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4 Abstract

5 In many applied sciences, the main aim is to learn the parameters in the operational
6 equations which best fit the observed data. A framework for solving such problems is to em-
7 ploy Gaussian process (GP) emulators which are well-known as non-parametric Bayesian
8 machine learning techniques. GPs are among a class of methods known as kernel machines
9 which can be used to approximate rather complex problems by tuning their hyperparam-
10 eters. The maximum likelihood estimation (MLE) has widely been used to estimate the
11 parameters of the operators and kernels. However, the MLE-based and Bayesian infer-
12 ence in the standard form are usually involved in setting up a covariance matrix which
13 is generally ill-conditioned. As a result, constructing and inverting the covariance matrix
14 using the standard form will become unstable to learn the parameters in the operational
15 equations. In this paper, we propose a novel approach to tackle these computational com-
16 plexities and also resolve the ill-conditioning problem by forming the covariance matrix
17 using alternative bases via the Hilbert-Schmidt SVD (HS-SVD) approach. Applying this
18 approach yields a novel matrix factorization of the block-structured covariance matrix
19 which can be implemented stably by isolating the main source of the ill-conditioning. In
20 contrast to standard matrix decompositions which start with a matrix and produce the
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resulting factors, the HS-SVD is constructed from the Hilbert-Schmidt eigenvalues and
eigenvectors without the need to ever form the potentially ill-conditioned matrix. We also
provide stable MLE and Bayesian inference to adaptively estimate hyperparameters, and
the corresponding operators can then be efficiently predicted at some new points using the
proposed HS-SVD bases. The efficiency and stability of the proposed HS-SVD method
will be compared with the existing methods by several illustrations of the parametric lin-
ear equations, such as ordinary and partial differential equations, integro-differential and
fractional order operators.

Keyword: Gaussian processes; Hilbert—Schmidt’s theory; Stable computation; Prob-

abilistic machine learning; Uncertainty quantification.

1 Introduction

One of the major fields in applied sciences is to model different phenomena in terms of flexible
operational equations [, 2]. In other words, the researchers usually attempt to find a coherent
form of flexible operational equations corresponding to the observed data to the effect that
they best describe and govern them [3, @]. Therefore, the necessity of existence of parametric
operational equations is created, that is, the equations that have parameters and they increase
the flexibility to cover the observed data. These parametric equations come from real-world
mathematical modelling, and their parameters should be determined in terms of the observed
data. Since nonlinear operators can be approximated by linear ones in many cases [6], an
important category of these parametric operational equations is linear operations equation.
Therefore, the major aim is to find their parameter which is known as a linear inverse problem
(IP) [6].

To illustrate the key ingredients and focal point of this study, let us start by considering

linear operational equations of the form

Lou(x) = f(x), (1)

which models the relationship between u(x) and f(x) functions. Here, f(x) is considered as a
black-box forcing term, Eg is a linear operator equipped with parameter ¢ and u(x) denotes
the latent solution. Take, for instance, the classical problem of heat conduction in a medium
with unknown conductivity properties, albeit with an unknown thermal diffusivity coefficient

¢. The main objective for solving the linear parametric problems () is to optimally and
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stably find the parameters ¢ from the observed data using an implicit method. The linear
operational equations given by (M), have enormous practical benefits which are discussed in
(7, 8.

Raissi et al. [B] provide an innovative method for resolving such problems by employing
and adopting GPs [9, [0] within a Bayesian framework. Likewise, the Bayesian procedure
adopted here uses the GP as a flexible prior distribution over functions thereby providing ana-
lytical tractability. Once combined with the observed data, it will supply a fully probabilistic
approach to approximate the functions. Moreover, GPs are among a class of methods known
as kernel machines (as discussed in [B, [, [2]) and have close similarities with regularisation
approaches [I3, [4].

GP as a kernel-based non-parametric method relies on an appropriate selection of kernel
k. It is common to select a parametrized family of kernels. These kernels are parametrized by
one or more hyperparameters @, which then need to be estimated on the basis of the observed
data. Indeed, the selection of the kernel k and the estimation of its hyperparameters have a
profound impact on the performance of the GP through the covariance matrix K which is
constructed based on the selected kernel.

By applying the GP as a kernel-based method which includes the hyperparameters 6,
the Eq. (I) can be considered as a surrogate model where the proposed GP serves as the
probabilistic approximation of the underlying problem. Given the observed data, the aim is
then to learn the hyperparameters 8 and parameters ¢ using a stable method. The learned
GP using the mentioned method can then be used to probabilistically solve the governing
linear operational equation given in (I) and predict the behaviour of this system in the future.
However, the goal pursued in many other studies addressing the similar inverse problem is
that the model parameters and hyperparameters are learned directly from the observed data
using various optimization techniques including Power Function method, Cross Validation
method, Trial and Error method, and the Contour-Pade algorithm [[[5, I8, I¥]. Raissi et al. [G]
applied commonly done estimating the model parameters and hyperparameters directly from
the data by minimizing the negative log likelihood of the probabilistic model in GP regression
(See [4]), and then they used the usual optimization to fit a GP model to the parametric
operational problem given in Eq. (I). The main advantage of the method proposed in [G]
in comparison with the approaches mentioned above is that the optimal model parameters

and hyperparameters are all learned directly from the data by maximizing the joint marginal
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log-likelihood of the probabilistic model. Therefore, minimizing the negative log likelihood
function estimates the (hyper)parameters that will most likely be used to produce the data
required for the linear operational problem. In constructing the likelihood function, the inverse
of the covariance matrix appeared in the quadratic term is used to learn from the training
data, while the log-determinant of the covariance matrix penalizes the model complexity.
If the covariance matrix is ill-conditioned, computing both the inverse and log-determinant
of the covariance matrix with standard methods (e.g., Cholesky factorization) will probably
be inaccurate. This would restrict us to use the maximum likelihood estimation (MLE) to
evaluate the validity of parameters and hyperparameters estimation and their posterior mean
accuracy.

This paper deals with stabilizing the likelihood computation of Gaussian process regression
for data of linear operational equations and subsequent optimization of (hyper-) parameters.
The main innovation is based on the novel matrix factorization of the block-structured co-
variance matrix which is generally unstable and ill-conditioned and needs to be inverted using
Hilbert-Schmidt SVD. These block-structured partitioning of the covariance matrix is imple-
mented stably without any major computational burdens by isolating the main source of the
ill-conditioning.

Without such isolating the covariance matrix is ill-conditioned such that the likelihood
computation and subsequent optimization of (hyper-) parameters is inaccurate. Therefore,
the main aim of the present paper is to stabilize ill-conditioning behaviour of the likelihood
computation through factorization of the covariance matrix (main source of instability) using
the Hilbert-Schmidt (HS) SVD as an alternative base. Whereas the standard and basic meth-
ods (e.g. Cholesky [6], RBF-QR [19] and weighted SVD [20]) for tackling this issue is still
suffering from the same presented instabilities in the likelihood function. Unlike the previous
methods, to stabilize the likelihood computation every positive definite kernel is represented in
terms of the (positive) eigenvalues and (normalized) eigenfunctions of an associated compact
integral operator without needing to decompose the covariance matrix in the same unstable
way [Z0]. Finally, using the properties such as orthogonality of eigenfunctions, the rapid de-
cay of eigenvalues for highly smooth kernels, and isolation of swiftly decaying eigenvalues (as
the main source of ill-conditioning in the covariance matrix) likelihood computation is imple-
mented in stabilized and stable manner. In fact, the principal key for computing likelihood

function is that it is not necessary to directly deal with the kernel in its closed form [I6, 22]
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because the composition of the covariance matrix can be obtained by the associate eigenvalues
and eigenfunctions based on the Mercer’s expansion. Furthermore, due to the nature of the
linear operators such as fractional-order operators and the inherent ill-conditioning of kernel-
based approximation methods, we have included the fractional derivatives of the associate
eigenfunctions of the kernel instead of the kernel directly [23, 24, 26]. Therefore, the source
of the ill-conditioning in the posterior prediction process is analytically removed using the
HS-SVD method proposed in this paper.

At the end, the efficiency and stability of the proposed HS-SVD method have been com-
pared with the existing methods by several illustrations of the parametric linear equations,
such as ordinary and partial differential equations, integro-differential and fractional order
operators.

This paper is organized as follows. In Section B the challenges of the GPs as a data-driven
algorithm for learning general parametric linear equations are presented. In Section B, we
introduce the new stable bases using the HS-SVD method and discuss how this method can
tackle the computational challenges of the likelihood function. We illustrate several numerical

examples in Section @. Finally, some conclusions are presented in Section B.

2 Computational challenges in learning linear operators using
GPs

First, we introduce the machine learning of the linear differential operators using GPs and
its challenges in the computation of likelihood function and posterior mean. Without loss
of generality, we assume the observed data was generated by a zero-mean GP, i.e., up = 0,
although a nonzero mean can also be considered. In the following, the proposed data-driven
algorithm presented by Raissi et al. [6] for learning general parametric linear equations of
the form (M) corresponding to the differential operators is presented. The algorithm starts by

assuming that u(x) is GP with mean 0 and covariance function k,,(x,2’; ), i.e.,
uw(x) ~ GP(0, kyu(z, x';0)), (2)

where 0 denotes the hyperparameters of the kernel k,,. The key observation to make is

that any linear transformation of a GP such as differentiation and integration is still a GP.
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Consequently,

Léu(x) = f(x) ~ GP(0, ks (x,2';6,C)), (3)

with the following relationship between the kernels £, and ky,
kpp(m,@';0,¢) = LSLE kyu(z, '3 0). (4)

Furthermore, the covariance between u(x) and f(2), and also the one between f(x) and u(x’)
are determined by kyf(x,x’;0,¢) = Ei,kuu(m,w’;e), and ky,(x,2';0,¢) = Egkuu(w,w'ﬂ),
respectively. It goes without saying that the main purpose is to estimate the parameters ¢ of
the operator Eg and the hyperparameters of the kernels k¢, ky ¢, and ky,,.

There are some situations where it is reasonable to assume that the observations are noise-
free, for example in computer simulations. Many scientific phenomena are investigated by com-
plex computer models or codes. A feature of many computer experiments is that the output
is deterministic i.e., rerunning the code with the same inputs gives identical observations|[Z4].

Due to the fact that our data in the present paper are taken from computer simulations, it

is assumed y = ! Yu , such that y, = u(Xy),ys = f(Xy). Based on the aforementioned
Ys

properties of the MLE, as pointed out by Raissi et al. in [6], “the hyperparameters 6 and

more importantly the parameters ¢ of the linear operator /;5 can be trained by minimizing

the negative log marginal likelihood (NLML)

NLML(¢, 8) = —logp(y¢, 0), ()

where p(y|¢,0) = N (0, K), however (B) can be rewritten as
1 1+, N
NLML(¢, 0) = 5 log(|K|) + JY K 'y+ 5 log 27, (6)

and K is given by

K — kuu(XuaXuQO) kuf(XquﬁeaC) » (7)

kpu(Xp, X3 0,C)  kpp(Xy, X5:6,0)
As pointed out by Raissi et al. in [6], “the marginal likelihood does not simply favor the models
that fit the training data best. In fact, it induces an automatic trade-off between data-fit and

model complexity. The likelihood function includes the K~! term in a quadratic framework

which targets to fit the training data, while the log-determinant term log | K| penalizes the
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model complexity”. The most computationally intensive part of the training is associated with
inverting dense covariance matrix K, and computing determinant K. This scales cubically
with the number of observed data. This scaling is a well-known limitation of the GP, and
even if K is invertible it may still be numerically ill-conditioned [27]. These challenges make
the results unreliable and reduce the validity of the method. Actually, when K becomes ill-
conditioned, it can lead to an ill-conditioned problem and computing with standard methods
(e.g., Cholesky factorization) is probably inaccurate, leaving us unable to use the MLE to
judge the validity of the method.

After training the model and parameter estimation in the previous step, we predict the

values u(x) and LSu(x) = f(x) at a new test point @ by writing the posterior distributions

plu()ly) = N (a(x),vi(x)),
p(f(@)y) = N (f(=),v}(z)), (8)
such that
a(x) = kl(m)K‘ly, UZ(CC) = kyu(z,x) — kl(cc)K_lk:u(w),
f(x) =kj(@®)K 'y, vi(®)=kir(z, @) - kj(e)K k() (9)
and

ki (@) = kT (@) = [kl (2. X.) ki@, X)),

k(@) = [K(2, %) k@ X)), (10)

where for notational convenience the dependence of the kernels on hyperparameters and pa-

2

rameters is dropped. Apart from u(x) and f(z), the posterior variances v2

(x) and UJ%(:L') can
be used as good indicators of how confident one could be about the estimated parameters ¢
of the linear operator £§3 and posterior predictions made based on these parameters. How-
ever, both of these representations can lead to severe numerical instability. To overcome these
challenges, we address them in Section B. Since the GP inherits the properties of its kernel, a
brief review of the kernels and their hyperparameters is required.

Since everything hinges upon our selection of the kernel k,,-though this kernel is not

usually known-it is common to consider a parametrized family of kernels. As mentioned be-

fore, the selection of these hyperparameters has a significant effect on the performance of the
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Table 1: Some well-known kernels k,,, with their hyperparameters 6 = (¢, 8, a, b).

Name Definition

Squared Exponential (SE) exp < -3 le iz — x;)Q)

Multiquadrics (MQ) 1+ (er)?

Periodic spline > WQ cos(2nm(x — a'))

Generalized periodic spline > WQ cos(2nm(xz —2)), x,2’ €[0,1,8€N
Chebyshev <2a(1 —) (?Qéﬁzﬂiﬁéﬁﬁﬁﬁ(l&fzzgiii))

+(1—a), a€(0,1,b€(0,1)

GP. Some common kernel families are included in Table 0 [9]. In Multiquadrics (MQ) kernel
r =|| « — 2’ || such that || . || is a norm on RY and usually the Euclidean norm [I5]. The
hyperparameter b in Chebyshev kernel acts like a shape parameter, where b — 1 yields more
peakier kernels with increased locality (and thus reduced interactions between kernels) and
b — 0 yields a flatter kernel with increasingly global behavior which is less concentrated. Also,
the hyperparameter a is not that significant as long as a € (0, 1) as it just shifts and scales the
kernel vertically. However, setting a = 1 eliminates the vertical shift and therefore makes it
markedly more difficult to fit data with a nonzero mean. The existence of the hyperparameter
¢ as shape parameter in squared exponential and multiquadrics kernel (or other hyperparam-
eters such as (3 in periodic spline) allows for flexibility to select a kernel supported by the data
without having to explore the endless selection of all positive definite kernels. Unfortunately,
this flexibility is often accompanied by the danger of severe ill-conditioning for small € be-
cause of the increasing linear dependence of the vectors in the covariance matrix. Therefore,
computing the standard form of the covariance matrix is not a good idea [2R, 29, B0]. The

ill-conditioning can be corrected using alternative bases and matrix factorization.

3 Overcoming computational challenges using HS-SVD bases

3.1 Stable computation in the posterior prediction

We now develop the HS-SVD method to create an alternative basis, to eliminate the ill-

conditioning of the covariance matrix K. In the standard approach, we work with a basis
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generated by the kernel ”shifts” which are known as standard bases. The new basis derived
from the eigenfunction expansion produces a linear system that is devoid of the ill-conditioning
of the standard form of K. The HS-SVD method has two advantages in practical application:
(i) it is not necessary to form the covariance matrix, and (ii) it is not necessary to know the
kernel and its derivatives in closed form [(6, PZ]. Therefore, we apply it to the covariance
matrix K. We define the truncated Hilbert—Schmidt expansion with M terms (or truncated

Mercer series expansion) of our kernel ky,, in (2) as

M A1 p1(z’)
k(2,23 0) = Z)‘Mpn(m)@n(mj) =lpi(x) ... om(T) . (11)
n=1 ’
At ] Lem (')
where the truncated Mercer series provides the best M-term approximation of the kernel in
the mean-square error [I6].
It should be noted that, (A,, ¢y) are orthonormal eigenpairs of a Hilbert—Schmidt integral
operator Ty, : La(2, p) — La2(€2, p) defined as

(Tyo f)() = /ﬂ Fuu(. 2'; 0) f () pla’)da,

where Q C RY, p is a weight function and || ky, | 22(2x0,pxp)< 0 and also, M is chosen as the
smallest value that satisfies Ayr < €mach Any+n p and we will always assume that M > n, +ny
such that n, and ny are the number of training points chosen from u(x) and f(x) functions,
respectively. Here €. is machine precision (assumed to be 10716). Therefore, the quadratic

form (M) can be replaced by

kuu(@,2';0) = ¢(2) T Ap(2'), (12)
where
¢1(x) A1
p)=1| + |, A=
oum(x) AM

The eigen-decomposition () provides an accurate approximation of the kernel k,, without
ever forming it. According to (I2), the Hilbert—Schmidt eigen-decomposition of the vector
kuw(, X0;0)T = [kyu(x,21;0) ... kyu(x, x,,;0)] and also the matrix Ky, (X, X,;0) in (0)

are as

kuu(@, X0;0)T = o(2) TAGT = Ky (X, X3 0) = GADT, (13)
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where
d(x1)" pi(z1) .. pum(z)

¢)(mnu)T e1(Tn,) - pm(zn,)
However, it is not recommended to directly use the decomposition ([3) either because all of
the ill-conditioning associated with matrix k., (X, Xy; @) is still present in the matrix A. We
now use mostly standard numerical linear algebra to isolate some of the ill-conditioning and
develop the HS-SVD. The key step in removing the ill-conditioning is to write the component

matrices that appear in the eigen-decomposition of the matrix Ky, (X, X,;0) in (I3) using

A
blocks ® = (& o) and A= | where
Ao
pi(z1) .. P, (T1) Pn,r1(T1) .. pu(T1)
o = : : , o = : : )
Sol(wnu) cee Pny (wnu> ‘Pnu+1(wnu) e ‘PM(xnu)

and ®1,A; € RwXmu ¢y ¢ Rx(M-—nuw) Ay ¢ RM—nu)x(M—nu)  Now, we can write the

eigen-decomposition of the vector ky,(x, X,;0)T in (L3) as

I,.

kyu(x, X3 0 T = o)
( ) = o(z) No®yTdy TA

AT =p(z) A DT,

P(x)T

and also, we can proceed to construct block matrix &y, (X, X,;0) as following

In,
—TaA—
Ap®J o7 TAT!

~~

\

Euu( Xy, Xou; 0) = OAGT = @ Ad] = WA B (14)

The rate of decay of the Hilbert-Schmidt eigenvalues determines the smoothness of the
kernel ky,: the faster the eigenvalues decay, the smoother the kernel (and vice versa). More
specifically, if the eigenvalues decay at an algebraic rate of O~ #H1+7 with 8 € Ny and arbi-
trarily small 7 > 0, then the kernel will be a finite smooth kernel in C?, and if the eigenvalues
decay geometrically, then the kernel will be infinitely smooth, even analytic. Moreover, the

smoothness of the kernel determines the rate of convergence of the kernel-based approximation

10
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method. In this case the general rule of thumb is: the smoother the kernel, the faster the rate
of convergence of the approximation method (for more information, see [I6]).

The Mercer’s theorem guarantees the uniform convergence of the series (Id) provided
that Ty, is a positive operator. Also, the Mercer series provides the best approximation
for the selected kernel in terms of various metrics, in particular, the mean-square error [I6].
Generally, our kernel k,,, is positive definite and thus T}, is a positive operator. It would
be plausible to assume the linear operators £ are continuous (bounded) and due to the
uniform convergence of the series (), we can proceed to construct an approximation for
kup(z,20,8) = L kyu(@,2';0), kpy(x,2;0,0) = LSkuu(®,x50) and kyp(z,250,() =

Egﬁi,kuu(a:, a’; 0) using Mercer series and construct block matrices of K as following

I
beui( Xy, X5:0,8) = o " AT =V AT,
f( f C) AQq);Lz/ (DLﬁm, 7TA1—1 1 17£z L 1 LLz
\Uﬁml
X In.f A T A T
kff(Xf,Xf,H,(j) = ¢£w A (DT d)*T Afl 1¢1’£m/ = wﬂmLzl 1¢17[’z’ )
2% o T ettt
\Uﬁmﬁz/
kpu (X5, Xu;0,¢) = po I AMd] = Wea iy " (15)
o Ayl o7 TAT? ’
Vi a
where
Lip(x)T
b= = : = (‘Dl,cz ¢2,cm)-
£z (o)

Indeed, to achieve more stability, the QR decomposition is used as

®pe = (cbu;:c %,;:z) - Q(Rl,cm RMm) = &y 20 T®) o T =R] £oQ QR Lo = RY R Lo
(16)
For example, using the relation above, it can safely be concluded that the correction matrix

[A2¢2’£mT¢1Lm *TAI_I] is as

[Ag®s oDy o TATY] = [A9R] =Ry fa AT,

11



22 Now, using the relations ([@-I3), the covariance matrix K can be decomposed as follows

T T

P I 2L R e L ]

Voo Adq T wtm’tm,AmLN,T

243
v oowv. A o] e 0
_ c ! e = WA DT (17)
Vee Wi oo | [0 A | O @7
‘\I: A1 <1>I

24 To demonstrate the usefulness of the HS-SVD, we write the posterior mean (8) as

waw) = k(@)K 'y =1, ()b,

f@) = k(@) K™y = ¢} ()b, (18)
s where b= W ly, $T(@) = [(@)T ¥ .0 (@)7] and ] (@) = [ze (@) ¥ 1. o (@) 7] and also,

I,

T x T
,Orx(x) = LP(x)

Yee(x)! = ra(x)’

b @) = Bla)T Lo
@ = T CTaA-1]
L A2¢2,£‘°/ q)l,L',ml Al

2 2.0 1,c% 1

26 Now, the ill-conditioning due to the dangerous A1_1 term, introduced by applying K !, is
27 removed analytically through the A; term present in k] (x) = ! (x)A;®] or kz}—(sc) =
248 ¢}(w)A1<I>1T. Also, it should be noted that computation of the posterior variances is sub-
290 ject to the same ill-conditioning as any expression involving K ~!; this ill-conditioning can be

2

@

o similarly resolved with

va(wo) = kuu(To, w0) — ky (0) K~ Ky (20) = (w0, 0) — v (w0) ¥~ ku (o),
vi(mo) = kyp(zo,mo) — kj(x0) K k(o) = LS LS k(m, @) — 1} (20) T ky(zo).
(19)

2

o1

1 As a result, the main portion of the ill-conditioning can be resolved in the posterior variances

2 v2(x) and v]%(a:) using (I9).

u

12
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3.2 Stable likelihood function computation

For the likelihood function defined in (B), when K becomes ill-conditioned (e.g., for small
g, since the use of “flatter” kernels will lead to more and more similar entries in the system
matrix K, and therefore to potential numerical problems due to the ill-conditioning of K
[16]), computing y" K 'y and det K by standard methods (such as Cholesky factorization)
may be inaccurate, leaving us unable to use the MLE to judge the validity of the small e
for our estimation, despite the fact that (I8) would allow us to make posterior predictions
accurately. Using the HS-SVD decomposition of the covariance matrix K in ([7), we can
follow a similar strategy as in Subsection 3.1 to the stable computation of log likelihood

function (B). Computing log det K is relatively straightforward using K = WA;®/, as
log | K| = log |[®| + log |A1]| + log |®]|. (20)

It should be noted that Aj is diagonal, and therefore the very small eigenvalues can be handled
by taking their logarithms. A similar strategy will allow us to compute y" K 'y . Applying
Wb = y and the Hilbert-Schmidt SVD (I7) to y' K 'y gives

Yy K ly = (Ob) (A, ®]) ' Ub=b"TTP®, TA, b (21)

Now, we are in a situation to find the Hilbert—Schmidt decomposition of the negative log

marginal likelihood in (B) using (20) and (21) as follows
1
NLMLys(¢, 0) = §bT\IJT<§;TA;1b
1 N
+§(log\\ll\ +log|A1]+log\<I>1|)+Elog27r. (22)

The (hyper)parameters @ and ¢ can be trained by employing a Quasi-Newton optimizer
L-BFGS to minimize the negative log marginal likelihood [G]. To set the hyperparameters
by minimizing the negative log marginal likelihood, we seek the partial derivatives of the
marginal likelihood with respect to the (hyper)parameters. The partial derivatives of the
marginal likelihood with respect to the (hyper)parameters can be calculated by the relation

0K

iNLML(C,O) S logp(y[¢,0) = —ltr((aaT ~KH—-),
' 2 a6,

00; 00;
where a = K~ 'y [U]. Equivalent relation for the partial derivatives of Hilbert—Schmidt
decomposition of the negative log marginal likelihood in (22) is as

9 8(\I!A1<I>1T))

I __1 TAaT -1
%jNLMLHS(C,H)_ 2tr(ﬂ(bbﬂ v 5,
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where 8 = (A1 ®, 7).

In the following, we explain how the HS-SVD alternative bases can reduce the instabilities
in (hyper)parameter estimation and posterior prediction using the GPs. The first step in
creating a stable basis is to study the structure of the system in (I[3) and asking the question
Why is this system ill-conditioned?

It would seem that because the eigenfunctions ¢, are orthogonal the matrix ® in relation
(3) should be relatively well behaved. Therefore, the ill-conditioning appears to instead
originate in the diagonal matrix A which contains block matrices A; and Ao, whose values are
the eigenvalues of K and its 2-norm condition number is as

A1

cond(A) = P
M

(23)

This condition number is not directly relevant, since the entire A matrix is never inverted, but
it serves to give an idea of the delicate nature of the K matrix.

In fact, the rate of decay of the Hilbert-Schmidt eigenvalues determines the smoothness of
the kernel k,,,. Therefore, in the course of using more smooth kernels, the problem of instability
will be raised more seriously according to relation the (Z3). This connection between the ill-
conditioning of the system and the smoothness of the kernel has been studied in [I6]. It would
appear then that the presence of the A matrix is the main source of ill-conditioning. The key
step in removing the ill-conditioning is to write the component matrices that appear in the
eigen-decomposition of K as (IC7). Therefore, instead of solving the standard systems (B) and
(8) which have the potential of yielding inaccurate and unreliable results, we now solve the
transformed systems (IX), (I9) and (22), which are more numerically stable. In addition, we
always make sure to simultaneously apply the matrices A1 and As required in the computation
of the corrector matrices [Ao®] 7 T A '] and [Agcbl ﬁmdDizmAfl]. For example, in MATLAB

software, [Ao®g ® TAT!] is computed as follows
bsxfun(@rdivide, Ay, A1). * ($o/d)).

This minimizes the chances of producing an overflow or underflow error caused, respectively,
by dividing the small eigenvalues at the end of A; or multiplying by the even tinier ones in
Ay. On the other hand, using the QR decomposition (IB) is sometimes preferable to directly

invert ¢1T . because it may be a more stable computation than LU factorization, which may

L
be preferable depending on the scale of the various eigenfunctions [31]. Therefore, the use
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of alternative HS-SVD bases (with or without the optional QR step) allows us to isolate the
ill-conditioning primarily in the A; factor and resolve the corrector matrices safely and recom-
mended for the stable computation of optimal parameters and operators posterior predictions,

especially in the kernel flat-limit.

4 Numerical experiments

The main purpose of the numerical results is to point out the efficiency, validity and stability
of the method presented in this paper to estimate (hyper)parameters and operators posterior
prediction in a numerically stable way as presented here. In the following, we present a series
of numerical experiments that demonstrate the effectiveness of our approach. We have imple-
mented the process of (hyper)parameters estimation by employing an L-BFGS optimization
method and posterior prediction of various differential and integral linear operators in new
points as well. Using various figures, the numerical stability of calculation of MLE in the HS-
SVD method in comparison with the direct method is shown. Also, to show the accuracy and
numerical stability of posterior mean of the HS-SVD method in comparison with the standard
method, the maximum absolute error (absolute error) graphs of the posterior means and the
condition number of the covariance matrices for both methods are presented. The absolute
error between the exact function u(x) and the predicted mean u(x) is described as below:

max [u(a;) - ale)]

It should also be noted that in the following examples, we have ignored the constant term
% log 27 in the calculation of the likelihood function (B). In fact, in calculating of NLML,
we have used the relations Dmle = NLML((, @) — & log 27 for standard (direct) computation
(labeled in the figures with Direct Likelihood) and HSmle = NLMLys (¢, 8) — & log 2 for HS-
SVD computation (labeled in the figures with HS-SVD Likelihood) as the likelihood criterion.
Note that in all figures and tables to compare ”Direct Likelihood” and ”"HS-SVD likelihood”
the NLML (Negative Log Marginal Likelihood) quantity is used such that a higher direct
likelihood means a lower NLML.

Example 1 Consider the one dimensional fractional equation

Lou(z) = B Du(e) — u(z) = f(2),
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where a € R and 'L D% is defined in the Riemann-Liouville sense [32]. As pointed out
by Raissi et al. in [B], ”Fractional operators often arise in modeling anomalous diffusion
processes. Their non-local behavior poses serious computational challenges as it involves
costly convolution operations for resolving the underlying non-Markovian dynamics”. It should
be noted that #L D&k, #L DS[EL DOk, and BL DS () were obtained using generalized
Gauss-Laguerre quadrature method, involving a weight function of the form xz®s¢Le™* for

agar > —1 as

o) do — o0 QgL =T [T . —CgGL d ~ e gGL ;).
/0 f(z)dx /0 x e “le"x f(z)]dx ~ Zw f(z) (24)

We use the Golub-Welsch algorithm to find the nodes, but we compute the weights by evalu-
ating the generalized Gauss-Laguerre polynomial at these nodes for higher relative accuracy.
In practice, it is essential for aygr to match the fractional part of power of the monomial
in the integrand f, as the remainder yields a smooth function (for more information, see
[23]). However, the presented stable machine learning method using the GP overcomes these
computational challenges, and we can seamlessly handle all such linear cases without any
modifications. In this example, we have used a generalized periodic spline kernel on a set of

one-dimensional data in the interval [0, 1]. This kernel has eigenvalues and eigenfunctions

W) @)t =2 -1,
Tl (@n)2 4+ ) n=2j,

V2sin(2jmx) n=2j—1,
on(z) = . .
V2cos(2jmz) n=2j,
for j = 1,2,.... It should also be emphasized that we have used the roots of the squared

exponential kernel eigenfunctions as training points labelled as ”Roots”. We create data

values {zy,yu}, {xf,ys} by sampling the test function

u(z) =

1 i (27 + i)etim® 27 — i

—e

2 —1 4 (2im)V2 1+ (—2im)V2

and f(z) = 27 cos(2mx) —sin(2mx), for @ = v/2 which the training points chosen in the interval

[0, 1]. It should be noted that to illustrate the instability and computational challenges of the
direct approach and the efficiency of the HS-SVD approach, various number of Roots data
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points are chosen in the interval [0,1]. In Table 2, the absolute error, condition number,
the optimal values of a and likelihood criterion are presented for different values of (n,,ny)
of Roots data points. It should be made clear here that in Table 2, the optimal values of
(hyper)parameters are obtained and then the absolute error for the posterior mean of the
fractional operators in new points using the optimal (hyper)parameters are reported. The
likelihood criterion is evaluated for a spaced uniformly in [.1,5], ¢ spaced logarithmically
in [.1,10] and 8 = 3 using both the direct approach (labeled Direct Likelihood) based on
Cholesky decomposition and HS-SVD method (labeled HS-SVD Likelihood) in Fig. 1 and
and specifically 2 which provides more accurate and more stable results. A similar pattern
is observed for other values of 3. In addition, as the number of data points increases, the
instability of the direct method increases. This issue is not brought to the forefront here
because it seems to be redundant. In fact, we have demonstrated the training process to learn
the optimal a and ¢ parameters simultaneously using both direct and HS-SVD techniques, in
Figs. 1 and 2. we have also made posterior predictions at Neval=100 evenly spaced points
in the domain to calculate the error value logarithmically for different values of a and ¢ with
B = 3 to show the validity of the HS-SVD method. Due to the error figures, we have found out
that the HS-SVD method correctly determines a region for an ”optimal” (hyper) parameter
estimate a and e, while we have noticed instability in the direct approach. It is clear that by
increasing the number of training points, the direct approach in parameters estimation and
operators posterior prediction loses accuracy and suffers a complete breakdown because K !
is too ill-conditioned. Absolute error between the true fractional order o and the estimated
one (top) and also between the exact function u(x) and the predicted mean u(z) (middle) in
the logarithmic scale as a function of the total number of training points for u(z) and f(x)
denoted by n, and ny and condition number of covariance matrix K and matrix ¥ (bottom)
using both approaches demonstrated in Fig. 3. As Figs. 1,2 and 3 show, in contradiction
with the notion that increasing the number of data points leads to an increase in the accuracy
of calculations, we see that this does not happen in direct method because of ill-conditioning
covariance matrix K ~!'. While in HS-SVD method, by increasing the number of data points,
in addition to maintaining stability, the accuracy of the results also increases. It is apparent
that the stably computed likelihood parametrization criterion, HSmle, identifies a region for
an ”optimal” (hyper)parameters estimate that matches the region of smallest error. According

to the Figs. 1, 2 and 3, we can see the HS-SVD algorithm learns the parameter o and ¢ to have

17



362

363

364

365

”optimal” values, while the direct maximum likelihood estimator does not precisely locate it.
That’s because the MLE direct computation loses accuracy and suffers a complete breakdown
because K~ is too ill-conditioned. Furthermore, that indicates the satisfactory performance

of the method presented in this paper for different trainings.

Absolute error

Absolute error

HS-SVD likelihood
Direct likelihood

Figure 1: Comparison of the Negative Log Marginal likelihood (NLML) criterion and the error
of the posterior mean computed by the direct method (right) and HS-SVD method (left) for
B = 3 and different values € and «. The top row shows the error of the posterior mean based
on n, = ny = 10 Roots data points using generalized periodic spline kernel displayed. The

bottom row displays the corresponding likelihood estimates for Example .
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Figure 2: Comparison of the Negative Log Marginal likelihood (NLML) criterion and the error
of the posterior mean computed by the direct method (right) and HS-SVD method (left) for

B = 3,1, = ny = 20 and different values € and o for Example [I.
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Figure 3: Absolute error between the true fractional order o and the estimated one (top), the
exact function u(z) and the predicted mean u(x) in the logarithmic scale as a function of the
total number of training points for u(x) and f(x) (middle), denoted by n, and n; is shown
with both methods. Condition number of covariance matrix K defined in (7) and matrix
V¥ (bottom) with S = 3 in the logarithmic scale is demonstrated using Roots data points for

Example 0.
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Table 2: Parameter estimation « and absolute error (error) of fractional operators posterior prediction
for optimal (hyper)parameters obtained with direct and HS-SVD methods using different number of
Roots data points for Example 0.

HS-SVD Direct

method method
(nusmg) | @ HSmle cond (V) error el Dmle cond(K) error
(5,5) 4.8651  -166.3783 5.5679e+16  0.4518 5.000 568.6083 2.7907e+41  4.7185e-01
(10,10) | 2.0353  -577.3515 2.3678e+18  0.0938 5.0000  939.1081 1.4683e+44  4.7185e-01
(20,20) | 1.4043  -1.0783e+03 1.4259e+4-22  0.0057 3.8715  195.8455 7.2055e+45  1.1283e+02

Example 2 Consider the one dimensional fractional equation

£2u(x) = §DPule) + au() = f(a),

T

where a € R and ng are defined in the Caputo sense [32]. In this example, we have used
periodic spline kernel on a set of one-dimensional data. Also, the fractional derivatives of the
kernel and §' D; "k, OCDJ5 [§ D"k, and § D;7® () are approximated based on power series
expansion with Maple software by the command “fracdiff” as “fracdiff(k,,(z,y), o, method =
series, method-options = [about= a]”. The optional parameters for this method to be specified
in method-options, are about= a and order = o. The value of a specifies the point on how
to expand the series and o specifies the accuracy or order of the series. For convenience, the
order o = 20 and the starting point of the interval a = 0 are considered.

The periodic spline kernel has eigenvalues and eigenfunctions

W @mT =2,
Tl @mC® =2

V2sin(2jmz) n=2j—1,
pn(z) = . .
V2cos(2jmz) n = 2j,
for € N, j = 1,2,.... We simulate data values {xy,yu},{zs,ys} by sampling the test

function u(x) = sin(27x) and

f(z) = 6.9320/z 1 F5(1.0;0.625, 1.125; —9.86960 2.%) + 2sin(27x)
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for @« = 2 and n, = ny = 10 Chebyshev data points are chosen in the interval [0, 1] where
1F5 is the generalized hypergeometric function. Likelihood criterion is obtained for the values
of € {1,2...,10} and « spaced logarithmically in [10~%,10] using both the direct method
(labelled Direct Likelihood in Fig. 4) based on Cholesky decomposition, and the more elaborate
for relation (Z2) which provide more stable results (labelled HS-SVD Likelihood). The data is
then used to make posterior predictions at Neval =100 evenly spaced points in the domain,
and the absolute error compared to u(z) displayed in Fig. 5. As Fig. 4 shows, the posterior
mean (top row), as well as the likelihood criterion (bottom row), can be stably and reliably
computed with the help of the HS-SVD (left column)-as compared to the direct approach,
displayed in the right column, and computed using the standard methods such as the Cholesky
decomposition. According to Fig. 4, we can observe that the HS-SVD algorithm correctly
learns the parameter o and 8 to have "optimal” values, while the direct MLE is near the
optimal error and it does not exactly locate it. Also, According to Fig. 5, we realize that the
HS-SVD method determines a more precise region for ”optimal” (hyper) parameters o and 3.
In addition, in Table 3 the absolute error and likelihood criterion for different values of (1, ny)
of Chebyshev data points are presented. In Table 3, the optimal value of the parameter « is
presented, and the absolute error for the posterior mean of the fractional operators in new

data points using the optimal (hyper) parameters are reported.
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Figure 4: Comparison of Negative Log Marginal likelihood (NLML) criterion computed with
both methods. The top row shows the error of the posterior mean based on Chebyshev data

points using periodic spline kernel. The bottom row displays the corresponding likelihood
estimates.
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Figure 5: Absolute error for Example B using periodic spline kernel computed via the HS-SVD
approach (left) and direct approach (right).

Table 3: Parameters estimation « and absolute error of fractional operators posterior prediction for

optimal (hyper) parameters obtained with direct and HS-SVD methods by Chebyshev data points for

Example D.
HS-SVD Direct
method method
(Musmg) | @ HSmle cond (V) error e Dmle cond(K) error
(5,5) 1.9307  -46.6439 6.1427e+03  0.0152 0.7543  -26.5178 1.8353e+15 11.4753
(10,10) | 1.9307  -83.5802 2.6829e¢+05 0.0108 0.0910  -71.1816 7.8813e+16  0.5588
(20,20) | 1.9698  -125.819 1.9509e+07  0.0015 1.2068  -63.9671 4.0022e+17  0.3404

s Example 3 Consider the following differential equation,

d? d
Lou(e) = Tgule) + g (@) +ule) = /().
Note that the functions u(x) = —2 cos(4nx) + sin(47zx) and

ax(8msin(4rx))
2 +1

f(z) = 32n2cos(4mx) — 1672 sin(4mz) +

ax(4m cos(4dmz))

o — 2cos(4nx) + sin(4nz)
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satisfy the equation. We create data values {xy,yu}, {Tf,yr} by sampling the test function
u(x) and f(z) with n, = ny = 40 Chebyshev data points are chosen in the interval [-1,1] and

a = 6. In this example we have used Chebyshev kernel with eigenvalues and eigenfunctions

N = 1—a n=0,
B UL I

on(x) = /2 = 6poTh(x),

where T,, are Chebyshev polynomials of degree n. Likelihood criterion is obtained for values
of a = .5 and b spaced uniformly in [107%,.9] using both methods in Fig. 6. The data is
then used to make predictions at Neval =100 evenly spaced points in the domain, and the
absolute errors compared to u(x) are displayed in Figs. 6 and 7. As Fig. 6 shows, the posterior
mean and the likelihood criterion can stably and reliably be computed with the help of the
HS-SVD -as compared to the direct approach, computed with the standard methods. It is
apparent that the stably computed likelihood parametrization criterion identifies a region for
an ”"optimal” (hyper) parameters estimate o and b that matches the region of the smallest
error in Figs. 6 and 7. Figure 8 indicates Maximum error between exact function and predicted
mean @(x), exact function and predicted mean f(z) in the logarithmic scale as a function of
the total number of training points u(x) and f(x), denoted by n, and ng, with both methods
and also, the condition number of covariance matrix K and matrix W based on Chebyshev
data points. It also reveals that by increasing the number of data points the accuracy of
calculations increases. Needless to say, this does not hold true in the direct method. As far
as the HS-SVD method is concerned, an increase in the number of data points leads to an
increase in the accuracy of the results and also the maintenance of the stability. Of course,
whenever K is not severely ill-conditioned (usually this is true for kernels with a low level of
smoothness such as Matern kernels or compactly supported Wendland kernels) it is easier and
more convenient to work with its Cholesky factorization K = LLT as a fundamental tool in

matrix computations.
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Figure 6: Comparison of Negative Log Marginal likelihood (NLML) criterion computed with
both methods. The top row shows the error of the posterior mean based on Chebyshev
data points using Chebyshev kernel. The bottom row displays the corresponding likelihood

estimates.
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Figure 8: Maximum error between exact function u(z) and predicted mean u(z) (top), exact
function f(z) and predicted mean f(z) (middle) in the logarithmic scale as a function of the
total number of training points u(z) and f(x), denoted by n,, and ny, are demonstrated with
HS-SVD and direct methods. The condition number of covariance matrix K and matrix W
(bottom) in the logarithmic scale are demonstrated using Chebyshev data points for Example

a.
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Example 4 Consider the following integro-differential equation,

LIu(x) = %u(m) + 2u(z) + oz/oz u(t)dt = f(x).

The functions u(z) = sin(27x) and

cos(2mz) — 1

f(z) = 2w cos(2mz) + 2sin(27z) — «
27

satisfy the equation. We have used the data {@y,yu}, {zf,ys} generated from w(x) and f(z)
with n, = ny = 20 Chebyshev data points chosen in the interval [0,1] for a = 3. We
have demonstrated the effectiveness of the HS-SVD method using the generalized periodic
spline kernel. Likelihood criterion is evaluated for § = 3 and « and & uniformly spaced in
[.01,10]. The data is then used to make predictions at Neval=100 evenly spaced points in the
domain, and the absolute error is displayed in Fig. 9. Also, likelihood criterion is evaluated
for the values of ¢ logarithmically spaced in [1072,10%] in Fig. 10. This data is then used
to make predictions for different values 8 at Neval=100 evenly spaced points in the domain,
and the absolute errors are displayed in Fig. 10. It is apparent that the HS-SVD method
suffers no ill-conditioning. The maximum likelihood estimator is near the ”optimal” error,
though it does not precisely locate it. It is clear that by increasing the values of 5 the MLE
direct computation loses accuracy and suffers a complete breakdown because K ! is too ill-
conditioned. Also, the absolute errors between the true parameter o and the estimated one,
between the exact functions u(z) and f(z) and the predicted means %(z) and f(x) and also
the condition number of covariance matrix K and matrix ¥ using Chebyshev data points are
demonstrated in Fig. 11. In Table 4, using the optimal (hyper) parameters the absolute error,
the condition number, the optimal values of o and the likelihood criterion are presented for

different values of (ny,n¢).
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Figure 9: Comparison of Negative Log Marginal likelihood (NLML) criterion computed with
both methods for Example B. The top row shows the error of the posterior mean based on
Chebyshev data points using Chebyshev kernel. The bottom row displays the corresponding

likelihood estimates.
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Figure 11: The absolute error between the true parameter « and the estimated one (A),
between exact function u(x) and predicted mean @(z) in the logarithmic scale (B), between
exact function f(x) and predicted mean f(zx) in the logarithmic scale (C) are demonstrated
with both methods. The condition number of covariance matrix K and matrix ¥ in the

logarithmic scale is demonstrated using Chebyshev data points for Example @ (D).
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Table 4: Parameter estimation o and the absolute error of operator posterior prediction for optimal

(hyper)parameters obtained with both methods using Chebyshev data points for Example @.

HS-SVD Direct

method method
(nu,nyg) | a HSmle cond(V) error ! Dmle cond(K)  error
(5,5) 2.98 -225.93 1.5863e+05 0.033 3.0665 -32.7392  5.6795e+09 120.0447

(10,10) | 3.008 -565.1892 2.0447e+11  0.0085 | 2.9365 -62.1680 2.461le+13 590.8914
(20,20) | 3.0016 -309.2043 5.3467e+16  0.0013 | 3.8837 23.6461 1.5684e+20 35.3956

Example 5 (Transport Equation) Consider the following differential equation,

£, g, 1) = 228D | PUBD _ piyy

The functions u(z,t) = exp(—x) sin(27t) and

f(x,t) = 2wexp(—x) cos(2nt) — ¢ exp(—z) sin(27t)
satisfy the equation. We have used the data {x, = (zu,tu),Yu}, {Zs = (xf, 1), ys} generated
by yu = u(xy,ty) and yy = f(zy,t,) with n, = ny = 32 Halton data points chosen in the

interval [0, 1]? for ¢ = 1. We have also demonstrated the effectiveness of the HS-SVD method

using Squared Exponential kernel with eigenvalues and eigenfunctions

A o2 22 n—1
n = A\ aZreZte? (a2+52+52> n=12,...

©n (LU) = ’Ynei(;ng H, 4 (05/835)’

where the H,, are Hermite polynomials of degree n, and

1 2
5: (1+(%)2)4a 7”_\’271—1’;@)’ 52:%(/32_1)7

are constants such that they are defined in terms of the shape parameter € and the parameter
a in the weight function p(z) = %6_0‘212 of the Hilbert-Schmidt integral operator. The
multivariate case is easily obtained using the tensor product form of Squared Exponential
kernel, i.e., for d-variate functions we have

2

aj ( s? )”1_1
T 52 2 252, .2
aj+6j+€j ocj+6j+sj ’

An = T, =T,
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and

where x = (21, 22) € R%. For more on tensor product kernels we point the reader to [I6, 22].

Note that this formulation allows us to take different shape parameters ¢; and integral
weights a; for different space dimensions (i.e., ky,, may be an anisotropic kernel), or we can
take them all equal, i.e., oy = @ and €; = ¢, j = 1,2 (and then ky, is isotropic or radial) [22].
In the example, we restrict ourselves to using the same «; and ¢; in all dimensions. Likelihood
criterion is evaluated by a fixed value of & = 3 and a grid of 625 different values of [(, ]| with
each component uniformly spaced in [.01,10]. The data is then used to make predictions at
Neval=81 evenly spaced points in the domain. The absolute error and likelihood criterion are

displayed in Fig. 12. In Table 5, the absolute error, the condition number, the optimal values

on(x) = H?:l@nj(xj) = H32'=17”j€7

522

7% Hp, -1 (0 B5),

of ¢ and the likelihood criterion are presented for different values of (n,,ny).

Table 5: Parameter estimation ¢ and the absolute error of operator posterior prediction for optimal

(hyper)parameters obtained with both methods using Halton data points for Example B.

HS-SVD Direct

method method
(Pusmg) | € HSmle cond (V) error ¢ Dmle cond(K) error
(8,8) 0.7 -60.2578 2.3783e+04  0.0577 10 0.2091 6.9541e+12  1.0475
(16,16) | 0.8577 - 130.6324 5.6463e+04  0.0205 3.0665  -32.7392 5.6795e+14  0.5317
(32,32) | 1.0771  -987.4220 5.3892e+10  .002524 74296  -495.7323  2.7838e+17  1.03254
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Figure 12: Comparison of Negative Log Marginal likelihood (NLML) criterion computed for
a = 1 with both methods for Example B. The top row shows the error of the posterior mean
based on Halton data points using Squared Exponential kernel. The bottom row displays the

corresponding likelihood estimates.

5 Conclusion

In this paper, we made the unified framework to deal with parametric linear operational
equation in () which was probabilistically approximated by employing the GPs, and was made
computationally more stable and reliable by developing a novel computational strategy for

more adaptive parameters and hyperparameters learning leading to more accurately predicting
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operators at some unseen operational data points. The standard computational strategies
suggested for solving the above linear inverse problems would usually become severely ill-
conditioned to estimate the model parameters and hyperparameters, particularly when the
number of data points increase, and the flat kernels (e.g., the squared exponential kernel
with a small shape parameter, ) are used. It is evident that by increasing the number of
the observed data, the direct approach to estimating parameters and hyperparameters and
predicting the operators would become less accurate, and it does not then correctly identify
a region for ”optimal” (hyper)parameters that match the region of the smallest error. As
a result, it will suffer a complete breakdown, because K ! is too ill-conditioned. In this
paper, we proposed an alternative computational approach using the HS-SVD at which the
computation of the likelihood function becomes more stable, and the determination of the
MLEs for optimal posterior predictions is now possible. It is thus apparent that the HS-SVD
method correctly identifies a region for ”optimal” (hyper)parameters that match the region of
the smallest error. The proposed approach was validated by illustrating it in several benchmark
problems and various kernels with different attributes. The numerical illustrations confirm the
stability of the proposed method, particularly when the number of the observed data points
increase, and the flat kernels are used when the standard computational strategies reviewed
above would be unable to handle. The absolute error, condition number, the optimal values
of (hyper)parameters and also likelihood criterion are presented for different number of data
points for both approaches of direct and HS-SVD. We found out that the HS-SVD method
correctly determines a region for an ”optimal” (hyper) parameters estimate, while instability
was witnessed in the direct approach. It was clear that by increasing the number of training
points, the direct approach in parameters estimation and operators posterior prediction loses
accuracy and suffers a complete breakdown because K~! is too ill-conditioned. Needless
to say, the process of reducing the condition number, by the HS-SVD approach, also varies
from one problem to another, depending on the type and nature of the model, the number
of training points and even the type of the training points (e.g., Chebyshev points, Halton
points, random points and and so forth). Therefore, the ill-conditioning improvement in the
various examples may be different.

Future researchers are highly recommended to investigate the technique introduced in this
paper for the problem of learning nonlinear operational equations as discussed in [5]. The main

problem in nonlinear operational equations is that the stated condition ”linear transformation
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of a GP such as differentiation and integration remains GP” is no longer valid, and a linear
approximation of a nonlinear operator must be used. Furthermore, the results gained from
this study are limited to those special kernels for which a Hilbert-Schmidt SVD is available (
the collection of positive definite kernels and their known Mercer series are presented in [I6]).
Therefore, understanding how a Mercer series with numerically computed eigenvalues and
eigenfunctions affects the quality of these computations can allow this strategy to be applied to
a wider range of kernels (which is currently limited by the availability of the Mercer series [I7]).

The work in this paper is limited to low dimension in @, as a tensor product basis is used
in terms of eigenfunctions. This removes an important advantage of kernel methods, which
are formally dimension-independent. Despite this limitation, we still have the advantage over
using regression in a spline basis that we can see the parameters of the operational equations
as kernel hyperparameters and estimate them using a machine learning strategy. At the same
time, in our future studies, we are trying to generalize the proposed method in this paper to

high dimensional problems without being dependent on the tensor product.
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