(n) and C(n) are given earlier in this appendix.
Expression (84) is assumed to be valid up to the critical temperature.
Appendix 8
Thermal conductivity of liquid Diesel fuel
As mentioned in Section 3.7, Expression (46), widely used for the estimation of the thermal conductivity of mixtures (e.g. [23]), is not applicable for
the estimation of the thermal conductivity of realistic Diesel fuels, including
the one considered in this paper, as the maximal ratio of thermal conductivities of components for these is well above two. On the other hand, no
experimental measurements of Diesel fuel, as considered in this paper, are
available to the best of our knowledge. In these circumstances, the most
sensible action would be to base the analysis on published experimental data
referring to other types of Diesel fuel assuming that the difference between
the values of thermal conductivities of various types of Diesel fuels is not
large. This assumption will be implicitly supported by the results of our
analysis. Note that liquid thermal conductivity depends both on temperature and ambient pressure in the general case (e.g. [70, 71, 72]). This is taken
into account in our analysis.
Kolev [73] reported selective measurements of Diesel fuel thermal conductivities for a typical summer Diesel fuel at various ambient pressures, up
to 240 MPa. The results of these measurements were approximated by the
following formula [74]:
!
3
3
X
X
j−1
kD (T, p) =
aij T
pi−1 ,
(85)
i=1

j=1
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where

0.13924
3.78253 × 10−5
−2.89732 × 10−7
3.64777 × 10−16  , (86)
aij =  −6.27425 × 10−11 6.08052 × 10−13
−1.38756 × 10−19 −2.57608 × 10−22 −2.70893 × 10−24


T is in K, p is in Pa and kD is in SI units.
The plots of kD versus T for p = 105 Pa (1 bar) and p = 3 × 106 Pa
(30 bars) are shown in Fig. A3. As can be seen from this figure, thermal
conductivities predicted by Expression (85) for p =1 bar and p =30 bars
almost coincide, which indicates that the dependence of Diesel fuel thermal
conductivity on ambient pressure is weak.
Also, in Fig. A3 we have shown the result of the measurements of thermal
conductivity at atmospheric pressure and temperature 24◦ C as reported in
[75] (the value of temperature at which the measurements were performed
were communicated to us by the lead author of [75]; this is not mentioned
in the original paper). As one can see from Fig. A3, the difference between
the results reported in [75] and predicted by Expression (85) is less than
10%. This indirectly supports our choice of Expression (85) for the estimation of the thermal conductivity of Diesel fuel. To be consistent with the
choice of other parameters used for calculations, this thermal conductivity
was estimated for p =30 bars.
In the same Fig. A3, we have shown the plots for thermal conductivity
of n-dodecane, using the approximation recommended by [42]:
knd (T ) = 0.1405 − 0.00022 (T − 300).

(87)

As can be seen from Fig. A3, the values of thermal conductivity of n-dodecane
are higher than those of Diesel fuel, and the difference between them is
particularly noticeable at high temperatures. It is recommended that the
thermal conductivity of Diesel fuel is estimated based on Formula (85) rather
than Formula (87). As mentioned earlier, the approximation of Diesel fuel
by n-dodecane is widely used in the literature.
Note that in all cases shown in Fig. A3 the thermal conductivity of Diesel
fuel decreases with temperature. This trend does not capture the expected
infinitely large values of thermal conductivity of components when the temperatures of these components reach critical temperatures [76]. The critical
temperatures of Diesel fuel varies from one sample to another, but in all cases
they were above 700 K [74]. Since no direct comparison of the predictions of
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Expression (85) with experimental data for high temperatures was presented
in [74], it was assumed that kD (T > 700 K) = kD (T = 700 K).
Appendix 9
Vapour molar heat capacity
In contrast to most transport and thermodynamic properties of the components of Diesel fuel, considered in Appendices 1–8, vapour molar heat
capacities (in J/(mole K)) of all these components can be estimated by a
single formula, derived from group-contributions [68]:


cpv = acpv − 37.93 + [bcpv + 0.210] T + ccpv − 3.91 × 10−4 T 2


+ dcpv + 2.06 × 10−7 T 3 ,
(88)
where the values of coefficients for Diesel fuel components, calculated using
the methodology described in [68], are given in Table A6.
Alkanes
n (number of carbon atoms)
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27

acpv
33.546
32.637
31.728
30.819
29.91
29.001
28.092
27.183
26.274
25.365
24.456
23.547
22.638
21.729
20.82
19.911
19.002
18.093
17.184
16.275
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bcpv
ccpv
0.55384 −2 × 10−5
0.64884 −7.5 × 10−5
0.74384
−0.00013
0.83884
−0.00018
0.93384
−0.00024
1.02884
−0.00029
1.12384
−0.00035
1.21884
−0.0004
1.31384
−0.00046
1.40884
−0.00051
1.50384
−0.00056
1.59884
−0.00062
1.69384
−0.00067
1.78884
−0.00073
1.88384
−0.00078
1.97884
−0.00084
2.07384
−0.00089
2.16884
−0.00095
2.26384
−0.001
2.35884
−0.00105

dcpv
−1.2 × 10−7
−1.1 × 10−7
−9.8 × 10−8
−8.6 × 10−8
−7.4 × 10−8
−6.3 × 10−8
−5.1 × 10−8
−3.9 × 10−8
−2.7 × 10−8
−1.5 × 10−8
−3 × 10−9
8.9 × 10−9
2.08 × 10−8
3.27 × 10−8
4.46 × 10−8
5.65 × 10−8
6.84 × 10−8
8.03 × 10−8
9.22 × 10−8
1.04 × 10−7

Cycloalkanes
n (number of carbon atoms)
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27

acpv
−33.877
−34.786
−35.695
−36.604
−37.513
−38.422
−39.331
−40.24
−41.149
−42.058
−42.967
−43.876
−44.785
−45.694
−46.603
−47.512
−48.421
−49.33

bcpv
0.86592
0.96092
1.05592
1.15092
1.24592
1.34092
1.43592
1.53092
1.62592
1.72092
1.81592
1.91092
2.00592
2.10092
2.19592
2.29092
2.38592
2.48092

ccpv
−0.00021
−0.00026
−0.00032
−0.00037
−0.00043
−0.00048
−0.00054
−0.00059
−0.00065
−0.0007
−0.00075
−0.00081
−0.00086
−0.00092
−0.00097
−0.00103
−0.00108
−0.00114

dcpv
−8.9 × 10−8
−7.7 × 10−8
−6.5 × 10−8
−5.3 × 10−8
−4.1 × 10−8
−2.9 × 10−8
−1.7 × 10−8
−5.3 × 10−9
6.6 × 10−9
1.85 × 10−8
3.04 × 10−8
4.23 × 10−8
5.42 × 10−8
6.61 × 10−8
7.8 × 10−8
8.99 × 10−8
1.02 × 10−7
1.14 × 10−7

acpv
−84.21
−85.119
−86.028
−86.937
−87.846
−88.755
−89.664
−90.573
−91.482
−92.391
−93.3
−94.209
−95.118
−96.027
−96.936
−97.845

bcpv
1.07572
1.17072
1.26572
1.36072
1.45572
1.55072
1.64572
1.74072
1.83572
1.93072
2.02572
2.12072
2.21572
2.31072
2.40572
2.50072

ccpv
dcpv
−0.00038 −3.6 × 10−8
−0.00044 −2.4 × 10−8
−0.00049 −1.2 × 10−8
−0.00055 2 × 10−10
−0.0006 1.21 × 10−8
−0.00066 2.4 × 10−8
−0.00071 3.59 × 10−8
−0.00076 4.78 × 10−8
−0.00082 5.97 × 10−8
−0.00087 7.16 × 10−8
−0.00093 8.35 × 10−8
−0.00098 9.54 × 10−8
−0.00104 1.07 × 10−7
−0.00109 1.19 × 10−7
−0.00114 1.31 × 10−7
−0.0012 1.43 × 10−7

Bicycloalkanes
n (number of carbon atoms)
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
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Alkylbenzene
n (number of carbon atoms)
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24

acpv
−0.359
−1.268
−2.177
−3.086
−3.995
−4.904
−5.813
−6.722
−7.631
−8.54
−9.449
−10.358
−11.267
−12.176
−13.085
−13.994
−14.903

bcpv
ccpv
0.47492 −5.2 × 10−5
0.56992
−0.00011
0.66492
−0.00016
0.75992
−0.00021
0.85492
−0.00027
0.94992
−0.00032
1.04492
−0.00038
1.13992
−0.00043
1.23492
−0.00049
1.32992
−0.00054
1.42492
−0.0006
1.51992
−0.00065
1.61492
−0.0007
1.70992
−0.00076
1.80492
−0.00081
1.89992
−0.00087
1.99492
−0.00092

dcpv
−9.7 × 10−8
−8.5 × 10−8
−7.3 × 10−8
−6.1 × 10−8
−4.9 × 10−8
−3.7 × 10−8
−2.5 × 10−8
−1.3 × 10−8
−1.3 × 10−9
1.06 × 10−8
2.25 × 10−8
3.44 × 10−8
4.63 × 10−8
5.82 × 10−8
7.01 × 10−8
8.2 × 10−8
9.39 × 10−8

Indanes & tetraline
n (number of carbon atoms)
10
11
12
13
14
15
16
17
18
19
20
21
22

acpv
−38.12
−39.029
−39.938
−40.847
−41.756
−42.665
−43.574
−44.483
−45.392
−46.301
−47.21
−48.119
−49.028
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bcpv
0.75632
0.85132
0.94632
1.04132
1.13632
1.23132
1.32632
1.42132
1.51632
1.61132
1.70632
1.80132
1.89632

ccpv
−0.00031
−0.00037
−0.00042
−0.00048
−0.00053
−0.00059
−0.00064
−0.00069
−0.00075
−0.0008
−0.00086
−0.00091
−0.00097

dcpv
1.7 × 10−9
1.36 × 10−8
2.55 × 10−8
3.74 × 10−8
4.93 × 10−8
6.12 × 10−8
7.31 × 10−8
8.5 × 10−8
9.69 × 10−8
1.09 × 10−7
1.21 × 10−7
1.33 × 10−7
1.45 × 10−7

Naphthalenes
n (number of carbon atoms)
10
11
12
13
14
15
16
17
18
19
20

acpv
−39.73
−20.23
−21.139
−22.048
−22.957
−23.866
−24.775
−25.684
−26.593
−27.502
−28.411

bcpv
0.7048
0.69672
0.79172
0.88672
0.98172
1.07672
1.17172
1.26672
1.36172
1.45672
1.55172

ccpv
dcpv
−0.00044 9.21 × 10−8
−0.00028 −4.6 × 10−9
−0.00034 7.3 × 10−9
−0.00039 1.92 × 10−8
−0.00045 3.11 × 10−8
−0.0005
4.3 × 10−8
−0.00056 5.49 × 10−8
−0.00061 6.68 × 10−8
−0.00067 7.87 × 10−8
−0.00072 9.06 × 10−8
−0.00077 1.03 × 10−7

Tricycloalkanes, diaromatics and phenanthrenes
Component
acpv
bcpv
ccpv
dcpv
Tricycloalkanes −140.906 1.95052 −0.00094 1.009 × 10−7
Diaromatics
−25.419 0.90652 −0.00034 −2.45 × 10−8
Phenanthrenes
−54.4
0.978 −0.00058 1.122 × 10−7
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Figure Captions
Fig. 1 The plots of the droplet surface temperatures Ts and radii Rd versus time for four approximations of Diesel fuel composition: the contributions
of all 98 components are taken into account (indicated as (98)); the contributions of only 20 alkane components shown in Table 2 are taken into account
(indicated as (20A)); the contribution of all 98 components are approximated
by 6 quasi-components (corresponding to 6 groups shown in Table 2) and 3
components (tricycloalkane, diaromatic and phenanthrene) without taking
into account the diffusion between them so that their mass fractions remain
equal to the initial mass fractions and they behave like a single component
(indicated as (S)); the contributions of only 20 alkane components shown
in Table 2 are taken into account and these are treated as a single component with the average value of the carbon number (C14.763 H31.526 ; indicated
as (SA)). Ambient gas pressure and temperature are assumed to be
equal to 30 bar and 880 K respectively; the ETC/ED model was
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used for the analysis.
Fig. 2 The plots of the droplet surface temperatures Ts and radii Rd
versus time for five approximations of Diesel fuel composition: 98 components (indicated as (98)); 85 quasi-components/components (indicated
as (85)); 58 quasi-components/components (indicated as (58)); 40 quasicomponents/components (indicated as (40)); the contribution of all 98 components is taken into account as that of a single component as in the case
shown in Fig. 1 (indicated as (S)) (see the details in the text of the paper).
The same ambient conditions and model as in the case shown in
Fig. 1 were used for the analysis.
Fig. 3 Zoomed part of Fig. 2 referring to the droplet surface temperatures Ts .
Fig. 4 Zoomed part of Fig. 2 referring to the droplet surface radii Rd .
Fig. 5 The plots of the droplet surface temperatures Ts versus time for
ten approximations of Diesel fuel composition: 98 components (indicated
as (98)); 23, 21, 17, 15, 12, 9 and 7 quasi-components/components (indicated as (23), (21), (17), (15), (12), (9) and (7) respectively); the contributions of all groups shown in Table 2 are approximated by single quasicomponents, to which the contribution of tricycloalkane is added, leading
to 7 quasi-components/components (indicated as (S7)); the contribution of
all 98 components is taken into account as that of a single component as
in the case shown in Figs. 1 and 2 (indicated as (S)) (see the details in the
text of the paper); the contributions of only 20 alkane components,
shown in Table 2, are taken into account and these are treated as
a single component, with the average value of the carbon number
(C14.763 H31.526 ; indicated as (SA)). The same ambient conditions and
model as in the case shown in Figs. 1-4 were used for the analysis.
Fig. 6 Zoomed part of Fig. 5.
Fig. 7 The same as Fig. 5 but for the droplet radii Rd .
Fig. 8 Zoomed part of Fig. 7.
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Fig. 9 The plots of the surface mass fractions Ylis of 9 characteristic
and/or dominant components, predicted based on the model, taking into account the contributions of all 98 components, for the same conditions as in
Figs. 1-8: alkanes C18 H38 (1), C25 H52 (2), C27 H56 (3), cycloalkanes C20 H40
(4), C24 H48 (5), C26 H52 (6), C27 H54 (7), alkylbenzene C10 H14 (8) and tricycloalkane C19 H34 (9).
Fig. 10 The same as Fig. 9 but for alkane C10 H22 (1), bicycloalkanes
C11 H20 (2) and C25 H48 (3), alkylbenzenes C23 H40 (4) and C24 H42 (5), indane
or tetraline C13 H18 (6), naphthalenes C10 H8 (7), C11 H10 (8), and C19 H26 (9).
Fig. 11 The same as Figs. 9 and 10 but for the surface mass fractions
Ylis of 8 characteristic and/or dominant quasi-components/components, predicted based on the model, taking into account the contributions of 21 quasicomponents/components; these are the quasi-components/components: alkane
C17.622 H37.244 (range C16 H34 – C19 H40 ) (1), alkane C20.869 H43.737 (range C20 H42
– C23 H48 ) (2), cycloalkane C25.644 H51.287 (range C25 H50 – C27 H54 ) (3), bicycloalkane C21.243 H40.485 (range C20 H38 – C25 H48 ) (4), alkylbenzene C10.207 H14.413
(range C8 H10 – C13 H20 ) (5), indane or tetraline C11.407 H14.814 (range C10 H12
– C13 H18 ) (6), naphthalene C11.533 H11.067 (range C10 H8 – C15 H18 ) (7), tricycloalkane C19 H34 (8).
Fig. 12 The same as Fig. 11 but for the surface mass fractions Ylis
of 11 characteristic and/or dominant quasi-components/components, predicted based on the model, taking into account the contributions of 15 quasicomponents/components; these are the quasi-components/components: alkane
C10.335 H22.670 (range C8 H18 – C12 H26 ) (1), alkane C19.380 H40.760 (range C18 H38
– C22 H46 ) (2), cycloalkane C12.562 H25.125 (range C10 H20 – C15 H30 ) (3), cycloalkane C18.297 H36.595 (range C16 H32 – C21 H42 ) (4), cycloalkane C22.977 H45.953
(range C22 H44 – C27 H54 ) (5), bicycloalkane C14.743 H27.487 (range C10 H18 –
C25 H48 ) (6), alkylbenzene C10.207 H14.413 (range C8 H10 – C13 H20 ) (7), indane
or tetraline C12.495 H16.990 (range C10 H12 – C16 H24 ) (8), indane or tetraline
C18.615 H29.229 (range C17 H26 – C22 H36 ) (9), naphthalene C12.392 H12.783 (range
C10 H8 – C20 H28 ) (10), tricycloalkane C19 H34 (11).
Fig. 13 The plots of the mass fractions of alkylbenzene C10 H14 (indicated
as A) and tricycloalkane C19 H34 (indicated as T) versus normalised distance
from the droplet centre (R/Rd ) at four instants of time 0.02 ms, 0.3 ms, 0.5
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ms and 1 ms (indicated near the plots) as predicted by the model, taking
into account the contributions of all 98 components. The same ambient
conditions and model as in the case shown in Figs. 1-12 were used
for the analysis.
Fig. 14 The plots of temperature versus normalised distance from the
droplet centre (R/Rd ) at four instants of time 0.02 ms, 0.3 ms, 0.5 ms and 1
ms (indicated near the plots) as predicted by the model, taking into account
the contributions of all 98 components. The same ambient conditions
and model as in the case shown in Figs. 1-13 were used for the
analysis.
Fig. 15 The plots of the mass fractions of alkylbenzene quasi-component
C10.207 H14.413 (range C8 H10 – C13 H20 ) and tricycloalkane C19 H34 , versus normalised distance from the droplet centre (R/Rd ) at four instants of time 0.02
ms, 0.3 ms, 0.5 ms and 1 ms (indicated near the plots) as predicted by the
model based on the approximation of Diesel fuel by 15 quasi-components/components.
The same ambient conditions and model as in the case shown in
Figs. 1-14 were used for the analysis.
Fig. 16 The same as Fig. 14, but predicted by the model based on the
approximation of Diesel fuel by 15 quasi-components/components.
Fig. 17 The values of droplet surface temperatures (a) and radii (b) versus the number of quasi-components/components used for the approximation
of Diesel fuel for the time instant 0.02 ms for the same conditions as in Figs.
1-16.
Fig. 18 The same as Fig. 17 but for the time instant 0.5 ms.
Fig. 19 The same as Figs. 17 and 18 but for the time instant 1 ms.
Fig. 20 The same as Figs. 17-19 but for the time instant 2 ms.
Fig. 21 The same as Figs. 17-20 but for the time instant 2.5 ms.
Fig. 22 The plots of the droplet surface temperatures Ts versus time for 3
approximations of Diesel fuel composition: the contributions of all 98 compo73

nents is taken into account (indicated as (98)); 15 quasi-components/components
(indicated as (15)); the contributions of all 98 components are taken into account as that of a single component as in the case shown in Figs. 1, 2 and
5 (indicated as (S)) for the same conditions as in Figs. 1-16 except that
the droplet is assumed to be moving with a velocity equal to 10 m/s and
using both the Effective Thermal Conductivity/Effective Diffusivity model
(indicated as E) and the Infinite Thermal Conductivity/ Infinite Diffusivity
model (indicated as I).
Fig. 23 The same as Fig. 22 but for the droplet radii Rd .
Fig. 24 The plot of CPU time, required for calculations of stationary droplet heating and evaporation for the same parameters as
in Figs. 1-21, versus the number of quasi-components/components
used in the model.
Fig. A1 The structures of some organic components of Diesel fuel.
Fig. A2 The values of A used in Formula (57), as inferred from the data
provided by [46], and their approximations by AL and AH .
Fig. A3 The plots of thermal conductivity of Diesel fuel as predicted by
Formula (85), recommended by Lin and Tavlarides [74], for 1 and 30 bars, the
result of the measurements of thermal conductivity at atmospheric pressure
and temperature 24◦ C as reported by Guimarães et al. [75], and the values
of thermal conductivity of n-dodecane estimated based on Formula (87) by
Abramzon and Sazhin [42].

Table Captions
Table 1 The composition (molar fractions) of a realistic Diesel fuel sample (gas chromatography data) used in the analysis.
Table 2 The simplified composition (molar fractions) of the same Diesel
fuel sample as in Table 1.
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Table 3 The relation between parameter m and groups (m = 1 − 6) and
components (m = 7 − 9).
Table A1 Numerical values of the coefficients used in Expressions (47)
and (48).
Table A2 Numerical values of the coefficients used in Expressions (58)
and (59).
Table A3 Numerical values of the coefficients used in Expressions (67)
and (68).
Table A4 Numerical values of the coefficients used in Expressions (72)
and (73).
Table A5 Numerical values of the coefficients used in Expressions (76)
and (77).
Table A6 Numerical values of the coefficients used in Expression (88).
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