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ABSTRACT
This paper presents a fundamental investigation into scaling effects for the mechanical properties and electrical output
power of piezoelectric vibration energy harvesters. The mechanical properties investigated in this paper include resonant
frequency of the harvester and its frequency tunability, which is essential for the harvester to operate efficiently under
broadband excitations. Electrical output power studied includes cases when the harvester is excited under both constant
vibration acceleration and constant vibration amplitude. The energy harvester analysed in this paper is based on a
cantilever structure, which is typical of most vibration energy harvesters. Both detailed mathematical derivation and
simulation are presented. Furthermore, various piezoelectric materials used in MEMS and non-MEMS harvesters are
also considered in the scaling analysis.
Keywords: scaling, piezoelectric, vibration energy harvesting

1. INTRODUCTION
A vibration energy harvester is a device that converts ambient mechanical vibration into electrical energy using certain
transduction mechanisms. It can be used to power small electronic systems, such as wireless sensors, in environment
where mechanical vibration is available. Systems powered by vibration energy harvesters tend to have longer life time
and require less maintenance compared to battery powered systems. With latest development in microelectronics, sizes
of wireless sensors are shrinking significantly. Therefore, there is an increasing demand to minimize vibration energy
harvesters. In order to design effective energy harvesters to meet such requirements, it is crucial to understand scaling
effects for vibration energy harvesters.
Common transducers used in energy harvesting include electromagnetic, electrostatic and piezoelectric1.
Electromagnetic energy harvesters normally require bulky permanent magnets to provide a strong magnetic field to
maximize their output power. Although magnets can be fabricated using standard MEMS process2, their performance is
very poor compared to conventional magnets. Furthermore, the performance of MEMS electromagnetic vibration energy
harvesters is also limited by the use of micro-fabricated coils due to their large coil resistances. The scaling effect for
electromagnetic energy harvesters were studied and reported by O’Donnell et al3. Electrostatic transducer, on the other
hand, is easily achievable using MEMS fabrication process. However, electrostatic energy harvesters normally require an
initial polarizing voltage or charge, which limits their applications. Piezoelectric transducer has received special
attention4 due to its high energy density and easy fabrication process5. More importantly, fabrication process of
piezoelectric energy harvesters can also be easily integrated with traditional MEMS fabrication. This makes it a very
promising candidate for providing localised power source for MEMS systems.
This paper studies scaling effects for piezoelectric vibration energy harvesters in terms of their mechanical properties and
electrical output power. The mechanical properties investigated in this paper include resonant frequency of the harvester
and its frequency tunability, which is important for maximizing output power under broadband excitations6. Electrical
output power studied includes that under constant vibration acceleration and constant vibration amplitude. Various
piezoelectric materials used in MEMS and non-MEMS harvesters are also considered in the scaling analysis. The energy
harvester structure analysed is based on a cantilever structure, which is typical of most vibration energy harvesters.

2. MECHANICAL PROPERTIES
Most reported vibration energy harvesters consist of a cantilever structure. It can be modelled using a spring-massdamper system. Such a system has a resonant frequency. When the resonant frequency of the vibration energy harvester
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matches ambient vibration frequency, the output power of the harvester is maximal. In applications where vibration
frequency varies occasionally, resonant frequency of the harvester needs to be tuned accordingly in order to maximize its
output power. In this section, scaling effects for resonant frequency and frequency tunability of cantilever structures will
be studied. Results in this section apply to any cantilever based kinetic energy harvesters, including piezoelectric,
electromagnetic and electrostatic etc.
2.1 Resonant frequency
The spring constant of a resonator depends on its materials and dimensions. For a cantilever beam with an inertial mass
at the free end as shown in Figure 1, its spring constant is given by7:

Figure 1. A cantilever beam structure.
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where Y is Young’s modulus of the beam material, w, h and l are the width, thickness and length of the cantilever beam,
respectively. The resonant frequency of the resonator, fr, is given by:

fr =

1
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where m is the inertial mass and mc is the mass of the cantilever beam.
If the cantilever beam is scaled by a times (the structure is scaled up when a > 1 and the structure is scaled down when 0
< a < 1), the scaled spring constant, ks_s, is given by
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In the meantime, inertial mass, ms, and mass of the cantilever beam, mc_s are also scaled as

ms = a 3 m

(4)

mc _ s = a 3 mc

(5)

Thus, the resonant frequency of the scaled cantilever beam, fr_s, becomes
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1
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1
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(6)

It can be found in Eq. 6 that the resonant frequency increases as the structure is scaled down and decreases as the
structure is scaled up.

2.2 Frequency tuning
Resonant frequency of a cantilever structure can be tuned by applying an axial load as shown in Figure 2.

Figure 2. Resonant frequency of a cantilever structure can be tuned by applying an axial force (a) tensile (b) compressive.

The formula for the resonant frequency of a uniform cantilever in mode 1 with an axial load, fr1’, is given by7:

f r1 ' = f r1 ⋅ 1 +

F
Fb

(7)

where fr1 is the resonant frequency in mode 1 without load and F is the axial load. F is positive if the load is tensile and F
is negative if the load is compressive. Fb is the compressive axial load required to buckle the beam, i.e. when the
resonant frequency drops to zero. The tuning ratio, which is defined as the ratio of the tuned frequency to the original
frequency, of a cantilever beam is given by

f r1 '
F
= 1+
f r1
Fb

(8)

The buckling load Fb is given by:

Fb =

π 2 ⋅ Y ⋅ w ⋅ h3

(9)
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If the cantilever beam is scaled by a times (the structure is scaled up when a > 1 and the structure is scaled down when 0
< a < 1), the buckling force for the scaled resonator, Fb_s, is given by

Fb _ s =
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It can be found in Eq. 10 that the buckling force of the cantilever beam increases as the structure is scaled up and
decreases as the structure is scaled down.
The formula for the resonant frequency of a scaled cantilever beam in mode 1 with an axial load, fr1_s’, is given by:

f r1 _ s ' = f r1 _ s ⋅ 1 +

F
Fb _ s

(11)

The tuning ratio of the scaled cantilever beam is given by

f r1 _ s '
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2

(12)

Figure 3 shows the tuning ratio of various scaled cantilever beams. It is found that the buckling force is reduced and thus
structures can bear less compressive forces as the structure is scaled down. Meanwhile, when the structure is scaled

down, it can be tuned to a higher resonant frequency under the same tensile force.
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Figure 3. Tuning ratios of various scaled cantilever beams.

2.3 Simulation
As an example, a cantilever (device 0) with dimensions of 3 mm (length) × 2.7 mm (width) × 48 μm (thickness) was
used in the simulation. Its mass dimensions are 1 mm (length) × 2.7 mm (width) × 0.2 mm (thickness). Device 1 is a
cantilever that is scaled up based on device 0 by 10 times while device 2 is a cantilever that is scaled down based on
device 0 by 10 times.
Simulation was carried out in ANSYS. Simulation results show that the resonant frequencies of device 0, 1, 2 are
696.781 Hz, 69.679 Hz and 6967.9 Hz, respectively. This agrees with Eq. 6 that resonant frequency is inversely
proportional to the scale factor, a. The buckling forces of device 0, 1, 2 are 0.5072 N, 50.72 N and 0.005072 N,
respectively. This agrees with Eq. 10 that buckling force is proportional to the scale factor squared, a2.
Figure 4 compares tuning ratio of devices 0, 1, 2. Fb0 is the buckling force of device 0. Simulation results agree with the
trend shown in Figure 3.
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Figure 4. Comparisons of tuning ratios of scaled piezoelectric energy harvesters.

3. ELECTRICAL POWER
In this section, scaling effect of electrical output power of piezoelectric energy harvester is investigated. Output power of
a cantilever based bimorph piezoelectric energy harvester as shown in Figure 5 when connected to a resistive load, RL, at
resonance is given by8:

Figure 5. A cantilever based bimorph piezoelectric energy harvester.
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where Yp is the Young’s modulus of the piezoelectric material, tp is the thickness of one piezoelectric layer. d31 is strain
coefficient in 31 mode. ε is dielectric constant of the piezoelectric material. ωr is the resonant frequency. ζ is the damping
ratio. k is the coupling factor. Cp is the capacitance of one piezoelectric layer, respectively. Ain is the vibration
acceleration. γ is the ratio of strain to vertical displacement which is given by:
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where lm is the length of the inertial mass and Ys is the Young’s modulus of the substrate. ts and tp are thickness of the
piezoelectric layer and substrate respectively.
The optimal load resistance can be found by differentiating Eq. 13 and is given by:

Ropt =
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Substitution of Eq. 16 into Eq. 13 results in the output power of the harvester when connected to its optimal load as:
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If the piezoelectric energy harvester is scaled by a times (the structure is scaled up when a > 1 and the structure is scaled
down when 0 < a < 1), the ratio γ becomes:
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and the capacitance of one piezoelectric layer, Cp_s becomes
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(18)

For a given piezoelectric material, the coupling coefficient, k, is constant. It is assumed that the damping ratio, ζ, remains
constant for simplicity in analysis.
Therefore, the optimal load resistance of the scaled piezoelectric harvester, Ropt_s, is:
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3.1 Constant vibration acceleration
If the scaled harvester is excited under the same vibration acceleration as the unscaled harvester and assuming same
substrate and piezoelectric materials are used, substitution of Eqs 3, 6, 17 and 18 into Eq. 16 leads to the output power of
the scaled piezoelectric energy harvester at resonance, Popt_s, as:
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3.2 Constant vibration amplitude
Since vibration acceleration Ain = Yωr2, where Y is the vibration amplitude, Eq. 16 can be written as
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If the scaled harvester is excited under the same vibration amplitude as the unscaled harvester, the output power of the
scaled piezoelectric energy harvester at resonance, Popt_s’, is:
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3.3 Simulation
Simulation was conducted in ANSYS with direct coupled field analysis between the mechanical and piezoelectric
domain. Together with coupled physics circuit simulation in ANSYS, the performance of the piezoelectric energy
harvester can be fully simulated9.

Normalized output power

Figures 6 and 7 compare output power of devices 0, 1, 2 when connected to various load resistances the constant
vibration acceleration and amplitude, respectively. Output power and load resistances are normalized to those of device
0. It was found that, under constant vibration acceleration excitation, the optimum load resistances are the same for all
three devices while the maximum output power is proportional to fourth powers of scaling factor, a. When excited under
constant vibration amplitude, both optimum load resistances and maximum output power of the three devices are the
same. Simulation results agree with Eqs. 19 and 21.

Normalized load resistance

Normalized output power

Figure 6. Comparison of output power of scaled piezoelectric energy harvesters under the constant vibration acceleration.

Normalized load resistance
Figure 7. Comparison of output power of scaled piezoelectric energy harvesters under the constant vibration amplitude.

4. PIEZOELECTRIC MATERIALS
Common piezoelectric materials used in energy harvesters include (1) non-MEMS: PZT (types 5A and 5H) and PVDF
(non-MEMS) (2) MEMS: BaTiO3, ZnO, AlN and PZT. Table 1 summarizes properties of common piezoelectric materials
used for energy harvesting applications. Figure 8a compares coupling factor of these piezoelectric materials, which is a
function of Young’s modulus (Y), piezoelectric coefficients (d31) and dielectric constants (ε) (k312=d312·Y/ε). The
simulation results show that PZT-5H has the highest coupling factor among piezoelectric materials. Figure 8b compares
normalized maximum output power of harvesters with various piezoelectric materials and considering the scaling effects
presented in Sections 2 and 3. In the simulation, MEMS harvesters were 1/10 in size compared to non-MEMS harvesters.
It is found that the energy harvester with PZT type 5A has the highest output power among all harvesters while AlN has
the highest output power among all MEMS scaled harvester.
Table 1. Properties of common piezoelectric materials.
Material
PZT-5A10, 11
PZT-5H10, 11
PVDF10, 11
BaTiO310, 11
ZnO12
AlN13

Young’s modulus
50
50
2
67
147.3
300

d31
171
274
23
78
5.43
2.65

Dielectric constant
1700
3400
12
1700
11
9
MEMS harvester

Normalised power

2

Piezoelectric coupling factor, k31

Non-MEMS harvester

PZT 5A

PZT 5H

PVDF

BaTiO3

ZnO

AlN

PZT 5A PZT 5H

PVDF

BaTiO3

ZnO

AlN

PZT 5A PZT 5H
(MEMS) (MEMS)

(a)
(b)
Figure 8. Comparisons of different piezoelectric materials used in energy harvesting (a) piezoelectric coupling factor (b)
normalized power.

5. CONCLUSIONS
Performance of piezoelectric vibration energy harvesters depends on their dimensions and piezoelectric material used.
Scaling of piezoelectric vibration energy harvesters will significantly affect these factors. Scaling effects for
piezoelectric vibration energy harvesters found from mathematical analysis presented in this paper are summarized as
follows:
•

Resonant frequency increases linearly as scaling factor.

•

When the structure is scaled down, it has a wider frequency tuning range under the same tuning force.

•

With the same piezoelectric material, the optimal load resistance of a piezoelectric harvester remains unchanged
no matter how it is scaled.

•

When excited at constant vibration acceleration, maximum output power of a piezoelectric harvester is
proportional to fourth powers of scaling factor.

•

Maximum output power of a piezoelectric harvester remains unchanged when excited under constant vibration
amplitude.

•

PZT 5A and AlN work best for non-MEMS and MEMS piezoelectric harvesters, respectively.

It is worth mentioning that the first two rules listed above also apply to other vibration energy harvesters.
MEMS fabrication of piezoelectric energy harvesters offers a low cost and integrated solution to self-powered systems.
However, scaling down piezoelectric harvesters results in a much lower output power due to size constraints and material
properties. The main challenge in piezoelectric energy harvesting is how to balance device dimensions and its output
power.
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