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Abstract

Boundary layer transition estimation and modelling is essential for the design of many engineering products across many
industries. In this paper, the Reynolds-Averaged Navier-Stokes are solved in conjunction with three additional transport
equations to model and predict boundary layer transition. The transition model (referred to as the kp — ky, — w model)
is based on the k — w framework with an additional transport equation to incorporate the effects low-frequency flow
oscillations in the form of a laminar kinetic energy (kr). Firstly, a number of rectifications are made to the original
kr —kr, —w framework in order to ensure an appropriate response to the free-stream turbulence level and to improve near
wall predictions. Additionally, the model is extended to incorporate the capability to model transition due to surface
irregularities in the form of backward-facing steps with maximum non-dimensional step sizes of approximately 1.5 times
the local displacement thickness of the boundary layer where the irregularity is located (i.e k/0* < 1.5) at upstream
turbulence intensities in the range 0.01 < Tu(%) < 0.8. A novel function is proposed to incorporate transition sensitivity
due to aft-facing steps. This paper details the rationale behind the development of this new function and demonstrates

its suitability for transition onset estimation on a flat plate at zero pressure gradient.
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1. Introduction

The subject of boundary layer transition modelling is
an area that has attracted and continues to attract sig-
nificant interest. The reason for such interest is mainly
due to the fact that many engineering applications involve
transitional boundary layer flows. For example, within
the aerospace industry there has been an increased inter-
est in developing Unmanned-Aerial Vehicles (UAVs). Due
to their relatively small size (in comparison to more tra-
ditional aircraft), UAVs operate at low-medium Reynolds
numbers making their performance very susceptible to the
laminar-turbulent boundary layer transition process [1], 2].
Therefore, it is of paramount importance for aerospace
designers and engineers alike to have the ability to model
and predict the transition process accurately. Addition-
ally, there are many more engineering applications where
the ability to accurately predict the breakdown to turbu-
lence is essential to engineers, such as automotive, renew-
able energy, heat transfer and cooling, as well as maritime
applications.

Historically, different approaches have been employed to
model and predict boundary layer transition with various
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degrees of success. For example, early transition mod-
els were based on Linear Stability Theory (LST) and the
e method [3], as well as experimental correlations [4, [5].
Whilst these methods have proven very useful and have
been applied successfully to engineering design, they have
a fundamental drawback. That is, they rely on experimen-
tal data in order to be calibrated and, most importantly,
the calibration of these models is not universal (requiring a
new calibration and additional experimental data for even
the most trivial of design changes). More recently, Large
Eddy Simulation (LES) and Direct Numerical Simulation
(DNS) have been successfully applied to studying and pre-
dicting the boundary layer transition process [6H9]. DNS is
certainly a very useful tool for the study of fluid flow phe-
nomena. However, due to the large computational require-
ments for accurate predictions, DNS is still not a practical
tool for most engineering applications and it is currently
mostly used as a research tool at relatively low Reynolds
numbers since the mesh requirement for accurate 3D chan-
nel flow DNS is proportional to Re®/* [I0]. An alternative
approach is LES where the large scales in the flow are sim-
ulated and turbulence below the inertial sub-range is mod-
elled and assumed universal following Kolmogorov’s Uni-
versal Equilibrium Theory. Excellent reviews covering the
working principles of LES as well as challenges faced in its
application can be found in [T} [12]. An advantage of LES
(when compared to DNS) is that the smallest turbulent
scales are modelled, as a result the mesh density require-
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ment is reduced, with further reductions by modelling the
boundary layer near walls in wall-bounded flows [13] [14].
Since the mesh density requirement for LES also involves
significant computing resources, its usage as a day-to-day
engineering tool is limited. As a result, the RANS-based
simulation of transitional flows continues to be an area of
interest because RANS-based modelling offers a reasonable
compromise between computational expense and accuracy.
For this reason and due to the engineering relevance of this
work a RANS-based approach was employed.

Whilst the LES and DNS approaches have been dis-
carded in preference of a RANS-based approach due to
their relative computational economy, a suitable RANS
model is yet to be selected to form the basis of this work.
An examination of the literature of recent RANS models
developed to predict boundary layer transition shows that
there are two common approaches: (i) to couple turbu-
lent models with empirical correlations and (ii) to extend
turbulence models by including additional transport equa-
tions in order to model transitional behaviour.

The first approach involves the inclusion of suitable ex-
perimental transition correlations [I5] [I6] which are used
to determine transition initiation. The extent of the tran-
sition region is often modelled based on Dhawan and
Narasimha’s intermittency profile [I7]. The inclusion of
correlations for transition estimation within RANS-based
solvers can be problematic for a number of reasons. For
instance, transitional correlations often require the calcu-
lation or estimation of non-local quantities such as the
distance along a surface and the momentum/displacement
thickness of the boundary layer. This requirement makes
their implementation more complex. Additionally, tran-
sition correlations are often deduced from experiments of
simple or canonical geometries which increases the uncer-
tainty when these correlations are applied to more complex
geometries. Unless, the experimental database used to de-
velop a given correlation is fine-tuned to particular ap-
plications, therefore, increasing the cost to develop these
models.

On the other hand, the development of more general
transitional models can also be accomplished by devel-
oping additional transport equations and/or by including
model terms to account for the effects of transition. This
could be accomplished with the use of transition estima-
tion correlations such as the models proposed by Suzen et
al. [I8], Steelant et al. [I9] and Menter et al [20]. However,
as already mentioned, this approach can be difficult to im-
plement. An alternative method is to develop phenomeno-
logical or physics-based models [2IH23]. The development
of phenomenological models [2IH23] is preferable in the
sense that they attempt to incorporate the physics of tran-
sition directly. However, this is a very challenging task,
mainly due to the fact that the physics of transition are
not yet fully understood, for example, the mechanism of
receptivity of the boundary layer to external disturbances,
as well as, 3-dimensional effects as a result of pressure
gradients and/or complex geometries. Nonetheless, Wal-

ters and Cokljat [24] presented a phenomenological transi-
tional model using three transport equations (kr —k, —w)
which offers the advantage of making transition onset pre-
dictions based on local variables, therefore, facilitating its
implementation. For this reason, a revised version of the
model developed by Walters et al. [24] was chosen as the
transition estimation framework to be extended to incor-
porate predictions due to surface imperfections, that is,
small backward-facing steps in the range k/6* < 1.5.

The location of transition onset for a boundary layer is
affected by variables, such as freestream turbulence levels,
pressure gradients and aerodynamic surface imperfections.
Aerodynamic surfaces can contain bulges, gaps, waviness
and/or surface roughness. Additionally, surface imperfec-
tions can also originate due to operational conditions such
as insect or ice agglomeration. The focus of this work is to
extend the kr — kp —w framework to add the capability of
predicting transition due to backward-facing steps. This
type of surface imperfection is of particular interest due to
the fact that despite advances in manufacturing methods,
in engineering applications, step changes in aerodynamic
surfaces are often unavoidable due to the need to include
access/service hatches. Additionally, including the capa-
bility to estimate transition onset combining the effects of
surface imperfections and the freestream turbulence level
is suited to UAV flight as different freestream turbulence
intensities can be encountered depending on the UAV’s
operational requirements and mission.

Wang et al. [25] presented experimentally deter-
mined transition Reynolds numbers due to backward-
facing steps. In this work, their experimental data
is utilised to develop a correlation between the non-
dimensional backward-facing step height and the corre-
sponding (scaled) transitional Reynolds number. This cor-
relation is used to formulate and propose a new transition
threshold function at low-moderate turbulence intensities
(0.015% < Tu < 0.8%) to include the effects of aft-facing
steps. This transition threshold function is implemented
within a proposed revision of the kr — k; — w model.

2. Numerical method

2.1. Background

Walters and Cokljat [24] proposed a three-equation
model, which will be referred to as the k+—k;, —w model, to
mimic transition mechanisms and predict boundary layer
transition. Depending on the free-stream turbulence inten-
sity level, two main mechanisms leading to the transition
to turbulence of the boundary layer have been observed,
that is, (i) at low upstream turbulence intensities transi-
tion is initiated due to the amplification of quasi two di-
mensional waves known as Tollmien-Schlichting waves or
T-S waves [26], [27] and (ii) at turbulence intensities approx-
imately greater than 0.5 — 1% the mechanism of T-S wave
amplification is not observed, and transition occurs as a
result of the breakdown or eddying of stream-wise fluctu-
ations represented by Klebanoff modes [28]. This latter



route to transition is known as by-pass transition [29] to
reflect the fact that linear amplification of T-S waves is by-
passed. For succinctness, in this section only the main con-
cepts behind this transition estimation model are briefly
introduced. An excellent and detailed discussion can be
found in Walters et al. [24]. A key feature of this model
is that it employs the concept of laminar kinetic energy
(k1) to model low-frequency pre-transitional fluctuations.
The concept of laminar kinetic energy was originally de-
veloped by Mayle and Schulz [16] in order to describe the
evolution of high-amplitude stream-wise pre-transitional
fluctuations that lead to by-pass transition. Whilst the
physics and development of the so-called laminar kinetic
energy is not fully understood, it is known that boundary
layers are sensitive to specific free-stream eddy scales and
that low-frequency disturbances within the boundary layer
are amplified by shear mechanisms. This knowledge sug-
gests that a phenomenological transitional model could be
conceived by selecting appropriate turbulence scales and
modelling the growth of low-frequency up-stream fluctua-
tions (k). Also, it has been demonstrated [30] [31] that
the growth of laminar kinetic energy is linear with respect
to the stream-wise Reynolds number and it correlates with
low-frequency normal fluctuations of the free-stream tur-
bulence. Walters and Cokljat [24] incorporate these known
features of boundary layer transition into a transport equa-
tion for k;, and extend it to incorporate a production term
due to natural transition which is conveniently expressed
as a function of the Reynolds number based on the local
strain rate. The kp — kr, — w model also incorporates the
concept, of shear-sheltering which is used to indicate the
dampening of turbulence dynamics in thin high-vorticity
regions such as the pre-transitional boundary layer [32].
Essentially, the laminar regions of the boundary layer cor-
responded to a damped state of the turbulent solution.
Therefore, the k7 — kr, — w model uses a series of damp-
ing functions to model laminar regions, where the flow is
turbulent these functions assume the value of one which
returns the transport equations to their turbulent formu-
lation (k—w framework). Additionally, the model includes
natural transition estimation by including the assumption
that disturbances linked to T-S waves can be modelled
using a time-scale proportional to the inverse of the vor-
ticity. Finally, the criterion for natural boundary layer
transition is a function of the ratio of the T-S time-scale
to the molecular diffusion time-scale. Wang and Gaster
[25] showed that transitional Reynolds numbers due to
backward-facing steps correlate to N-factors obtained from
linear stability theory. This suggests that natural transi-
tion due to such steps can be modelled using wave amplifi-
cation/stability approaches. Therefore, since the criterion
for natural boundary layer transition used by Walters and
Cokljat [24] uses T-S time-scales, it is possible to develop
a new functional form for the transition criterion due to
backward-facing steps. The development of this function
is discussed after a number of corrections are made to the
original k7 — kr — w model in the next section.

2.2. Revised kr — kr, —w model

In this section the model equations are formulated for
single-phase and incompressible flow without body forces.
As discussed previously, the model employs the Reynolds-
averaged approach to derive the momentum and continuity
equations. As shown in equation , the eddy viscosity
is modelled using the Boussinesq hypothesis which offers
a linear relationship between the Reynolds stress and the
strain rate tensor.

piz; — 1/3puid;j = —2vrS;; (1)

The transition sensitive model is based on the k — w
framework. In the transitional model proposed by Wal-
ters [24], the total turbulent kinetic energy, k, is modelled
as k = krorar = kr + kr, where kp (referred to as the
laminar kinetic energy) results in a transport equation to
model low-frequency pre-transitional energy fluctuations.
Furthermore, kr is also modelled using a separate trans-
port equation to account for the magnitude of fluctua-
tions associated with the characteristics of turbulent flow.
Therefore, it is referred to as the turbulent kinetic energy.
The final transport equation employs the inverse turbu-
lent time-scale, w, as is equivalent to the equations used in
other k£ — w models. These transport equations are given
as:

DkT 8 aT 8kT
— =P P AT —wkpr—Dp+— —_
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The production of laminar and turbulent kinetic energy
by mean strain is modelled as:

PkT = VT’SS2 (5)

Py, = vr,S? (6)

In the production equations above, v s and vr; repre-
sent the small and large-scale eddy viscosities, respectively.
The latter is defined as:

vrs = fwfINTCu/ kT sAey s (7)



Where the effective small-scale turbulence is given by:

krs = fssfwkr (8)

The kinematic wall effect is modelled using a wall lim-
ited turbulence length scale (A¢fs) and damping function

(fw)-

>\eff = min(C’Ad, )\T) (9)
A=Y (10)

3/2
o= (%) ()

In reference to the damping function, fy,, the form in-
cluded in this work differs from the original definition by
Walters et al. [24] due to the inclusion of the exponent
3/2. This exponent was included in order to preserve con-
sistency between the various terms in the equations of this
model and the previous k — w transitional formulation by
Walters et. al [33].

Viscous wall effects are included using a viscous damp-
ing function (f,,) which in turn is dependent to the effective
turbulence Reynolds number (Rer).

f,=1—¢ VRer/Av (12)
Rer = (fikr)/vw (13)

The shear-sheltering effect is included through the
damping functions below.

fog = e (Cosv/hr)? (14)

In order to satisfy the realisability constraint suggested
by Shih et al. [34], the turbulent viscosity coefficient takes
the form:

1
C,=———7—=
P Ao+ Al (2)
Intermittency effects on the production of turbulence
are included through the intermittency damping function
(frnt). The expression shown in equation is a cor-

rection to the original paper [24] where the laminar kinetic
energy (k1) was included instead of the turbulent kinetic

energy (kr).
kr )
__ 16
Cintkrorar (16)

(15)

fINT = min (

The large-scale contribution to the total turbulent ki-
netic energy is defined as:

krg=kr —krs (17)

The production of laminar kinetic energy is modelled
as the product of the large-scale eddy viscosity times the

square of the magnitude of the mean strain. The model for
the large-scale eddy viscosity is shown in equation .

Py, = v7,S? (18)
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The anisotropic dissipation terms which appear in the
transport equations for ky, and kr are modelled as shown
in equations and . This form is exactly as pro-
posed in Walters et al. [24]. However, in the previous
models [23] B3] the anisotropic dissipation terms include a
multiplication by a factor of 2. The form shown below was
used in the current work and yielded excellent results.

Vkr OVkr

DT -v 8l‘j al'j (23)
Dy = VB\/k:L ovVkr (24)
8£Ej al‘j

The effective diffusivity («ar) which appears on the
transport equations for both the turbulent kinetic energy
and the inverse turbulence time-scale is defined as:

ar = fl/cu,std \/E)‘eff (25)

The kinematic damping function (f,,) is included in the
transport equation for the inverse turbulence time-scale in
order to control production of the boundary layer wake
region.

fw =1- 670'41(A§£f)4

(26)

The expressions that follow are included in order to
model the transition process where, conceptually, energy
is transferred from the laminar kinetic energy to the tur-
bulent kinetic energy. The term Rpp is used to model by-
pass transition mechanisms and Ry a7 is used to model
the natural breakdown of linear instabilities in the form
of TS-waves into turbulence. For succinctness, a detailed
explanation of the mechanisms by which these expressions
control transition is not included in this paper. However,



an excellent explanation of the rationale for the develop-
ment of these expressions is provided by Walters et al.
[23] 24} 33].

Rpp = CrBpprkrw/ fw (27)

Ryar = CrnaTBNaTkLO (28)
In equation , Bpp acts as a threshold function to
initiate the transition from laminar to turbulent flow when
by-pass transition is considered. The threshold function is
controlled by the inclusion of the limiting function ¢gp.
Notice that the form of this limiting function is not the
same as that originally included in Walters et al. [24],
instead the function takes the form presented in Walters
et al. [33]. This modification was made to the model
because the original form led to a non-physical response
for the estimated transition locations at low turbulence
intensities (Tuoo < 0.9%). In summary, as the free-stream
turbulence intensity was increased, the onset of transition
shifted downstream. However, by reverting to the form
shown in equation , the model responded correctly to
changes in the free-stream turbulence level.

Bp=1- e_(%) (29)
¢pp = mazx {(\ﬂ?d - C'BP,cm't> ; O] (30)

The remaining terms are included in the model in or-
der to control the natural transition mechanism. Again, a
threshold function (Sy ar) is included to initiate transition
to turbulence due to the breakdown of linear instabilities.
This process is controlled by the limiting function ¢y a7
which uses the Reynolds number based on magnitude of
the mean rotation rate tensor (Reg). When Reg is larger
than a critical value (Cn a7, crit/ fNAT,crit) the production
term Ryar starts contributing to the production of tur-
bulent kinetic energy (kr).

¢NAT)

Bnar =1— o~ (HAT (31)

OnaT = maz KR@Q _ Cnarern > : 0] (32)

fNAT crit

~(one )

(33)

In this work, the initiation of natural transition as con-
trolled by By ar is extended to include predictions of natu-
ral transition due to backward-facing steps. This is accom-
plished by a proposed modification of the limiting function
onar- The development of a new form for this function
capable of estimating transition onset due to backward-
facing steps will be explored in section Finally, table
[] presents the values of the various model coefficients used
in this work. Notice that the coefficient Cgp crit assumes
the value of 12 based on the previously suggested value for
this coefficient [33].

fNAT,cm't =1l-e

2.8. Numerical setup

The model equations described section were imple-
mented in OpenFOAM 2.1.1 by modifying the standard
implementation of the Walters et al. [24] model included
with this release in order to incorporate the changes to the
original model suggested in section 2.2} Also, additional
modifications were included in order to debug the model
and improve stability. The Reynolds-averaged Navier-
Stokes equations (continuity and momentum) and three
additional transport equations (kr, kr, and w) were solved
using the Semi-Implicit Method for Pressure Linked Equa-
tions (SIMPLE) algorithm implemented and included in
the standard release of OpenFOAM 2.1.1. The SIMPLE
algorithm implementation in OpenFOAM also allows ap-
plying relaxation factors to each model variable. The de-
fault values were used for all the simulations presented
herein. That is, a relaxation factor of 0.3 was set for the
pressure field, and a value of 0.7 for all the other fields.
Finally, all simulations were allowed to converge until the
final values of the dimensionless residual for all equations
reached values of at least 10~2 or less.

OpenFOAM offers immense flexibility to perform the
discretisation of the model equations, and end-users have
the freedom to select discretisation schemes for each term
that appears on the set of equations to be solved. In the
simulations presented in this work the various terms in the
model equations were discretised using the standard finite
volume discretisation of Gaussian integration. The gradi-
ent terms require the interpolation of values between cell
centres to face centres, this was achieved using linear inter-
polation. For Laplacian terms, diffusion coefficients were
discretised using linear interpolation and surface normal
gradients were discretised using a corrected scheme which
offers second order accuracy. Finally, divergence schemes
were discretised using a blended linear upwind scheme of-
fering both first and second order accuracy. This scheme
was selected because it provides a suitable compromise
between stability and accuracy. The various transition es-
timations for the flow over a flat plate at zero-pressure
gradient were carried out in the two-dimensional domain
shown in figure[I} where the inlet boundary is located 0.8m
upstream from the leading edge of the flat plate. The
domain also stretches 0.8m measured vertically upwards
(y-direction) from the leading edge. At the outlet, the do-
main has a height of 0.794m due to the thickness of the
plate. The plate has a length of 4m and a half-thickness
equal to 0.006m. Also, in order to allow the formation of
a stagnation point, an elliptical leading edge profile with a
major-to-minor axis ratio equal to 6 was used. The main
features of the geometry and mesh near the leading edge is
shown in figure [2] A hexahedral mesh containing 82,200
cells distributed in a 6002137 grid was used. The opti-
mum density of the grid was determined by sequentially
doubling the number of nodes in the x and y directions and
selecting the mesh with a cell density for which a further
increase in mesh density led to negligible differences in re-
sults. Also, since a low-Reynolds model is to be used, the



Ay =4.04 Ag =212 A, =6.75 Agp =06 Anar = 200
Arg = 200 Cpperit = 12 Cnc =0.1 Cint =0.75  Crg erit = 1000
Cr,NaT =0.02 Cj3 =3.42107¢  Cj3 = 1.0210710 Cr =0.12 Cq,0 = 0.035
Css =15 Cr1 = 4360 Cyp1 =0.44 Cly2 = 0.92 Cu3 =0.30
Cor=15 Cy = 2.495 Cy,sta = 0.09 op =1 o, =117

Table 1: k7 — k;, — w model coefficients

mesh was constructed such that the cell-centred y value
of the cells closest to the surface of the plate is 1 or less for
all the conditions tested. The simulations were performed
employing the boundary conditions suggested by Walter
et al. [24]. The velocity and turbulent quantities (kr,
w) were specified using a Dirichlet boundary condition at
the inlet. The laminar kinetic energy (k1) was given a
value equal to zero at the inlet which is a reasonable esti-
mate provided the inlet is sufficiently far from the plate.
The pressure was assigned a value of zero at the outlet
boundary (because the flow is incompressible only relative
pressure differences are needed). The pressure was given
a zero-gradient Newmann boundary condition at all other
boundaries. A symmetry boundary condition was imposed
on the boundaries parallel to the plate as shown in figure
At the wall, and due to the non-slip condition, the ve-
locity is set to zero. Since the velocity is equal to zero, the
kinetic energy at the wall must also reduce to zero. There-
fore, turbulent and laminar kinetic energies are set to zero
at the plate wall. The model used in this work differs from
other k—w models due to the required boundary condition
that must be given to the turbulent inverse time-scale at
walls, requiring a zero-gradient Neumann boundary condi-
tion. The model was also tested by setting w equal to zero
at the wall. Remarkably, the model yields almost identical
results regardless of which condition is chosen. However,
setting w equal to zero as a boundary condition at the wall
proved to be less stable. Interestingly, Walters et al. [24]
did not observe or reported this behaviour. This could be
due to the fact that a different algorithm was used to solve
the differential equations. Finally, the implementation of
the model in OpenFOAM also requires the user to provide
suitable boundary conditions for the eddy viscosity (vr).
This is the means by which wall functions are controlled
in OpenFOAM. Since wall functions are not required for
this transitional model, the “calculated” boundary condi-
tion was selected for all boundaries with the exception of
the symmetry boundaries which were assigned a symme-
try condition. The symmetry boundaries were employed
because they help improve the stability of the calculations.
The use of a symmetry boundary at the patch directly up-
stream from the leading edge is particularly effective in
stabilising calculations because it allows the development
of a stagnation point at the leading edge of the flat plate.
A summary of the boundary conditions used is given in
table 21

SYMMETRY

0.8m am

Figure 2: Close up of the numerical grid near the leading edge of the
flat plate

3. Results and discussion

3.1. Revised kt — ki, — w model: Flat plate test cases

Prior to the extension of the model to incorporate tran-
sition estimation capabilities due to backward-facing steps,
the revised kr — kr — w framework introduced previ-
ously will be validated using experimental results at low-
moderate turbulence intensities (Tus < 0.8%). The inlet
free-stream conditions used for these simulations are sum-
marised in table |3l For simplicity, the model is validated
based on its ability to predict transition onset over a flat
plate at zero pressure gradient. The model was tested
(using the spatial and numerical discretisation detailed
in section at two different turbulence intensity lev-
els (Tw = 0.035% and Tu = 0.8%) and compared to the
experimental results of Wang et al. [22] and Feiereisen et
al. [35].

Figure [3] shows the development of the skin friction co-
efficient along the length of the plate as a function of the
local Reynolds number Re,. This figure shows that the
model modifications proposed in the previous section lead
to a model capable of offering reasonable predictions of
boundary layer transition onset, at least for a simple ge-
ometry such as the flow over a flat plate at zero pressure
gradient. The experimental transitional Reynolds number
(based on the streamwise location where the skin friction
is a minimum) for Tu = 0.03% and Tu = 0.7% is esti-
mated at 0.8210° and 2.5210°%, respectively. The revised



U p/p kr, kr w vr
(m/s) (m?/s?) (m?/s%)  (m?/s?) (™Y
let  U=Us 2202 hL=0  3(Tule)? Ceaidhr
U _ P _ dkp _ Ok __ dw _ calculated
Outlet TL_O ;—0 a—;fo TTI;—O a;’i—o
Plate  U;=0 =0 k=0 kr =0 fe —0
Symmetry symmetryPlane
Table 2: Generic summary of boundary conditions
Case Tuoo(%) Uso(m/s) wvr kp(m?/s?)  kr(m?/s?) w(s™h)
TuO0p035R04 0.035 12 4 0 2.6462x10~°  3.969x10~2
TuOp800R04 0.800 10.5 4 0 10.584x1073 15.876
Table 3: Inlet conditions used for the flat plate test cases
x10° 1
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Figure 3: Comparison between model transition predictions at two
turbulence intensity levels (T'u = 0.035% and Tu = 0.8%) and the
experimental results of Schubauer et al. [36] (extracted from Wang
et al. [22]) and Feiereisen et al. [35]

transition model, for Tu = 0.035% and Tu = 0.8% (at
the inlet boundary), produces estimates of the transitional
Reynolds number of 0.9210° and 2.6210°, respectively. It
is worthwhile to highlight that figure [3| also demonstrates
that the model exhibits an appropriate physical response
to changes in free-stream turbulence and transition initi-
ation shifts upstream with increasing the free-stream tur-
bulence intensity.

Additionally, laminar and turbulent boundary layer ve-
locity profiles are also shown in figure[d] This figure shows
that there is an excellent agreement between the theoreti-
cal and calculated boundary layer velocity profiles. Whilst
a more detailed validation of the model is still required if
it is to be used with complex geometries, for the current
investigation is was considered sufficient to establish that
(i) the model responds physically to the location of the cal-
culated transition onset location as a result of free-stream
turbulence intensities and (ii) the model can predict both
laminar and turbulent boundary layer profiles over a flat
plate at zero pressure gradient.

Figure 4: Laminar (Blasius) and turbulent (1/7¢" power) velocity
profiles comparison against predicted velocity profiles.

3.2. Backward-facing step: concept and implementation

This section will detail the rationale and methodology
used in order to incorporate into the kr—k; —w framework
described previously the capability to predict boundary
layer transition locations due to a single backward-facing
step surface irregularity for free-stream turbulence intensi-
ties in the range 0.01—0.8%. This range is selected because
it falls within the observable range for natural transition
and is lower than the 1% level typically linked to by-pass
transition initiation [37]. Also, for turbulence intensities
approximately less than 0.9%, transition initiation for the
kr — k;, — w model is dominated by the natural transi-
tion production term shown in equation . In turn,
transition initiation is controlled by the threshold func-
tion By ar,crir Which also depends on the function ¢y ar
to regulate the behaviour of the damping function by eval-
uating the difference:

Req — CnaT crit/ [NAT crit (34)

The proposed extension of the kr — k, — w framework
to incorporate the prediction of boundary layer transition
due to surface steps is based on developing a new form
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Figure 5: Effect of CNAT crit on the estimated transition onset lo-
cations

for the natural transition threshold function Sy a1 based
on the experimental data reported by Wang and Gaster
[25] who also demonstrated that the non-dimensional step
height (k/6*) can be correlated to the N-factor resulting
from the e method. This link to linear stability the-
ory is encouraging since it implicitly suggests that the
location of transition can be associated to TS-wave de-
velopment. In the current work this response will be in-
corporated through a functional form for the coefficient
CNAT,crit- Firstly, the response of the model to changes
in the values of C'y a7 was investigated for at four differ-
ent free-stream turbulence intensity levels (figure [5)). The
transitional Reynolds number, Re;., was determined by
finding the stream-wise Reynolds number, Re,, for which
the value of the skin friction coefficient is a minimum. No-
tice that the transitional Reynolds number in figure [5] is
scaled with respect to the estimated transitional Reynolds
number when Cyar,crit = 1250 which has been labelled
Retr 1250 for convenience. Figureshows that the response
at low turbulence intensities (Tu < 0.125%) is linear and,
for Tu > 0.2%, there is a modest deviation from linear-
ity. For simplicity, the response of the model was approxi-
mated using an exponential function and Tu = 0.8% is set
as the upper limit for its applicability. When using an ex-
ponential function the maximum discrepancy between the
simulation results for Rey./Re;r 1250 and the exponential
fit is less than 12%.

Based on figure[5] the scaled transitional Reynolds num-
ber (labelled Rey,/Reir1250) will assume an exponential
relationship with the general form given in equation .
From this figure, it is straight forward to determine that
the value of the coefficient, Cyo, represents the value of
the scaled transitional Reynolds number for Cny a7, crit =0
at each turbulence intensity. Additionally, the remaining
coefficients can be determined using the expressions shown
in equations and . The coefficient A serves the
purpose of scaling the model function whilst the coefhi-

cient B serves to control its non-linearity. However, both
of these coefficients depend on the value of Cyo which is
a function of the free-stream turbulence level defined as
Tu = 100(u,,s/Usc). Therefore, it is paramount to find
a suitable correlation between the free-stream turbulence
level and the coefficient Cyp.

Rety/Reirias0 = (Onar.erit/A)E + Cyo (35)
A =1250/(1 — Cyo)¥/B (36)

B=1+ [1 —(0.95—0.25Tw)*"| frow  (37)

The damping function frow has been included in order
to preserve linearity of the resulting function at low tur-
bulence intensities and it has the form shown in equation

3.

frow =1 — 50007 (38)

The variation of the coefficient Cyo with respect to the
free-stream turbulence intensity is shown in figure [6] which
shows that this coefficient exhibits an exponential decline
with respect to the turbulence intensity. This relationship
is not surprising as previous investigations [I5} [16] [38] on
boundary layer transition have shown a reduction in tran-
sitional Reynolds numbers as the free-stream turbulence
level is increased e.g. Mayle [16] proposes a correlation for
estimating the transitional Reynolds number over a flat
plate as a function of the free-stream turbulence intensity
which exhibits an exponential decline proportional to 5/8
(a similar rationale can be used to explain the origin of the
exponent used in equation ) Consequently, the coef-
ficient Cyo can be correlated to the turbulence intensity
using the expression:

Rer o b
Cyo=——">"—=dlTu’ +c 39
v Retr,lZSO ( )
Where,
a = 0.05075 (40)
b= —-0.4424 (41)
c = 0.0482 (42)

The values of the coefficients shown in equations ,
(41) and correspond to a 99% confidence level fit (see
figure @ Additionally, the sensitivity of the coefficients
to the turbulence intensity is such that, for the function
shown in to offer fits within a 95% confidence level,
the coefficients a, b and ¢ can assume values that fall
within the ranges (—0.00415,0.1056), (—0.6502, —0.2346)
and (—0.02444,0.1208), respectively. In summary, using
equations to help defining equation which

provides an expression of the scaled transitional Reynolds



0.45 T
Model fit
0.4 Tu=0.0150% |
Tu =0.0350%
0.35f Tu=0.1250% |

Tu =0.2125%
Tu =0.3000% |
Tu = 0.5000%
Tu =0.8000% ||

BHO@®* X+ X

Retr,OIRetM 250
o
N
o

0.2 0.4 0.6 0.8 1
Tu (%)

Figure 6: Relationship between Cyo and the free-stream turbulence
intensity

number (Rey,/Reyr1250) as a function of the free-stream
turbulence intensity (expressed as a percentage) and the
coeflicient Cn a1, crit-

The next step is to find a suitable model for represent-
ing the experimental data [25] [39] correlating the dimen-
sionless height (k/6*) of a single backward-facing step to
the transitional Reynolds number, Re;.. The proposed
method to accomplish this task is to scale the experimen-
tal values of Rey, using the transitional Reynolds number
measured on the clean plate (Reyr ciean). This scaling ap-
proach is suggested as a means to include into the model
a sense of self-calibration. It is proposed to model the
experimental data (after scaling) using the trigonometric
inverse tangent function such that the expression shown in
equation becomes the proposed model function:

Retr

5
k 2
Retr,clean Clatan [ fI (5*> * ( 3)

Where,

Cy = 0.55 (44)

In an attempt to also include the effects of varying the
free-stream turbulence intensity level, the coefficient f;
takes the functional form:

f] =100Tu (45)

Figure [7| shows the proposed model function (equation
) plotted against the experimental data presented by
Wang et al. [25] and McKeon et al. [39] in order to
demonstrate its suitability. It is worth highlighting that
due to the limited experimental data available, as well
as the scatter found in the experimental data, the pro-
posed model function can be used with relative confidence
for k/6* > 0.5. However, additional and detailed experi-
mental measurements are required in order to refine this
model function and to increase confidence in results for
k/o* < 0.5.

1.4

O  Wang et al. (2005)
O  McKeon et al. (2008) | |
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Figure 7: Scaled model function fit (equation (43)) at two different
free-stream turbulence levels; Tu ~ 0.01% (Wang et al. [25]) and
Tu = 0.2 (McKeon et al. [39] and Drake et al. [40])

The final step to include the effect of backward-facing
steps into the k7 —k;, —w model is to establish a functional
form for the original coefficient C' A7 cri¢. This has been
accomplished by equating equations and , then

solving for C'n AT crit-
L 5/2 1/B
CnaT.crit = A {C’latan [—fI ((5*> +1-— Cyo}
(46)

The resulting model function is shown in equation .
At present, it is only applicable for Cyar,crit > 0 which
has been deemed appropriate due to the scatter in exper-
imental results as the non-dimensional step size (k/0*) is
increased. Additionally, the current limit of applicability
(i.e. Cnar,crit = 0) is relevant for many engineering ap-
plications.

3.8. Backward-facing steps: Test cases

The methodology described in the previous section will
be tested using the experimental data for backward-facing
steps presented by Drake et al. [40]. The benchmark test
cases consist of a single aft-facing step surface irregular-
ity placed on a flat plate at zero pressure gradient. The
numerical set up and mesh are presented in section [2.3
The inlet conditions were adjusted to more closely match
the experimental configuration. A summary of the inlet
conditions can be found in table @ For the benefit of
CFD practitioners, it is worthwhile to highlight that the
inlet turbulence intensity reported in the experiments is
approximately 0.2%. However, the turbulence intensity at
the inlet was set at the higher value of 0.2125% in order
to ensure that the turbulence level decays to a value of ap-
proximately 0.2% at the leading edge. During the course
of this investigation it was found that the kyr — kp, — w
model is sensitive to the turbulence level given to the inlet



Case Tuoo (%) Us(m/s) vr kp(m?/s?) kr(m?/s?) w(s™!)
TuOp2125R4KD118  0.2125 10.5 4 0 7.47210~%  1.1205
Tu0p2125R4KD096 0.2125 10.5 4 0 74701077 1.1205

Table 4: Inlet conditions used for the flat plate test cases with an aft-facing surface step

boundary. Therefore, it is recommended to ensure that
the desired turbulence level is reached at the leading edge
and not just assigned to the inlet boundary.
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Figure 8: Comparison between predicted and experimental skin fric-
tion distributions

Figure [8] compares the predicted skin friction distribu-
tion over the flat plate with the experimental results of
Drake et al. [40] for a non-dimensional backward-facing
step height of k£/6* = 0.96. Furthermore, in order to test
the proposed model close to its limit of applicability, it
was also benchmarked against an additional experimen-
tal configuration. Figure [8| shows the performance of the
model for k/é* = 1.18. Figures and demonstrate
that the proposed approach to model transition due to sin-

10

gle aft-facing surface irregularities within the kr — kr, —w
framework yields excellent results.

4. Conclusions

Whilst it is extremely difficult to fully capture the
physics of transition by solving the Reynolds-Averaged
Navier-Stokes, the k7 — k;, — w framework has been shown
to be able to predict boundary layer transition on the
canonical configuration of a flat plate at zero-pressure gra-
dient with reasonable accuracy, suggesting that this model
has the potential to become an effective engineering tool
to aiding aerodynamic design. Additionally, this paper
presented the development of a novel function to model
the effects of aft-facing steps on the transition to turbu-
lence of the boundary layer for steps heights of up to 1.5
times the displacement thickness (i.e k/6*) at moderate
turbulence intensities (0.01 < Twu(%) < 0.8). It was found
that the new function, when incorporated into the revised
k1 —kr, —w model, responded physically to the free-stream
turbulence level and was able to produce reasonable pre-
dictions of the location of transition onset based on the
surface skin friction over a flat plate at zero-pressure gra-
dient. Nonetheless, there is potential to extend the basic
principles presented in the work to incorporate additional
surface irregularities, and to extend the applicability of
this model to larger values of k/6* and free-stream turbu-
lence intensity in order to predict the effects that manufac-
turing defects can have, not only when the flow is within
the range of turbulence intensities typical of natural tran-
sition, but also when turbulence intensity levels are in-
creased to those leading to by-pass transition. However,
there is a general need for further experimental data be-
fore this vision could be fulfilled. In particular, there is a
need for high quality experimental data at lower values of
k/6*, but also, for a wider range of free-stream turbulence
intensities, especially for Tu > 0.2%.
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