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A B S T R A C T

Numerical models of the cardiovascular system have largely focused on the function of the ventricles, with
atrial function often neglected. Furthermore, the time-varying elastance method that prescribes the pressure–
volume relationship rather than calculating it consistently is frequently used for the ventricles and atrium. This
method has yet to be validated however, so its applicability for cardiac modelling is frequently questioned.
To overcome this challenge, we propose a synergistic model of left atrium (LA) and left ventricle (LV) by self-
consistently integrating various feedback mechanisms among the electro-mechanical and chemical functions
of the micro-scale myofiber, the macro-scale dynamics of the LA and LV, the atrioventricular node (AV), and
circulation. The model is tested and shown to reproduce the essential features of the atrium cycling, such as the
characteristic figure of eight pressure–volume loops. Our model is further developed to investigate the effect
of dysfunctions of the mechanical-electric feedback (MEF) in the atrium. Our model not only successfully
reproduces key experimental MEF observations such as prolonged action-potential and increases in action-
potential magnitude induced by atrial stretch but also shows how MEF and arrhythmia of the atrium lead to a
degradation of cardiac output and pumping power with significant consequences. In particular, MEF reproduces
arrhythmia such as ectopic and erratic cycling, missed heart beats and restricted function.
1. Introduction

Cardiac disease remains one of the leading causes of death world-
wide [1] and atrial fibrillation (AFib), an irregular rhythm in the
atrium, is responsible for many of these deaths. In the US alone, AFib
was responsible for around 26,535 deaths [2] and untreated AFib or
atrial flutter frequently leads to strokes and heart failure [3]. The left
atrium (LA) plays a crucial role in the cardiovascular system and goes
through three distinct phases during the cardiac cycle; a passive blood
reservoir phase during ventricular systole, followed by the conduit
phase when the mitral valve opens allowing the collected blood to flow
into the ventricle, ending with an active contraction phase after which
the mitral valve closes. This multi-phasic behaviour of the atrium leads
to the double-loop pattern displayed by the atrial pressure–volume
diagram, with the loops representing the active ‘a-phase’ and passive
‘v-phase’ of the atrial cycle.

Numerical models of the cardiovascular system have often over-
looked the behaviour and importance of the LA [4], or invoked the
time-varying elastance (TVE) method to simulate it [5–7]. The TVE
method uses physiological data to tune a periodic function of time
describing the pressure–volume relation of the left ventricle (LV) or
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atrium. Despite the popularity of the TVE approach, its accuracy is
frequently questioned and criticised due to its empirical foundations [8,
9]. A main drawback of the TVE approach is the neglect of phys-
iological feedback mechanisms which consistently regulate pressure,
volume and circulation. Consequently, it is unsuitable for modelling
various pathologies and clinical interventions such as left ventricle
assist devices (LVADs) and cardiac fibrillation. Various attempts have
been made to improve or overcome the deficiencies of the TVE method
where such feedback is important: the atrioventricular interaction and
valve motion have been included [4,10]; the electrical dynamics of
the heart chambers have been modelled to complement the mechan-
ical chambers [10]; Gaussian functions have been used to drive the
TVE [10]; and time-varying muscle mechanics with a constant elastance
used in place of a TVE [11], which assumes that atrial pressure changes
according to its volume. A further weakness of the TVE approach is its
dependence on the loading conditions when used for the atrium [12,13]
motivating to the development of an alternative method entirely by
Pironet et al. [9]. Their multi-scale method is reliant on empirical
data though, and uses the TVE method to model the remaining car-
diovascular system. CFD software has also be applied [14], however
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CFD software is very costly in terms of time and computational power,
making it inaccessible in a clinical environment.

The mechano-electric feedback mechanism (MEF) is one of the
many feedback systems at work in the heart to maintain stability and
proper cardiac function. It is the sensitivity to mechanical stimulation at
the cellular level which induces an electrical response. The excitation-
contraction coupling (ECC) operates in the other ‘direction’, i.e. a
mechanical response at the cell level induced by electrical stimulation.
Whilst the MEF mechanism helps to coordinate mechanical and electric
activities among the countless cardiac cells [15], it can have some
important and often dangerous consequences. The effects of the MEF
on the ventricle have been well-documented and investigated using
experimental and numerical approaches (see for example, the extensive
reviews by Quinn and Kohl [15] and Quarteroni [16]). Among the
many actors thought to be responsible for the MEF, stretch induced
ion channels (SACs) are the main contenders [17,18]. These channels
respond to mechanical stretch by opening and closing, allowing the
conduction or block of ions into the cell. Stimulating these channels
can thereby change the character of the action potential: the electrical
wave that causes cell contraction and relaxation. The action potential
changes depend on the period in the cardiac cycle at which stretch is
induced. For the ventricles, cell stretch during ventricular systole can
reduce the action potential duration [19–21]. Stretch during diastole
can depolarise the cell, causing ectopic excitation [22].

The consequences of the MEF for the atrium have been investigated
experimentally by Solti et al. [23] who use atrial balloon inflation
to dilate the left atria of anaesthetised dogs. Atrial arrhythmia can
be induced more readily and spontaneous tachycardia occurs when
the atrium is stretched. By attaching electrodes to the atrium, electro-
physiological effects can be manipulated. Stretch causes the refractory
period in the atrium tissue to fall and the conduction time to increase.
Decreased conduction velocity and shortening of the refractory period
are also seen by Chorro et al. [24] in perfused rabbit hearts, and atrial
fibrillation by dilation has been confirmed experimentally by [25–
27]. Fibrillation susceptibility rise has been observed in humans with
dilated atria [28], and the modulation of conduction velocity has been
confirmed in people too [29]. Although computer modelling has been
used extensively to explore ventricular MEF function, only a limited
amount of work is devoted to the MEF modelling for the atrium such
as the cellular-scale study by Brocklehurst et al. [30].

The main aim of this paper is to develop a consistent model of the
LA and LV and study MEF based on the synergistic model of the LV
in Kim and Capoccia [31,32]. In the adopted approach, a model of the
myofiber contraction is used to control ventricular dynamics. This is
combined with a model of circulation on the macro-scale to form a
multi-scaled representation of cardiac function. Pressure and volume
are thereby calculated consistently, allowing feedback mechanisms to
operate, negating the need to apply the TVE approach. This synergistic
method is similar to that used by Pironet et al. [9] in that the micro-
scale and macro-scale are coupled, but does not rely on empirical data
to function. Using our new model allows one of the first (to the authors
knowledge) explorations of MEF in the LA to be made. Our model is
developed to allow clinicians to easily investigate the effects of drugs
and other interventions on the pressure, volume and circulation and
vice-versa. A further advantage of our model is that measurements of
patient data can be used to create patient specific models. Identification
of appropriate treatment can also be made by integrating our model
with deep-learning techniques or similar such adaptive methods [33,
34]. The synergistic model of LV was validated as a TVE alternative
in [31] and has previously been used to study Left Ventricle Assist
Device (LVAD) function [31] as well as various pathologies such as
dilated cardiomyopathy. Ventricular MEF was investigated in [32,35]
reproducing MEF effects consistent with the findings by other authors,
such as longer action potential duration consistent with [36]. Electrical
patterns revealed ectopic peaks along with rapid oscillation in agree-
2

ment with [17,37,38] showing the effect of SACs. The rest of the paper
is organised as follows: in Section 2 the numerical model is described;
in Section 3, the results for the control case and MEF examination are
presented; the results are discussed in Section 4; and in Section 5, a
conclusion to this study is provided.

2. Materials & methods

Here, the development of our synergistic model of the LA and LV is
described. Our LA model combines the micro-scale myocyte dynamics
and macro-scale circulation dynamics, pressure, and volume relations
using a similar approach to the LV model in Kim and Capoccia [31,32].
The evolution of the LA and LV is coupled at the macro-scale through
circulation dynamics since the atrium model feeds blood to the left
ventricle through the mitral valve and receives the returning blood
from the systemic circulation. As detailed by Walklate et al. [39] some
key differences in the atrium are as follows: the myocyte density in
the ventricles is greater than the atria and the myocytes are larger in
volume, wider and have a different shape (rod shaped), resulting in a
30 to 50% greater tension developed by the ventricle myocytes than
those in the atrium. Another difference is in the contraction amplitude.
In both LV and LA, contraction amplitude is influenced by the level of
calcium activation. The atrial calcium cycling is faster than the ventric-
ular one due to excitation-contraction coupling protein differences and
their different sarcoplasmic reticulum structural features. The calcium
in the atrium consequently decays faster than the ventricle resulting
in a greater duration of the ventricle contraction cycle. Some of these
differences are reflected in the model presented below using different
model parameters (Tables 1 and 2).

2.1. The ventricle micro-scale electro-mechanical model

The Bestel-Clement-Sorine [40,41] approach is employed to sim-
ulate the LV myofiber function. This approach is based on the Hill-
Maxwell rheological representation of the myofiber. In this design
the electrically activated sarcomere element is modelled by coupling
an active contractile element in series with another elastic element
allowing active relaxation. These sarcomere elements function in par-
allel to a third elastic element representing the passive connective
tissues surrounding the sarcomere, and stopping the heart exceeding its
limits [42]. The active contractile element mechanics of the ventricle
are modelled by the governing equations below for active (represented
using the subscript ‘c’) stress 𝜏𝑐 , strain 𝜖𝑐 , stiffness 𝑘𝑐 , and velocity
𝑣𝑐 =

𝑑𝜖𝑐
𝑑𝑡 .

𝑑𝑣𝑐
𝑑𝑡

= −𝜒𝑣𝑐 − 𝜔2
0𝜖𝑐 − 𝑎𝜏𝑐𝑑0(𝜖𝑐 ) + 𝑏

(√

𝑉
𝑉0

− 1
)

(1)

𝑑𝜖𝑐
𝑑𝑡

= 𝑣𝑐 (2)
𝑑𝜏𝑐
𝑑𝑡

= 𝑘𝑐𝑣𝑐 − (𝑎𝑙|𝑣𝑐 | + |𝑢|)𝜏𝑐 + 𝜎0𝑢+ (3)
𝑑𝑘𝑐
𝑑𝑡

= −(𝑎𝑙|𝑣𝑐 | + |𝑢|)𝑘𝑐 + 𝑘0𝑢+ (4)

𝑑0(𝜖𝑐 ) = 𝑒−𝛽0(𝜖𝑐−0.1)
2 (5)

The subscript ‘+’ means that only positive values of the preceding
term are used. On the right hand side of Eq. (1) the first term 𝜒𝜏𝑐
is a damping force. The second term 𝜔2

0𝜖𝑐 is the harmonic force with
frequency 𝜔2

0. The third term 𝑎𝜏𝑐𝑑0(𝜖𝑐 ) is an active force and the final
term 𝑏(

√

𝑉 ∕𝑉0 − 1) is a passive force. 𝑢 represents the time-varying
calcium bound Troponin-C concentration responsible for cell activation.
The final equation for 𝑑0(𝜖𝑐 ) represents the Frank-Starling effect of cell
stretching. It is modified here to be more representative of cell stretch,
peaking now at a positive value [42,43]. 𝜒 , a, b, 𝛼𝑙 and 𝛽0 are positive
constants. 𝜎0 and 𝑘0 are constants too and represent the maximum cell
stress and stiffness. The stress directed by the passive elastic element is
assumed to be exponential [44] and is given by the equation below.

𝜎𝑝 =
𝑘2 [exp(𝑘1(

√

𝑉 ∕𝑉0 − 1)) − 1] (6)

𝑘1
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Here, 𝑘1, 𝑘2, and 𝑉0 are positive constants. The passive element in
Eq. (1) and 𝜎𝑝 in Eq. (6) are derived from a radially contracting cylinder
with constant height. The strain 𝜖 is therefore proportional to the
square root of the ventricle cylinder volume

√

𝑉 .

2.2. The atrium micro-scale model

To simulate the atrial myocyte contractile mechanics, an identical
set of equations to the ventricle above are used with different parame-
ters. The variables and parameters of the atrium are identified using a
subscript ‘A’. The equations therefore read,

𝑑𝑣𝐴
𝑑𝑡

= −𝜒𝐴𝑣𝐴 − 𝜔2
0𝐴𝜖𝐴 − 𝑎𝐴𝜏𝐴𝑑0𝐴(𝜖𝐴) + 𝑏𝐴

(
√

𝑉𝐴
𝑉0𝐴

− 1

)

(7)

𝑑𝜖𝐴
𝑑𝑡

= 𝑣𝐴 (8)
𝑑𝜏𝐴
𝑑𝑡

= 𝑘𝐴𝑣𝐴 − (𝑎𝑙𝐴|𝑣𝐴| + |𝑢𝐴|)𝜏𝐴 + 𝜎0𝐴𝑢𝐴+ (9)
𝑑𝑘𝐴
𝑑𝑡

= −(𝑎𝑙𝐴|𝑣𝐴| + |𝑢𝐴|)𝑘𝐴 + 𝑘0𝐴𝑢𝐴+ (10)

𝑑0𝐴(𝜖𝑐𝐴) = 𝑒−𝛽0𝐴(𝜖𝐴−0.1)
2 (11)

𝑝𝐴 =
𝑘2𝐴
𝑘1𝐴

[exp(𝑘1𝐴(
√

𝑉𝐴∕𝑉0𝐴 − 1)) − 1] (12)

0𝐴 is identical in value to 𝛽0 such that the same Frank-Starling relation
pplies in both ventricle and atrial muscle cells.

.3. The macro-scale pressure

The micro-scale myofiber mechanics cause the expansion and con-
raction of the atrium and ventricle. The governing equation of the
acro-scale ventricular pressure reads,

𝑉 = 𝛾
𝑉0
𝑉

[𝑑0(𝜖𝑐 )𝜏𝑐 + 𝜎𝑝] (13)

ikewise for the atrium,

𝐴 = 𝛾𝐴
𝑉0𝐴
𝑉𝐴

[𝑑0𝐴(𝜖𝑐𝐴)𝜏𝑐𝐴 + 𝜎𝑝𝐴] (14)

here 𝛾 is the ratio of ventricular wall thickness to the radius and 𝛾𝐴 the
ame for the atrium. These equations embody the connection between
he micro and macro scales.

.4. The circulation model

We extend the full circulation model of Kim and Capoccia by using
he atrial pressure determined by Eq. (14). The governing equations for
hamber volumes 𝑉 , 𝑉𝐴, aortic pressure 𝑚 and flow 𝐹𝑎, and the arterial
ressure 𝑃𝑠 read,

𝑑𝑉
𝑑𝑡

= 1
𝑅𝑚

(𝑃𝐴 − 𝑃𝑉 )+ − 1
𝑅𝑎

(𝑃𝑉 − 𝑚)+ (15)

𝑑𝑚
𝑑𝑡

= −
𝐹𝑎
𝐶𝑎

+
(𝑃𝑉 − 𝑚)+

𝐶𝑎𝑅𝑎
(16)

𝑑𝐹𝑎
𝑑𝑡

=
𝑚 − 𝑃𝑠
𝐿𝑠

−
𝑅𝑐𝐹𝑎
𝐿𝑠

(17)

𝑑𝑃𝑠
𝑑𝑡

= 1
𝐶𝑠𝑅𝑠

(𝑃𝐴 − 𝑃𝑠) +
𝐹𝑎
𝐶𝑠

(18)

𝑑𝑉𝐴
𝑑𝑡

= 1
𝑅𝑠

(𝑃𝑠 − 𝑃𝐴) −
1
𝑅𝑚

(𝑃𝐴 − 𝑃𝑉 )+ (19)

ere, 𝐶𝑎 and 𝐶𝑠 are the aortic and systemic compliance, 𝐿𝑠 is the
ortic blood inertance and 𝑅𝑚, 𝑅𝑎, 𝑅𝑠, and 𝑅𝑐 are the mitral valve,
ortic, systemic and characteristic resistances, all of which are positive
3

onstant. s
.5. The electro-chemical model

The cellular electrical and chemical activity drive contraction and
elaxation of the sarcomere. Huxley [45] was one of the first to develop
model for the propagation of cell neural electrical excitation (action

otential). Since then, many models of varying complexity have been
roposed to express cell activity (see [18,19,46] for example). Here, the
implified FitzHugh–Nagumo neural model is used [47]. This model
as two (dimensionless) variables; one describing the slow electrical
esponse 𝑝, and one describing the fast 𝑞. Although they do not cor-

respond to individual ion currents, the passage of ion currents would
affect the MEF parameter values, as used in the previous works [31,32,
35]. Thus in this respect, they qualitatively capture ion channel effects.
The governing equations for the ventricle read
𝑑𝑝
𝑑𝑡

= 0.1(𝑞 − 𝑝 + 𝜇1𝜏𝑐 ) (20)
𝑑𝑞
𝑑𝑡

= 10𝑞(1 − 𝑞2) − 10(2𝜋)2𝑝 + 𝜇2𝑉+ + 10𝑞𝐴(𝑡 + 𝑠) (21)

𝑢 = 𝛼𝑢𝑞 (22)

s described above, Eq. (22) for 𝑢 represents the chemical activity. The
overning equations for the atrium take a similar form.
𝑑𝑝𝐴
𝑑𝑡

= 0.1(𝑞𝐴 − 𝑝𝐴 + 𝜇1𝐴𝜏𝐴) (23)
𝑑𝑞𝐴
𝑑𝑡

= 10𝑞𝐴(1 − 𝑞2𝐴) − 10(2𝜋)2𝑝𝐴 + 𝜇2𝐴𝑉𝐴+ + 10 cos(2𝜋𝑡) (24)

𝐴 = 𝛼𝑢𝐴𝑞𝐴 (25)

he slow variables 𝑝 and 𝑝𝐴 mimic the slower repolarisation phase of
he excitation wave. The faster variables 𝑞 and 𝑞𝐴 mimic the faster
epolarisation phase so are linked to the chemical excitation equation
or 𝑢 (𝑢 > 0 during contraction, 𝑢 < 0 during relaxation). Note that
n [32] the slow variables 𝑝 and 𝑝𝐴 are linked to the action potential.
he parameter 𝛼𝑢 and similarly 𝛼𝑢𝐴 are positive constants. The last term

n Eq. (24) is an oscillating force that simulates signals from the sino-
trial (SA) node. These signals reach the atria first, then pass to the AV
ode before propagating to the ventricles. The AV node plays a number
f roles and provides the only conduction pathway between the atria
nd ventricles [48], hence the SA term in Eq. (24) is replaced with
0𝑞𝐴(𝑡 + 𝑠) in Eq. (21). The parameter 𝑠 is a timing parameter used to
et the difference between atrial and ventricle contraction. 𝜇1 and 𝜇2
re the MEF parameters for the LV and 𝜇1𝐴 and 𝜇2𝐴 are for the LA. As
heir names describe, they are the influence of the mechanical activity
n the electrical. For comprehensive descriptions of these parameters
ee [32,35]. Briefly though, 𝜇1 (and 𝜇1𝐴) describes the feedback of

systolic mechanical stress (stretch) on the excitation wave by coupling
𝑝 to 𝜏𝑐 (and 𝑝𝐴 to 𝜏𝑐𝐴). 𝜇2 (and 𝜇2𝐴) describes the feedback of diastolic
tretch on the excitation wave by coupling 𝑉 > 𝑉0 to 𝑞 (𝑉𝐴 > 𝑉0𝐴 to
𝐴). In the control case, 𝜇1 = 0.0024 kpa−1, and 𝜇2 = 0 (s ml)−1 and the
ame are used for the atrium.

The equivalent electrical diagram for the complete model just de-
cribed is shown in Fig. 1 below. The physiological meaning of the
odel variables are given in Table 4. To help readers understanding

ur model, we show in Fig. 2 the multiscale nature of our synergistic
odel through coupling different activities.

.6. Control case parameters

To demonstrate that the model properly accounts for the cardio-
ascular system, we fine-tune parameter values to obtain the results of
control case representing a healthy heart at rest, free of underlying

athologies. The parameter values for this control case are given in
he Tables 1–3 below. Specifically, the values used for the ventricle
icro-scale model are given in Table 1, and those for the atrium

n Table 2. Values for the circulation can be found in Table 3. The

ystem of Eqs. (1)–(25) are solved using a fourth-order Runge–Kutta
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Table 1
Ventricle control parameters.

Parameter Value Physiological description

𝜎0 240 kpa Maximum left ventricle sarcomere active tension
𝑘0 120 kpa Maximum left ventricle sarcomere active elastance
𝑘1, 0.002 kpa Passive tension parameter
𝑘2 14 kpa Passive tension parameter
𝜒 , 𝛼𝑙 100 s−1, 10 m−1 Damping parameters
𝜔0 100 s−1 Micro-scale oscillation frequency
𝑎, 𝑏 100 m s−2 kpa−1, 6000 m s−2 Active and passive tension parameters
𝛽0

40
3.5

ml−2 Frank-starling length-tension parameter
𝛾 0.6 Left ventricle pressure parameter
𝑉0

144
1.5

ml Left ventricle volume parameter
𝛼𝑢 5 s−1 Ventricle sarcomere chemical excitation parameter
𝜇1, 𝜇2 0.0024 kpa−1, 0 (s ml)−1 Ventricle MEF parameters
Table 2
Atrium control parameters.

Parameter Value Physiological description

𝜎0𝐴 240 kpa Maximum sarcomere active tension
𝑘0𝐴 120 kpa Maximum sarcomere active elastance
𝑘1𝐴, 0.002 kpa Passive tension parameter
𝑘2𝐴 9 kpa Passive tension parameter
𝜒𝐴, 𝛼𝑙𝐴 100 s−1, 10 m−1 Damping parameters
𝜔0𝐴 100 s−1 Micro-scale oscillation frequency
𝑎𝐴, 𝑏𝐴 1000 m s−2 kpa−1, 1500 m s−2 Active and passive tension parameters
𝛽0𝐴

40
3.5

ml−2 Frank-starling length-tension parameter
𝛾𝐴 0.6 Left atrium pressure parameter
𝑉0𝐴

144
10

ml Left atrium volume parameter
𝛼𝑢𝐴 2 s−1 Atrium sarcomere chemical excitation parameter
𝜇1𝐴, 𝜇2𝐴 0.0024 kpa−1, 0 (s ml)−1 Atrium MEF parameters
𝑠 0.04 s Atrium contraction timing parameter
Fig. 1. The equivalent electrical diagram of the complete cardiovascular system
described. For abbreviation definitions refer to Table 4. The left atrium LA feeds blood
at a pressure 𝑃𝐴 through the mitral valve (the first diode) into the left ventricle (LV).
As the blood passes through the valve it encounters a resistance 𝑅𝑚. With the mitral
valve closed the aortic valve (second diode) opens allowing blood at pressure 𝑃𝑉 to
flow into the aorta encountering a valve resistance 𝑅𝑎. The aorta has a compliance
𝐶𝑎. The aortic blood at pressure 𝑚 flows (𝐹𝑎) towards the remainder of the body
encountering a characteristic resistance 𝑅𝑐 . The blood has an inertia 𝐿𝑠 due to its mass
and encounters the resistance 𝑅𝑠 and compliance 𝐶𝑠 of the body’s systemic arteries
and tissues. The blood at pressure 𝑃𝑠 after feeding the organs with fresh oxygen and
nutrients is re-oxygenated and flows back to left atrium ready for another cycle.

scheme and the accuracy of the numerical solution is checked by
systematically reducing the time-step until differences between results
become negligible. All results were obtained using Matlab software.
Whilst most of the initial model values have no to little effect on the
result, the volumes of the ventricle and atrium do. For the control case,
𝑉 (0) = 135 and 𝑉𝐴(0) = 55. The initial values of the ventricle variables
are obtained by taking values from a ventricle-only model.
4

Table 3
Circulation parameters.

Parameter Value Physiological description

𝑅𝑎 0.001 mmHg s/ml Aortic valve resistance
𝑅𝑚 0.005 mmHg s/ml Mitral valve resistance
𝑅𝑐 0.0398 mmHg s/ml Characteristic resistance
𝑅𝑠 0.5 mmHg s/ml Systemic resistance
𝐶𝑠 1.33 ml/mmHg Systemic compliance
𝐶𝑎 0.08 ml/mmHg Aortic compliance
𝐿𝑠 0.0005 mmHg s2/ml Inertance of blood in aorta

Table 4
Variables and their physiological meaning.

Variable Physiological description

𝑣𝑐 Velocity of the contractile element (s−1)
𝜖𝑐 Strain of the contractile element
𝜏𝑐 Active tension of the contractile element (mmHg)
𝑘𝑐 Stiffness of the contractile element (mmHg)
𝜎𝑝 Passive stress (mmHg)
𝑢 Chemical activity (s−1)
𝑝 Slow electric variable
𝑞 Fast electric variable
𝑣𝑐𝐴 Atrial micro-scale velocity (s−1)
𝜖𝑐𝐴 Atrial strain of the contractile element
𝜏𝑐𝐴 Active tension of the contractile element (mmHg)
𝑘𝑐𝐴 Atrial stiffness of the contractile element (mmHg)
𝜎𝑝𝐴 Atrial passive stress (mmHg)
𝑢𝐴 Atrial chemical activity (s−1)
𝑝𝐴 Atrial slow electric variable
𝑞𝐴 Atrial fast electric variable
𝑃𝑉 Left ventricular pressure (mmHg)
𝑃𝐴 Atrium pressure (mmHg)
𝑃𝑆 Systemic pressure (mmHg)
𝑚 Aortic pressure (mmHg)
𝑉 Left ventricular volume (ml)
𝑉𝐴 Left atrial volume (ml)
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Fig. 2. An illustration of the our synergistic model.
Fig. 3. Pressure–volume loops of the ventricle (3(a)) and atrium (3(b)). 3(c) shows time traces of the ventricle (blue), atrium (black) and aorta (red) pressures. The labels denote
the passive ‘v’ phase and active ‘a’ phases.
3. Results

3.1. Control case results

3.1.1. Pressure–volume relation
We solve Eqs. (1) to (25) using the parameters given in Tables 1–

3 for the control case and present the results after removing initial
transients. The ventricle pressure–volume loop for the control case
parameters given in the tables above is shown in Fig. 3(a). The stroke
volume is 95 ml, and the power output is 0.93 W. The atrium pressure–
volume loop is shown in Fig. 3(b). Whilst the pressure is typical of
the atrium, the volume is greater than normally observed for a typical
healthy human atrium, which is around 40 ml. The model has a
large number of parameters requiring definition in order to function
correctly. It is observed too that changes in the atrium parameters has a
direct effect on the ventricle and vice-versa. A different set of parameter
values may result in a lower atrial volume. However, with the chosen
parameter values our model successfully reproduces the double-loop
character of the atrium pressure–volume loop with the correct direction
of the trace; a clockwise passive v-loop and an anticlockwise active
a-loop. The simulated atrium, ventricle and aortic pressures for two
cardiac cycles are shown in Figs. 3(c). It can be seen that the minimum
between the v and a phases is not large due to the appearance of the
a-phase early during ventricle diastole. This is why the a-loop in the
atrium pressure–volume figure appears distended downward.
5

The time-evolution of other ventricle and atrium variables are
shown in Fig. 4. The ventricle variables are displayed on the left and the
atrium variables on the right. The strains 𝜖𝑐 and 𝜖𝑐𝐴 and the change in
volume 𝑉 ∕𝑉0 and 𝑉𝐴∕𝑉𝐴0 are shown in Figs. 4(a) and 4(d). Figs. 4(b)
and 4(e) show the stresses 𝜏𝑐 and 𝜏𝑐𝐴 with the stiffness 𝑘𝑐 and 𝑘𝑐𝐴.
In Figs. 4(c) and 4(f), the slow and fast variables from the electrical
model are displayed. Among all these figures, the main difference
is found to be between 𝜖𝑐 and 𝜖𝑐𝐴. In particular, 𝜖𝑐𝐴 has a 2-phase
character reflecting the 2-phase nature of the atrium.

3.1.2. Preload reduction and the ESPVR
The individual atrial and ventricular preloads are now gradually

reduced to obtain the end-systolic pressure–volume relationships (ES-
PVR) (Fig. 5). The plotted line crosses the minimal systolic volume of
each loop. The line can be seen to cross the volume axis (at 0 pressure)
at around 5 ml. The same result for the atrium is shown in Fig. 5(b),
obtained through increases in atrial preload.

The minimum atrium volume that identifies the atrium end sys-
tole [49] is found and shown by the crosses on each loop in Fig. 5(b). An
approximately linear reduction is found like the ventricle for the lower
four points atrium until the preload reaches 90%. The least squares
method was used to plot the ESPVR for the atrium using the lower 4
data marks, and is shown by the line in Fig. 5(b). The line now crosses
the volume axis below 0. Changes in the gradient of the ESPVR can be
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Fig. 4. The ventricular and atrial control case results. Fig. 4(a) shows 𝑉 ∕𝑉0 with 𝜖𝑐 . Fig. 4(d) shows 𝑉𝐴∕𝑉0𝐴 with 𝜖𝑐𝐴. Fig. 4(b) shows 𝜏𝑐 with 𝑘𝑐 . Fig. 4(e) shows 𝜏𝑐𝐴 with 𝑘𝑐𝐴.
Fig. 4(c) shows 𝑞 with 𝑝. Fig. 4(f) shows 𝑞𝐴 with 𝑝𝐴.
Fig. 5. The ventricular and atrial P-V loops obtained with different preloads: 𝑉 (0) = [1.0, 0.9, 0.8, 0.7]𝑉0 for the ventricle and 𝑉𝐴(0) = [1.0, 0.9, 0.8, 0.7, 0.6]𝑉0𝐴 for the atrium. The
lines in each figure show an approximate ESPVR.
used to asses changes in the inotropic state of the LA [49]. The gradient
in the control case here shown in Fig. 5(b) is 0.12 mmHg/ml, which is
significantly smaller than that of the ventricle, which is 2.14 mmHg/ml.

3.2. Effects of the left ventricle MEF parameters

In this section, the MEF in the left ventricle is explored by increasing
the ventricle parameters 𝜇1 or 𝜇2 individually, whilst at the same time
keeping the atrial MEF parameters 𝜇1𝐴 and 𝜇2𝐴 at their respective
control values (𝜇1𝐴 = 0.0024, 𝜇2𝐴 = 0). Recall that 𝜇1 mimics systolic
stretch and 𝜇2 the diastolic, and likewise for the atrial 𝜇1𝐴 and 𝜇2𝐴.
Also, note that they allow the cellular ion channels to be represented,
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as the opening and closing of these channels would be reflected in the
MEF parameter values. Among different cases we have explored, in the
following we only show some noteworthy cases.

3.2.1. Effect of the left ventricle MEF parameter 𝜇1 (𝜇2 = 0)
The influence of the MEF parameter 𝜇1 is now investigated by pro-

gressively increasing 𝜇1 with the other parameters set to their control
values in Tables 1 and 2. These results for 𝜇1 are shown in Fig. 6. The
mean ventricle stroke volume (SV - ml), cardiac output (CO - l/min),
heart-rate (hr - bps), and power (pw - W) are summarised in Table 5.
Control values are available in the top row. Overall, the behaviour of
the left ventricle closely follows Kim and Capoccia [32], demonstrating
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Fig. 6. The effect of increasing 𝜇1 (𝜇2 = 0). Top row: 𝜇1 = 0.0122, bottom row: 𝜇1 = 0.3; and from left to right: the ventricle P-V loops, the atrium P-V loop, the ventricle electrical
variables, the atrial electric variables, and the ventricle (blue), aorta (red), and atrium (black) pressures.
Table 5
The effect of increasing 𝜇1 (𝜇2 = 0).
𝜇1 SV CO hr pw

0.0024 95.00 5.70 1.00 0.93
0.0122 76.12 4.56 1.01 0.65
0.3 38.47 1.14 0.50 0.09

that the ventricular part of the model is not affected by the presence of
the atrium. The values corresponding to period doubling and bifurca-
tion are also found to closely follow Kim and Capoccia. As 𝜇1 increases,
the end-systolic volume rises leading to a decline in power output.
The number of oscillations in a given time period also reduces, which
contributes to a reduction of power. The fast electrical activity variable
reduces in value, whilst the slow activity increases slightly faster and
falls progressively slower. This shows that the repolarisation phase of
the excitation wave is progressively lengthened, hence the duration of
the action potential is prolonged; a result seen by others [20,21]. As
the fast activity reduces in magnitude, ventricular and aortic pressure
fall too leading to missed ventricle contractions (beats) appearing.

In Figs. 6(e) and 7(j) it can be seen from the atrium pressure
trace (black) that the numbers of active atrial contractions appear to
be reduced; a reduction of a-phase peaks is clearly seen. On those
cycles without active atrial contraction, the passive ‘reservoir’ phase
increases in maximum value as a response. Despite the fall in the
number of atrium active contractions, the atrium electrical variables are
unaffected by the rise in 𝜇1. The electrophysiology of the atrium thus
appears to be fairly immune to stretch during ventricular systole. The
decline in active contractions and change in the 𝑃𝐴 − 𝑉𝐴 loop are thus
a mechanical response to the circulation modification, brought about
by the changes in the ventricle.

3.2.2. Effect of the left ventricle MEF parameter 𝜇2 (𝜇1 = 0.0024)
𝜇1 is put back to the control value (𝜇1 = 0.0024) and 𝜇2 increased to

𝜇2 = 0.3, and 𝜇2 = 1.9 (Fig. 7). Again they closely mirror those observed
in [32]. As 𝜇2 is increased, ectopic beats appear. 10 oscillations in 10 s
are visible in Fig. 4(c) for the control case, while in the bottom row
of Fig. 7, there are 28 oscillations. The heart rate (and other measure-
ments) is provided in Table 6 and more than doubles. Ectopic beats are
7

Table 6
The effect of increasing 𝜇2 (𝜇1 = 0.0024).
𝜇2 SV CO hr pw

0 95.00 5.70 1.00 0.93
0.3 51.29 6.25 2.04 0.99
1.9 37.45 6.56 2.99 1.06

a common effect of the MEF [32]. Recall that increases in 𝜇2 increase
susceptibility to SAC stimulation during diastolic stretch. Stretch during
diastole causes SACs to open, allowing currents to flow into the cell
which depolarises the action potential causing contraction [21,36].
These new oscillations cause the P-V loops to become increasingly more
complex as evident in Fig. 7(f) in the bottom row. Opposite to the result
of a 𝜇1 increase, the slow electrical variable 𝑝 reduces and the maximum
value of the fast electrical variable 𝑞 increases due to the additional
depolarising currents. The stroke volume of the ventricle falls with rise
in 𝜇2.

As with 𝜇1, 𝜇2 appears only to affect the atrial mechanical be-
haviour. The electrical variables 𝑞𝐴 and 𝑝𝐴 do not change. In Fig. 7(j),
the black line shows the number of atrial contractions does not change,
although their character does show slight differences. This can best
be seen by observing the small changes in the a-phase peaks of atrial
pressure. Overall though, it may be concluded that the main effect of
LV MEF on the LA is mechanical (due to its coupling to the LV via
circulation), with little influence on the atrial electrophysiology. This
is expected from the one-way messaging of the AV node.

3.3. Effect of atrial MEF parameters

The MEF parameters for the ventricle are now reset to their re-
spective control values (𝜇1 = 0.0024, 𝜇2 = 0) and those from the
atrium are varied to see what effect they have on the ventricle and
atrium. Beginning with 𝜇1𝐴, Fig. 8 shows the result of progressively
increasing 𝜇1𝐴 as 𝜇1𝐴 = [0.008, 0.8, 80]. The effect of 𝜇1𝐴 on the atrium
is similar to the effect of 𝜇1 on the ventricle. As 𝜇1𝐴 increases, the
frequency of atrial active contractions falls so the output of the atrium
is reduced slightly. Recall the atrium is still mechanically coupled to
the ventricle, so the apparent number of atrial ‘cycles’ does not differ
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Fig. 7. The effect of increasing 𝜇2 (𝜇1 = 0.0024). Top row: 𝜇2 = 0.3, bottom row: 𝜇2 = 1.9; and from left to right: the ventricle P-V loops, the atrium P-V loop, the ventricle
electrical variables, the atrial electric variables, and the ventricle (blue), aorta (red), and atrium (black) pressures.
Table 7
The effect of increasing 𝜇1𝐴 (𝜇2𝐴 = 0).
𝜇1𝐴 SV CO hr pw

0.0024 95.00 5.70 1.00 0.93
0.008 95.03 5.70 1.00 0.94
0.8 87.78 5.23 1.00 0.8
80 96.68 4.97 0.85 0.74

from that of ventricle. The fast electrical activity variable 𝑞𝐴 reduces
in value similar to the ventricle for 𝜇1, and the slow activity increases
faster and falls slower producing a longer action potential (AP) duration
consistent with other studies [50,51]. As the electrical signals from
the atrium pass to the ventricle, the maximum value of 𝑞 reduces too,
leading to missed (ectopic) beats and a reduction in heart-rate. The
heart-rate tends to vary in atrial fibrillation, varying by as much as
200 bpm. Table 7 summarises the mean ventricle heart-rate, cardiac
output, stroke volume, and power. The mean cardiac output can be seen
to fall from 5.70 l/min in the control case to 4.97 l/min when 𝜇1𝐴 =
80. Cardiac output reductions are a common symptom of irregular
ventricular rhythm during atrial arrhythmia [52]. Likewise the mean
power falls from 0.93 W in the control case to 0.74 W.

In order to establish the influence of atrial MEF parameter 𝜇2𝐴,
𝜇1𝐴 is returned to its control value (𝜇1𝐴 = 0.0024) and 𝜇2𝐴 increased
as 𝜇2𝐴 = [0.2, 20, 200]. As 𝜇2𝐴 rises, the active a-phase of the atrial
cycle dominates the passive v-phase and the maximum value of the
pressure increases. From Figs. 9(e), 9(j), and 9(o) the peak in the
black trace denoting atrial pressure increases, showing that the active
atrial contractions grows in strength. Table 8 shows the ventricular
stroke volume, cardiac output and heart-rate. Interestingly, the number
of ventricular oscillations reduces as evident from the table and the
ventricular electric variables fluctuations. This may be due to the rise
of 𝑝𝐴 in value, so the atrium AP no longer repolarises, reducing the
frequency of AV node signals to the ventricle. The stroke volume of
the ventricle is not significantly modified, but the maximum pressure
of both the ventricle and atrium increases.

Left AFib and arrhythmia are associated with higher pressures [28,
53] and atrial dilation [15], although it would be difficult to equate
the results here with AFib due to a slightly lower atrial rhythm. The
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Table 8
The effect of increasing 𝜇2𝐴 (𝜇1𝐴 = 0.0024).
𝜇2𝐴 SV CO hr pw

0.0024 95.00 5.70 1.00 0.93
0.2 94.8 5.69 0.99 0.94
20 105.33 5.65 0.89 0.93
200 105.48 5.63 0.88 0.93

heart-rate reduces from 60 bpm to 52.8 bpm (for 𝜇2𝐴 = 200), and the
cardiac output reduces slightly to 5.63 l/min as evident in the Table 8.
The reduction in the mean heart-rate stands in contrast to 𝜇2 which
increased the heart-rate in the ventricle. The power is not altered, as the
systolic ventricular pressure increases, compensating for the reduced
heart-rate. Overall, it appears 𝜇2𝐴 does not affect the heart to the same
degree as 𝜇1𝐴. A higher atrial rhythm and AFib cannot be induced using
𝜇2𝐴, whilst 𝜇1𝐴 reduces the heart-rate in both ventricle and atrium.
In summary, diastolic stretch of the atrium prevents repolarisation
of the action potential, which consequently remains in a perpetually
depolarised state; reducing then eliminating the passive v-phase of the
atrium. The heart-rate falls slightly due to the reduction in electrical
signals coming from the atrium.

4. Discussion

The aim of this study was to develop a model of the heart which
consistently evolves the LA and LV. The model for the left ventricle
developed by Kim and Capoccia [31,32] is extended to include an
additional elastic chamber (the LA) upstream. By using a similar my-
ocyte model for the atrium as that used for the ventricle, the approach
here develops the macro-scale atrial contractile mechanics from the
behaviour of the atrial micro-scale myofibers, without reference to the
time-varying-elastance method, thereby allowing the study of the MEF.
The TVE approach prescribes the ventricle and atrial pressure–volume
relationship directly using a periodic function based on physiological
values. It neglects the micro-scale cellular and electrical dynamics
responsible for the chamber behaviour. Physiological feedback and
regulating mechanisms are overlooked so it cannot be used to simulate
the MEF. Importantly for this study it has yet to be validated for
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Fig. 8. The effect of increasing 𝜇1𝐴 (𝜇2𝐴 = 0). Top row: 𝜇1𝐴 = 0.008, second row: 𝜇1𝐴 = 0.8, bottom row: 𝜇1𝐴 = 80. From left to right: the ventricle P-V loops (8(a), 8(f), 8(k)),
the atrium P-V loop (8(b), 8(g), 8(l)), the ventricle electrical variables (8(c), 8(h), 8(m)), the atrial electric variables (8(d), 8(i), 8(n)), and the ventricle (blue), aorta (red), and
atrium (black) pressures (8(e), 8(j), 8(o)). The change in time-scales to figures above is due to initial transients persisting for longer.
the atrium. By considering multiple scales and domains our model
acquires a synergistic quality allowing the MEF and the cellular activity
to be explored. The atrial model myocyte parameters differ from the
ventricle to reflect physical differences between the two [39]. The
function of the AV node is captured in the model by passing the atrial
electrical messaging from the SAN node into the ventricle electrical
model, simulating the AP conduction pathway.

In the controlled case representing a healthy resting heart, the re-
sulting atrial behaviour shows the characteristic 2-phase response with
both the active contraction and passive ‘reservoir’ phases represented.
The active a-phase appears soon in the cardiac cycle such that the a-
loop in the atrial pressure–volume plot appears distended downwards
and the reservoir phase reaches large values of volume. The conduit
period of the atrium cycle is not represented though, as this period is a
result of pressure wave propagation; effects that cannot be captured by
the model [49]. Extension of the model in a spatial direction would
allow a basic representation of the conduit phase. This may change
the results, or cause new effects resulting from the MEF, as spatio-
temporal dynamics affect MEF behaviour. Whilst the atrial pressure
magnitude is representative of a human left-atrium, the volume tends
to be large although it is similar in range to the results from other
computational models of the human heart [4,39]. Nevertheless, our
model reproduced the key features of the atrium dynamics such as the
end-systolic pressure–volume relation while permitting us to examine
the MEF. Not shown in the results is how the variation of the delay
between atrial and ventricle contractions, reflected by the parameter 𝑠,
changes the pressure–volume appearance of the atrium.
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By including additional parameters that capture the effects of sys-
tolic and diastolic cell stretch, an investigation of the MEF in the
ventricle and atrium is carried out. The effects of atrial and ventricular
systolic stretch on the action potential is modelled by introducing an
additional parameter that couples the cell stresses into the electrical
models of each chamber. Likewise, the effects of diastolic stretch are
modelled by coupling the electrical models to increases in the chamber
volume. Systolic stretch of the ventricle is observed to increase the
action potential duration by prolonging the repolarisation phase of the
action potential. This is a known side effect of systolic stretch [19–
21], and has been observed by Kim and Capoccia [32] in the original
ventricle model. Further, missed ventricle beats occur, as evidenced by
the reduction of heart-rate, and periodic behaviour is seen as shown by
the repeated loops in the pressure–volume diagram. Diastolic stretch of
the ventricle causes the AP to depolarise, consistent with [15,20–22]
who saw similar effects. Ectopic beats appear too as SACs are opened
causing the AP to depolarise and the initiation of a new ventricle
contraction.

For the atrium, systolic stretch of the ventricles reduces the numbers
of active atrial contractions and the pressure–volume loop of the atrium
is modified. It does not change the electrophysiology of the atrium
though, so the changes are thought to be caused by the modified
circulation. A reduction of the blood supply to the atrium for example,
would lower the atrial stretch, leading to a fall in active contractions.
Diastolic stretch of the ventricle leads to variations in the a and v
phases of the atrium, but no consistent pattern develops as the MEF
disorder worsens (𝜇 rises). Like systolic stretch, diastolic stretch of the
2
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Fig. 9. The effect of increasing 𝜇2𝐴 (𝜇1𝐴 = 0.0024). Top row: 𝜇2𝐴 = 0.2, second row: 𝜇2𝐴 = 20, bottom row: 𝜇2𝐴 = 200. From left to right: the ventricle P-V loops (9(a), 9(f), 9(k)),
the atrium P-V loop (9(b), 9(g), 9(l)), the ventricle electrical variables (9(c), 9(i), 9(n)), the atrial electric variables (9(c), 9(i), 9(n)), and the ventricle (blue), aorta (red), and
atrium (black) pressures (9(e), 9(j), 9(o)).
ventricle does not change the electrophysiology of the atrium. This is
unsurprising given the one-way conduction path for the AP.

Systolic stretch of the atrium in the presence of MEF disorder
reduces the frequency of atrial active contractions and output. The
depolarisation of the AP reduces in magnitude and the repolarisation
phase takes longer, increasing the AP duration similar to the ventricle.
Changes in the atrial AP duration with stretch have been observed ex-
perimentally [50,51]. For instance [51] observed that stretch increased
the late duration of the AP when the AP was at 90% repolarisation.
The depolarisation of the ventricle also reduces in frequency leading
to missed ectopic beats and a fall in heart-rate, cardiac output and the
pumping power of the heart. Atrial arrhythmia is therefore confirmed
to degrade heart function and may lead to negative consequences for
patient health. Diastolic stretch of the atrium, however, does not harm
the ventricle to the same extent as systolic stretch, producing only
a slight reduction in heart-rate. The magnitude of the atrial electric
variables increases, consistent with experimental results showing an
increase in AP magnitude induced by atrial stretch [50]. Fibrillation of
the left atrium was not seen with diastolic atrial stretch, in contrast to
diastolic stretch of the ventricle. This result stands in contrast to studies
showing AFib susceptibility increases with atrial stretch.

Finally, we note that the lumped-parameter design of the model
presented is limited by the omission of spatio-temporal mechanics,
hence effects such as pressure wave propagation cannot be modelled,
so the conduit ‘c’ wave in the atrium pressure is absent. The lack
of spatial mechanics also has consequences for the MEF which limits
its usefulness in the study of arrhythmia, as wave propagation has
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effects in the electrophysiological behaviour [54]. An expansion of the
model to spatial dimensions will be left for further study. The model
includes two electrical models; one for the ventricle and one for the
atrium. A further limitation of the current model is the number of
parameters which require definition. Incorrect values of the parameters
leads to inaccurate or unrealistic behaviour. We intend to use our
model initially to study disease and artefacts of the AV node such as
a heart block. We will also extend our model to spatial dimensions
such that the conduit period of the atrium behaviour is reproduced and
spatio-temporal effects of the MEF can be simulated.

5. Conclusion

The model presented is simple enough to be intuitive and acces-
sible within the clinical environment, yet it contains enough detail to
study complex cardiac behaviour such as the mechano-electric feedback
(MEF), overcoming the limitations of popular time-varying elastance
(TVE) approach. Specifically, the inclusion of the atrium in the syner-
gistic cardiovascular systems makes it one of the few atrial numerical
models that does not make reference to the TVE method. The model
is able to produce the essential features of atrial behaviour such as the
figure-of-eight pressure volume loop. The MEF mechanism is studied
and its effects noted in both the left ventricle and atrium. MEF in
the ventricle prolongs the repolarisation phase of the action potential
and can cause missed or ectopic beats depending on when stretch
is applied. MEF in the atrium detriments heart function by reducing
cardiac power, output and heart-rate. Further study of the atrium MEF
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could therefore be beneficial to patients suffering complications in the
atrium. Our model will also be useful for the modelling of heart defects
such as valve problems [4] and diseases of the AV node such as node
block.
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