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Abstract: The quantifcation of causality is vital for understanding various important phenomena 
in nature and laboratories, such as brain networks, environmental dynamics, and pathologies. The 
two most widely used methods for measuring causality are Granger Causality (GC) and Transfer 
Entropy (TE), which rely on measuring the improvement in the prediction of one process based 
on the knowledge of another process at an earlier time. However, they have their own limitations, 
e.g., in applications to nonlinear, non-stationary data, or non-parametric models. In this study, we 
propose an alternative approach to quantify causality through information geometry that overcomes 
such limitations. Specifcally, based on the information rate that measures the rate of change of the 
time-dependent distribution, we develop a model-free approach called information rate causality 
that captures the occurrence of the causality based on the change in the distribution of one process 
caused by another. This measurement is suitable for analyzing numerically generated non-stationary, 
nonlinear data. The latter are generated by simulating different types of discrete autoregressive 
models which contain linear and nonlinear interactions in unidirectional and bidirectional time-series 
signals. Our results show that information rate causalitycan capture the coupling of both linear and 
nonlinear data better than GC and TE in the several examples explored in the paper. 
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1. Introduction 

The study of causality aims to explore cause-and-effect relationships between pro-
cesses. In general, causality can be investigated in two categories: causal discovery and 
causal analysis. Causal discovery shows the inherent causal relationship within the dataset 
by analyzing and creating causal models based on graph theory. The construction of these 
models can be achieved via algorithmic dynamics and evaluating the algorithms against 
the observed data [1–3]. Generally, the complexity of the models’ networks is characterized 
and measured using graph-theoretic measures. A recent approach using classical informa-
tion theory, such as Shannon entropy, has been considered as an alternative measurement, 
but its high dependence on the distribution can lead to spurious disparate values for the 
same complexity, as shown in [4]. 

Alternatively, causal analysis, which is the focus of this paper, studies the potential 
changes in a system caused by another. In practical terms, causal discovery requires more 
detailed background information about the provided dataset to accurately conduct the 
study. However, the causal analysis does not require detailed underlying knowledge of the 
connectivity embedded within the dataset [3,5]. Among the various analysis methods used 
to quantify causality, Granger causality (GC) and Transfer Entropy (TE) are extensively 
used in various felds, including economics, climate, education, meteorology, neuroscience, 
and more [5–16]. For instance, Rebecca M. Pullon et al. utilized GC to demonstrate the 
decrease in cortical information fow throughout the brain as the subject loses responsive-
ness [10]; Yunyuan Gao et al. used TE to investigate the coupling strength of the brain 
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between the motor and sensory areas [15]. Both of these methods are derived from the 
same notion of examining the reliability of a present process towards the past process(es). 
Despite sharing the same notion, their approaches to quantifying causality are completely 
different. GC evaluates the dependency based on signal models, which means modelling 
the signals incorrectly can lead to the wrong conclusion about the causality [11,17,18]. 
On the other hand, TE is model-free and employs the statistical dependency approach to 
access causality. However, it is subject to the estimation of the probability distribution, 
such as the number of bin size and the high dimensionality in the distribution due to the 
number of lags [19,20]. 

More specifcally, inspired by Norbert Wiener, Clive Granger introduced GC [6,21], 
which suggested that the causality of two stochastic processes (x1(t) and x2(t)) exists 
if and only if one of the processes is able to predict another. For instance, if including 
the past observation of x1(t) along with x2(t) improves the prediction of the current 
state of x2(t) compared to using only past information of x2(t), then this would suggest 
that x1(t) is Granger-causing x2(t). This predictivity is quantitatively studied by com-
paring the errors of the autoregressive model (linear regressive model) that is used in 
modelling the signals [6,18]. As natural time series such as electroencephalogram (EEG) 
often exhibit oscillatory aspects, it is interesting to study the spectrum of the GC. John 
Geweke has discussed the evaluation of GC in the frequency domain instead of the time do-
main [17,22,23]. Additionally, the time-varying frequency domain of the GC that is studied 
in [18,24,25] is able to show both the spectrum of the GC and the period of causation occur-
rence. The frequency domain of GC is the spectral of GC which shows the amplitude of GC 
correlated to a specifc frequency of the entire signals, while the time-varying frequency of 
GC shows when the coupling of the signals occurs alongside the spectral of GC. 

When utilizing the GC, it is necessary to model the provided signals using a linear 
autoregressive model [17,18]. However, this linear model cannot accommodate possible 
nonlinear and non-stationary effects within real-world signals, such as the brain EEG 
signals [26,27]. Therefore, instead of studying the causality through deterministic or para-
metric linear models, causality can be statistically quantifed using information-theoretic 
measures like TE [19]. In the event of two stochastic processes, TE measures the addi-
tional information required from one process to achieve the current realization of another 
process [28]. Therefore, TE is not limited to any specifc model or linearity assumption. 
Although TE uses a different approach in evaluating the causality, it can yield similar 
results to GC for a Gaussian process, as discussed analytically by Lionel Barnett et al. [29]. 

Alternatively, the causality can be investigated by examining the changes in the 
probability distribution that are caused by the inclusion of the other variables [30]. In a 
statistical space, the change in distribution is known as distance and can be quantifed via 
Kullback–Leibler (KL) divergence. However, KL divergence cannot be well-defned as a 
distance, as it is not symmetrical and not path-dependent. Hence, information rate and 
information length are used with the intention to have the symmetrical and path-dependent 
measurement of the distance [30–33]. Information rate quantifes the rate of the temporal 
change in distributions, while information length measures the total statistical change 
in the process along the time [30,32]. Refs. [30,31] proposed an information-geometric 
causality measure, the so-called information rate causality based on the information rate, 
by quantifying causality through the effects of the information rate (see also [34]) and 
applied it to a solvable, linear Gaussian process (Kramer model) which has an exact time-
dependent distribution. 

In this paper, we will further develop this information rate causality for analyzing the 
numerically generated time-series signals that are in general time-varying and nonlinear 
and compare it with the GC and TE. Specifcally, we will generate the signals by simulating 
the (discrete) autoregressive equations which contain unidirectional or bidirectional interac-
tions. For the GC, both the frequency domain and time varying of GC will be presented. For 
the TE, the signals are evaluated as a whole at different lags. Next, the net TE is calculated 
by taking the difference in the TE from both directions. For instance, Tnet = T1→2 − T2→11,2 
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represents the net TE of signals 1 and 2. The net TE enables us to identify the appropriate 
lag(s) that yield signifcant results in TE. Using the knowledge of the appropriate lag(s) 
from the net TE, the TE is calculated through the window sliding approach, with each 
small window of the signals evaluating TE at the designated lag. Similarly, information 
rate causality will be evaluated through the window sliding approach with the information 
rate calculated within each window. In the scenario where the signals are coupled, it is 
expected that there will be spikes in the information rate causality, indicating changes in 
the distribution of one signal caused by another. Note that the methodology and concepts 
of the analyses used in this paper are mainly from the previous works [17–19,28,30,32]. 

The remainder of this paper is organized as follows. In Section 2, we briefy review 
the concepts for GC, TE, and information rate causality along with their implementation. 
The three different types of autoregressive models—unidirectional, interchange unidirec-
tional, and bidirectional models—are introduced and analyzed in Sections 3 to 5, respec-
tively. Section 6 contains our conclusions. Appendices A–C contain some background 
theory to make the paper self-contained. As a reference, the basic model of continuous 
coupling is studied and analyzed in Appendix D. 

2. Methodologies 
2.1. Granger Causality 

The general idea behind GC is to evaluate the dependency of one process on another 
process [17,18]. This dependency is calculated by comparing the errors/noises of the 
modelled signals through the autoregressive model. Consider two stochastic processes, 
namely x1(t) and x2(t), which can be modelled using the information from their respective 
signals (as shown in Equations (1) and (2)) or including some information from each other 
(as shown in Equations (3) and (4)). 

n 

x1(t) = ∑ aix1(t − i) + e1(t), (1) 
i=1 

n 

x2(t) = ∑ cix2(t − i) + e2(t), (2) 
i=1 

n n 
∗ ∗ x1(t) = ∑ ai x1(t − i) + ∑ bi 

∗ x2(t − i) + e1 (t), (3) 
i=1 i=1 

n n 

x2(t) = ∑ ci 
∗ x1(t − i) + ∑ di 

∗ x2(t − i) + e2 
∗ (t). (4) 

i=1 i=1 

Here, {ai, ci, ai 
∗ , bi 

∗ , c ∗ i , di 
∗} ∈ R are the constant parameters that represent the fractions 

of contribution from the past observations towards x1(t) and x2(t). ei∈[1,2] is the uncorre-
lated external additive noise needed for modelling the processes with variance Σii,i∈[1,2]. 
∗ e is the correlated noise with the variance Σ∗ , which can be represented by i∈[1,2] ij,(i,j)∈[1,2]� � 

Σ∗ Σ∗ 11 12the covariance matrix Σ = .
Σ∗ Σ∗ 21 22 

The total interdependence or total causality index (Fx1 ) between x1(t) and x2(t)·x2 

is composed of two directional causalities (Fx1→x2 and Fx2→x1 ) and one instantaneous 
causality (Fx1↔x2 ). These are defned in Equations (5) to (8). 

Σ11Σ22 Σ11Σ22Fx1·x2 = log = log = Fx1→x2 + Fx2→x1 + Fx1↔x2 , (5)|Σ| Σ∗ 11Σ22 
∗ − (Σ12 

∗ )2 

Σ11Fx1→x2 = log , (6)
Σ∗ 11 
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Σ22Fx2→x1 = log , (7)
Σ∗ 22 
Σ∗ 11Σ22 

∗ 
Fx1↔x2 = log . (8)|Σ| 

In conjunction, the spectral of the GC can be evaluated in the frequency domain 
(ω = 2π f , f ≡ frequency) using the spectral matrix S(ω), transfer matrix H(ω), and the 
covariance matrix Σ. They are related according to Equation (9). � � D ES11(ω) S12(ω)

S(ω) = = x(ω)x†(ω) = H(ω)ΣH†(ω). (9)
S21(ω) S22(ω) � � � � 

x1(ω) H11(ω) H12(ω)
Here, x(ω) = , H(ω) = = 

x2(ω) H21(ω) H22(ω)� 
1 − ∑n

i=1 ai 
∗ e−jωi − ∑n

i=1 bi 
∗ e−jωi � 

; h·i is defned as an ensemble average and † is de-− ∑n
i=1 ci 

∗ e−jωi 1 − ∑i
n 
=1 di 

∗ e−jωi 

noted as the complex conjugate transpose of a matrix. 
Similar to the analysis in the time domain, the total independence in the frequency 

domain between x1(ω) and x2(ω) (Ix1·x2 ) also consists of two directional causalities (Ix1→x2 

and Ix2→x1 ) and one instantaneous causality (Ix1↔x2 ). They are expressed as Equations (10) 
to (13). 

S11(ω)S22(ω)
Ix1 = log = Ix1→x2 + Ix2→x1 + Ix1↔x2 . (10)·x2 |S(ω)| 

S22(ω)
Ix1→x2 = log , (11)

ˆ ˆH22(ω)Σ22H22(ω) 
S11(ω)

Ix2→x1 = log , (12)
˜ ˜H11(ω)Σ11H11(ω)� �� � 

˜ ˜ ˆ ˆH11(ω)Σ11H11(ω) H22(ω)Σ22H22(ω) 
Ix1↔x2 = log . (13)|S(ω)| 

Σ∗ Σ∗ 12 12Here, Ĥ 22(ω) = H22(ω) + Σ∗ H21(ω) and H̃11(ω) = H11(ω) + Σ∗ H12(ω); [·] is de-
22 11 

noted as the complex conjugate of the element. 
In this paper, the frequency domain and the time-varying frequency domain of 

GC will be calculated through the non-parametric method. The general idea of this 
method is to decompose the spectral matrix S(ω) into the transfer matrix H(ω) and 
the covariance of the noises Σ. This decomposition can be achieved using Wilson’s algo-
rithm [18,24,25,35,36]. The spectral matrices for the frequency domain and the time-varying 
frequency domain are expressed as Equations (14) and (15), respectively. D E 

xi(ω)xj(ω) 
S(ω) = , i, j ∈ R, (14)

TD E 
si(t, ω)sj(t, ω) 

S(t, ω) = , i, j ∈ R. (15)
T 

Here, T denotes the total period of the signal. x(ω)n|n∈[i,j] is the discrete Fourier 
transform of the signal and sn|n∈[i,j](t, ω) is the short-time Fourier transform of the signal 

x(t)n|n∈[i,j]. Note that [·] denotes the complex conjugate. The Hann function window is 
used when evaluating the short-time Fourier transform. The window will move through 
the whole series with half of the data points being overlapped. The general fow of the 
procedure is shown in Figure 1a. 
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Note that this window is not applied to the frequency domain of GC and the net TE as both 176

are calculated based on the whole series. 177
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 window

sliding direction of 

window

sliding direction

# lags
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Figure 1. The procedure of implementing the causality analyses used in this paper. In this study, each window contains 0.5 seconds
of data points and overlaps with the previous window by 0.25 seconds. The causality analyses are conducted within each window.
Figure (a) illustrates the components (S(. . .), H(. . . )) calculated within the windows for the non-parametric GC analysis. Refer to
Section 2.1 to know the corresponding components. Figure (b) shows the estimation of distributions p(. . .) for TE evaluation. The

distributions p(. . .) are estimated based on the samples x(1)n , xn+1, and y(1)n . Refer to Section 2.2 for the definition of TE. Figure (c)
demonstrates the evaluation of Information rate causality. Each window (labelled as 1st window) is divided into two windows with
the first half labelled as 2nd window. The distribution p(x(t), y(ti)) estimates the evolution of distribution x(t) while y(ti) is fixed at
the 2nd window. Refer to Section 2.3 for the definition of information rate causality.

Figure 1. The procedure of implementing the causality analyses used in this paper , each colour of the 
lines in the image represents a different simulation. In this study, each window contains 0.5 s of data 
points and overlaps with the previous window by 0.25 s. The causality analyses are conducted within 
each window. (a) illustrates the components (S(. . .), H(. . . )) calculated within the windows for the 
non-parametric GC analysis. Refer to Section 2.1 to know the corresponding components. (b) shows 
the estimation of distributions p(. . .) for TE evaluation. The distributions p(. . .) are estimated based 

(1) (1)on the samples x , xn+1, and y . Refer to Section 2.2 for the defnition of TE. (c) demonstrates n n 

the evaluation of information rate causality. Each window (labelled as 1st window) is divided into 
two windows with the frst half labelled as 2nd window. The distribution p(x(t), y(ti )) estimates 
the evolution of distribution x(t) while y(ti) is fxed at the 2nd window. Refer to Section 2.3 for the 
defnition of information rate causality. 
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2.2. Transfer Entropy 

TE is a model-free approach used to calculate causality by evaluating the dependency 
between processes. The general expression of TE is given by Equation (17), which measures 
the additional information required for the realization of one state of the process (x1(t)) 
depending on the past states of the processes (e.g., x1(t − 1) and x2(t − 1)) [19,28,37]. 

(k) (l) 
(k) (l) p(xn+1|xn , yn )TEx2(t)→x1(t) = ∑ p(xn+1, xn , yn ) log2 (k) 

(16) 
x∈x1(t),y∈x2(t) p(xn+1|xn ) 

(k) (l) (k) 
(k) (l) p(xn+1, xn , yn )p(xn ) = ∑ p(xn+1, xn , yn ) log2 . (17)

(k) (k) (l) 
x∈x1(t),y∈x2(t) p(xn+1, xn )p(xn , yn ) 

(k)Here, xn+1 represents the state of x1(t) at the (n + 1)-th moment, xn represents the 
(l)state at n-th moment of x1(t) consisting of k previous states of x1(t), yn represents the 

state at n-th moment of x2(t) consisting of l previous states. Note that the previous states 
of k and l are arbitrary depending on the interest of the study. For instance, in a collective 

(2)observed stochastic process X = (x1, x2, . . . , x10), x = (xn, xm) |n, m ∈ [1, 8] → (x1, x2)8 
or (x3, x8), etc. Thus, TE quantifes the additional information needed for the realization of 
x1(t) at (n + 1) from x2(t) with the assumption that x1(t) is independent of x2(t). If x2(t) 

(k) (l) (k)has no impact on the future evolution of x1(t), and hence p(xn+1|xn , yn ) = p(xn+1|xn ), 
then TY→X = 0. 

For the TE calculation, the probability distribution p(. . .) will be estimated via his-
togram with the bin size of 5, as this bin size is determined by the cubic root of Rice’s 

(1) (1)rule to accommodate the 3-dimensional of joint probability within TE (p(xn+1, xn , yn )). 
Using a larger number of bin sizes will not be able to properly depict the distribution and 
it will bring a spurious result in calculating the TE. To simplify the analysis, the number 
of past values of k and l is set to 1 (k = l = 1) in this paper. Two different evaluations 
will be conducted for TE. First, assuming that the processes are stationary, the net TE 
(TEx1(t),x2(t) = TEx1(t)→x2(t) − TEx2(t)→x1(t)) is evaluated on the entire processes at differ-
ent lags. This will enable us to choose the appropriate past value(s)/lag(s) in evaluating the 
TE based on the signifcance of the net TE. Second, using the knowledge of the appropriate 
lag from the net TE, the TE is next evaluated via a sliding window approach. This sliding 
window approach is used to calculate the TE at each instance of the interested window. 
In this sliding window approach, a small number of data points of the stochastic processes 
is sampled within the window and the TE is calculated. These calculations are sketched in 
Figure 1b. 

2.3. Information Rate Causality 

In a dimensionless statistical manifold, the distance between two probability distri-
butions is defned by their statistical difference. One commonly used measure of this 
difference is the KL divergence/relative entropy, but this measure is not symmetrical and 
not path-dependent. For the time-dependent probability distribution, the changes in the 
distribution along with time can be measured through the information rate and information 
length. The information rate (Γ(t)) quantifes the rate of change of the distribution, while 
information length (L) measures the total change of the distribution. These measures are 
defned and expressed as Equations (18) and (19) [30–32]. 

Z Z � q �2 
2Γ2(t) = dx p(x, t)[∂t ln p(x, t)] = 4 dx ∂t p(x, t) , (18) Z 

L = dt Γ(t). (19) 

Here p(x, t) is the probability distribution of a stochastic process x at the time t. 
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For studying causality, we consider two stochastic processes (x1(t) and x2(t)) and the 
information rate for a joint probability distribution is evaluated. The causality between 
these processes can be quantifed by the changes in the information rate (statistical changes 
or the changes in distribution) while having another process remain static. For instance, 
the information rate of x2(t) causing x1(t) is defned as Equation (21) and called information 
rate causality in this paper. Z 

2Γ2(t)x2(t)→x1(t) = dx1 dx2 p(x1(t), x2(ti))[∂t ln p(x1(t), x2(ti))] (20) Z � q �2 
= 4 dx1 dx2 ∂t p(x1(t), x2(ti)) . (21) 

Referring to Figure 1c, here ti is denoted as the reference time that remains static in the 
process. Therefore, p(x1(t), x2(ti)) is a probability distribution that is sampled by having 
the process x2(t) remain static at time ti while the process x1(t) evolves along the time 
t. Since information rate can only quantify the changes in the distribution, therefore the 
information rate causality is evaluated within each window of interest instead of the whole 
process of the time series to determine whether the coupling of the processes is still persists. 
To accommodate the calculation, a discretized version of Equation (21) is used and it is 
expressed as Equation (22). �q q �2Δx1Δx2Γ2(t)x2→x1 = 4 ∑ p(x1(t + Δt), x2(ti)) − p(x1(t), x2(ti)) (22) 

x1∈X1,x2∈X2 [Δt]2 

For calculating the information rate, the joint probability distribution for two processes 
is estimated via the histogram with the bin size (b) determined by the square root of Rice’s 
rule, as expressed in Equation (23). Rice’s rule is used because it is able to appropriately 
determines the bin size to sample the obtained data [38,39] for 1-dimensional distribution. 
Hence, the square root of Rice’s rule is to accommodate the 2-dimensional distribution in 
this case. q� √ � 

b = 2 3 n , n = number of sampled data. (23) 

In this paper, we evaluate the information rate causality by employing Equation (22) 
to examine the impact of one process, which remains static in time, on the distribution 
of another process within a specifc time window. To estimate the joint probability distri-
bution utilized in Equation (22), a histogram is employed with a bin size determined by 
Equation (23). Figure 1c illustrates the overall procedure of this evaluation. 

2.4. Summary of the Procedure: Data And Analysis 

We further develop information rate causality (refer to Section 2.3) for the analysis 
of our numerically generated data and compare it with the non-parametric GC (refer 
to Section 2.1) and window sliding TE (refer to Section 2.2). Our numerical data are 
generated by simulating different discrete autoregressive models covering both linear and 
nonlinear models. The simulation is conducted for 10,000 trials with each trial running for 
25 s (physical time) at 200 Hz (physical sampling frequency). Different coupling/causal 
relationships between the signals are considered in this paper, such as unidirectional (refer 
to Section 3), interchanging unidirectional (refer to Section 4), and bidirectional (refer to 
Section 5). Note that the noncoupling cases are also considered in this paper to check 
the robustness of the causality analyses; specifcally, we refer to the uncoupling of x1(t) 
towards x2(t) after the physical time 10 s. Using simulated signals, the causality analyses 
(GC, TE, information rate causaltiy) are conducted according to the sketch shown in Figure 1. 

To be consistent with the data points used for each window, each sampling window 
will contain 0.5 s of data points with an overlap of 0.25 s (0.5 × 0.5 s), which is equivalent to 
100 data points for one simulation. Since the models are simulated for 10,000 trials, each 
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window will consist of 1 × 106 sample points (100 points × 10, 000 trials). Note that this 
window is not applied to the frequency domain of GC and the net TE as both are calculated 
based on the whole series. 

2.5. Summary of the Different Models and Key Results 

Prior to the discussion of different models in Sections 3 to 5 with the implementation 
of different analysis methods, we provide the key results/fndings in Table 1. 

Table 1. Summary of the performance of GC, TE, and information rate causality for different models 
discussed in Sections 3 to 5. In general, GC performs well for linear and stationary signals; TE 
performs well only if the lags are chosen correctly; information rate causality performs well and can 
recover the underlying lags of the signals. 

Method 
Unidirectional (Section 3) 

Linear Nonlinear 

Interchange (Section 4) 

Linear Nonlinear 

Bidirectional (Section 5) 

Linear Nonlinear 

GC performs well 
fails in 

nonstationary 
signals 

performs well 
fails to capture the 

bidirectional 
coupling of signals 

TE performs well if correct lags are chosen or else produces spurious results 

Information rate causality performs well and able to recover the underlying lags of coupling 

3. Unidirectional Model 

In this part, unidirectional causality, where the frst process (x1(t)) infuencing the 
second process (x2(t)), is considered for both linear and nonlinear autoregressive models 
given by Equations (24) and (25), respectively. The causality between the processes occurs 
as the processes are coupled with each other through the Heaviside step function (H(. . .)). 
Linear model: 

x1(t) = 0.55x1(t − 1) + e1(t), 

x2(t) = H(τ − 10)x1(t − 2) + e2(t). (24) 

Nonlinear model: 
1−|x1(t−1)|x1(t) = 0.55x1(t − 1)e + e1(t), 

x2(t) = H(τ − 10)x1(t − 2) + e2(t). (25) 

Here, t is the time steps and τ is the physical time. Both t and τ are related as 
τ = [physical frequency] × t. H(τ − 10) is a Heaviside step function that allows the cou-
pling to occur starting at the physical time of 10 s. en|n∈[1,2] is the Gaussian noise that per-
turbates the systems. In this study, the noises are set to have zero mean (heni = 0|n ∈ [1, 2]) 
along with specifc covariance/variance (Σnm = h(en − heni)(em − hemi)i|n, m ∈ [1, 2]),� � 

Σ11 Σ12which will be expressed in covariance matrix ( ). Due to the exponential term 
Σ21 Σ22 

in the nonlinear model, the process will have non-stationary oscillation when the power 
of the exponential term becomes positive (eR → diverge). Hence, two different values of 
noise covariance will be considered to study the stationary and non-stationary oscillation 
of the processes. They are labelled as large noise and small noise with the respective � � � � � � � � 

Σ11 Σ12 1.0 0.0 Σ11 Σ12 0.005 0.0
matrices expressed as = and = . Note

Σ21 Σ22 0.0 1.0 Σ21 Σ22 0.0 0.005 
that the cross-covariance of the noises is set to zero (Σ12 = Σ21 = 0.0) to ensure the cou-
pling is purely due to the intrinsic interaction in the model but not through the mutual 
noises. The linear model will have stationary oscillation for either large or small noises, 
and hence only one noise will be used to simulate the linear model and large noise is chosen. 
The general structure of the models is shown in Figure 2. 
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To explore all possible combinations of cases, we investigate the coupling and noncou-
pling cases for both linear and nonlinear models. To this end, we investigate the following 
six difference cases: [linear: couple], [linear: noncouple], [nonlinear: large noise, coupling], 
[nonlinear: large noise, noncoupling], [nonlinear: small noise, coupling], and [nonlinear: 
small noise, noncoupling]. 
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[nonlinear: large noise, noncoupling], [nonlinear: small noise, coupling], and [nonlinear: 205
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 noise, 

time, 
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all time

Figure 2. Model of the flow of information of the processes x1(t) and x2(t) for Equations (24) and (25).
In this paper, the equations are simulated with the physical time of 25 seconds and sampling frequency
of 200 Hertz (5000 realizations) with either large noise or small noise. The coupling between the
processes occurs at physical time of 10 seconds.

The result of the simulation for the Equations (24) and (25) is shown in Figure 3. 207

Notice that the signals for the nonlinear model exhibit nonstationary oscillation when the 208

perturbating noise is small as shown in Figures 3e and 3f. This is due to the divergence 209

of the positive power of the exponential term of the Equation (25) (e1−|x1(t−1)| = eR → 210

diverge |ϵ1(t) ≡ small noise) and the influences of the previous state towards the current 211

state (x1(t)← 0.55x1(t− 1)). The rest of the simulated signals have stationary oscillation, as 212

shown in the phase space where the observed states are localized around (x1, x2) = (0, 0). 213

(a) linear: coupling

(b) linear: noncouple

Figure 2. Model of the fow of information of the processes x1(t) and x2(t) for Equations (24) and (25). 
In this paper, the equations are simulated with the physical time of 25 s and sampling frequency of 
200 Hz (5000 realizations) with either large noise or small noise. The coupling between the processes 
occurs at physical time of 10 s. 

The result of the simulation for the Equations (24) and (25) is shown in Figure 3. 
Notice that the signals for the nonlinear model exhibit non-stationary oscillation when 
the perturbating noise is small, as shown in Figure 3e,f. This is due to the divergence 

1−|x1(t−1)| Rof the positive power of the exponential term of Equation (25) (e = e → 
diverge |e1(t) ≡ small noise) and the infuences of the previous state towards the current 
state (x1(t) ← 0.55x1(t − 1)). The rest of the simulated signals have stationary oscillation, 
as shown in the phase space where the observed states are localized around (x1, x2) = (0, 0). 

(a) linear: coupling 

(b) linear: noncouple 
Figure 3. Cont. 
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(c) nonlinear: large noise, couple 

(d) nonlinear: large noise, noncouple 

(e) nonlinear: small noise, couple 

(f) nonlinear: small noise, noncouple 
Figure 3. Result of the simulation based on Equations (24) and (25) (refer to Figure 2 for graphical 
explanation of the process). The [top left, red] is the result of x1 and [bottom, green] is the result of x2; 
[right blue] is the phase space of x1 and x2. Note that the coupling of the processes occurs at 10 s. 
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3.1. Granger Causality 

As shown in Figure 4, the coupling of x1 to x2 can be captured well through non-
parametric GC analysis for stationary linear signals, as shown in Figure 4a. Concurrently, 
the detection of the causality works well for stationary nonlinear signals, as shown in 
Figure 4c. This is because the nonlinear exponential term is well-approximated to a con-
stant value as the spectral matrix decomposed to the transfer matrix and covariance matrix 
of noise via Wilson’s algorithm. Note that the amplitude of the GC decreases for this 
nonlinear stationary signal. This is due to the contribution of the exponential term (e−R) 
that eventually affects the S22(ω) element of the spectral matrix (refer to Equation (11)) and 
hence the amplitude of the causality (Ix1→x2 ). For non-stationary signals, the frequency 
domain of GC is still able to show the causality within the signals, but the time-varying 
frequency of GC cannot represent well the period of causation, as shown in Figure 4e. 
From the fgure, we can see that the nonparametric GC gives a false result, as it suggests 
that the coupling between the processes occurs throughout the time. Similarly, the nonpara-
metric GC analysis works fne in evaluating the non-causality cases for stationary cases but 
not so well for the non-stationary case (refer to Figure 4b,d,f. GC analysis fails to work on 
the signals oscillating non-stationary, as the signals cannot be modelled well via the linear 
autoregressive equations (refer to Equations (3) and (4)). 

(a) linear: couple 

(b) linear: noncouple 
Figure 4. Cont. 
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(c) nonlinear: large noise, couple 

(d) nonlinear: large noise, noncouple 

(e) nonlinear: small noise, couple 
Figure 4. Cont. 
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(f) nonlinear: small noise, noncouple 
Figure 4. Result of the spectral and time-varying frequency of GC. Note that for each subfgure, 
the [left] shows the spectral (frequency domain) of GC, [blue] indicates x2 causes x1, while [orange] 
indicates x1 causes x2; [top, right] shows the time-varying frequency of GC of x2 to x1; [bottom, right] 
shows the time-varying frequency of GC of x1 to x2. The results shown are based on the processes in 
Equations (24) and (25). Refer to Figure 2 for the graphical explanation of the process. 

3.2. Transfer Entropy 

The results from TE analysis are shown in Figure 5. By frst assuming that the sig-
nals are stationary, the net TE (TEX,Y = TEX→Y − TEY→X) is frst calculated to fnd 
the suitable lag for evaluating the sliding window TE later. Figure 5a,c,e show that 
the net TE between the signals is signifcant at the lag of 1. This is because the simu-
lated models (Equations (24) and (25)) have the coupling occurring at one lag (compares 
x1(t) := x1(t − 1) and x2(t) := x1(t − 2)). Next, the window sliding TE is conducted 
through the conditional probability (multidimensional probability) that contains the data 
from one previous lag (refer to Equation (17)) at each window of the evaluation of TE. 
As shown in Figure 5a,c,e, the window sliding TE is able to show the time (10 s physical 
time) when the causality occurs. Similarly, the TE is also able to capture the non-causality 
situation well for all the cases, as shown in Figure 5b,d,f. Even though TE is able to detect 
the causality between the signals for either linear stationary or nonlinear non-stationary 
cases, it requires extra inputs/assumptions (such as bin sizes, number of lags, and the 
dimension of the multidimensional probability) to work properly/accurately. The failure 
of TE in capturing the causality for the linear model (Equation (24)) is shown in Figure 6 
when the lag is set to 9 instead of 1 when evaluating the TE. 

(a) linear: couple 
Figure 5. Cont. 
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(b) linear: noncouple 

(c) nonlinear: large noise, couple 

(d) nonlinear: large noise, noncouple 

(e) nonlinear: small noise, couple 
Figure 5. Cont. 
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(f) nonlinear: small noise, noncouple 
Figure 5. Result of the net TE and window sliding TE. Note that for each subfgure, [left, 4 × 4] 
depicts the net TE for the whole signals; while the [right] shows the window sliding TE. The results 
shown are based on the processes in Equations (24) and (25). Refer to Figure 2 for the graphical 
explanation of the process. 

Figure 6. Failure of TE in capturing the causality between the signals x1 and x2 for [linear: couple] 
(refer to Equation (24)) when lag 9 is used for evaluation, as compared to Figure 5a, where the TE 
accurately shows that the coupling occurs after 10 s. 

3.3. Information Rate Causality 

Both GC and TE detect causality by examining the increase in the predictability of 
the stochastic processes (measured by the inverse of entropy) when the past information 
is included. In comparison, information rate causality evaluates causality by quantifying 
the rate of change of the probability distribution of one variable conditioned on another, 
as noted previously. The results are shown in Figures 7 and 8 where the changes of the 
distribution due to the causality between the processes are well-refected via the changes in 
the information rate (Γ). For the cases of noncoupling, the information rate is not changing 
and remains constant, which would suggest that none of the signals cause the changes 
to the joint distribution (refer to Figure 7b,d,f). Hence, no causality occurs between the 
signals. Similarly, prior to the coupling of the signals, the causality is not seen, and hence 
the information rate again remains constant. Notice that the information rate does not 
stay at zero when no causality happens, it is due to the noises/spikes of the estimated 
distribution, as shown in Figure S1. 

In the presence of the couplings, the changes in the distribution due to the causality 
among the signals can be observed via the changes in the information rate. For instance, 
the changes in the information rate due to the causality of x1(t) to x2(t) can be observed 
in Figure 7a,c,e (zoom-in: Figure 8a,c,e). Referring to the models, the signals are coupled 
with the lag difference of one (x1(t) = x1(t − 1) and x2(t) = x1(t − 2)), and hence the 
peak of the information rate is observed after one lag. From Figure 8a,c,e, the changes 
in the information rate prior to the coupling (at physical time 10 s) are observed as the 
evaluation window of [9.75 s to 10.25 s] picks up the causality of the signals from [10 s to 
10.25 s]. Referring to the starting time (near 0 s) of Figure 7e,f, there is the presence of a 
sharp difference in information rate. This is due to the non-stationary oscillation of x1(t) 
that causes the high disturbance of the distribution. 
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(a) linear: couple 

(b) linear: noncouple 

(c) nonlinear: large noise, couple 
Figure 7. Cont. 
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(d) nonlinear: large noise, noncouple 

(e) nonlinear: small noise, couple 

(f) nonlinear: small noise, noncouple 
Figure 7. Result of information rate causality for Equations (24) and (25). 
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(a) linear: couple 

(b) linear: noncouple 

(c) nonlinear: large noise, couple 
Figure 8. Cont. 
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(d) nonlinear: large noise, noncouple 

(e) nonlinear: small noise, couple 

(f) nonlinear: small noise, noncouple 
Figure 8. Zoom-in of Figure 7 for the information rate causality between 9.6 s and 10.4 s. Note that 
the change in the causality occurs at 10 s. 

To demonstrate the capability of information rate causality to detect lag differences 
within a signal, we simulated and analyzed Equation (26), which has the coupling starting 
at 10 s with a lag difference of 9 (compares x1 = x1(t − 1) and x2 = x1(t − 10)). Figure 9 
shows the section of the information rate from 9.6 s to 10.4 s. The fgure reveals that the peak 
of the information rate appears at the 9th time step (0.045 s) at every window of evaluation, 
which accurately refects the lag difference specifed in Equation (26). This result suggests 
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that information rate causality can effectively capture the underlying causality of the signals 
at each evaluation window. 

x1(t) = 0.55x1(t − 1) + e1(t), 

x2(t) = H(τ − 10)x1(t − 10) + e2(t). (26) 

Figure 9. The information rate causality of Equation (26) between 9.6 s and 10.4 s where the causality 
occurs at 10 s. 

4. Interchange of Unidirectional Model 

In this part, similar models from Section 3 are used with slight modifications to study the 
interchange of the unidirectional causality. The models are modified to Equations (27) and (28) 
for linear and nonlinear models, respectively. The modifcation with the Heaviside step 
functions (H(. . .)) in the models portrays that the signal x2(t) causing x1(t) occurs prior to 
physical time (τ) 10 s, while the signal x1(t) causes x2(t) after 10 s. The general structure of 
Equations (27) and (28) is illustrated in Figure 10. 
Linear model: 

x1(t) = H(10 − τ)0.55x2(t − 1) + e1(t), 

x2(t) = H(τ − 10)x1(t − 2) + e2(t). (27) 

Nonlinear model: 
1−|x2(t−1)|x1(t) = H(10 − τ)0.55x2(t − 1)e + e1(t), 

x2(t) = H(τ − 10)x1(t − 2) + e2(t). (28) 

Here t is the time-step and τ is the physical time. The Heaviside step functions are used 
with H(10 − τ) suggesting the coupling occurs from the beginning of the simulation till the 
physical time 10 s conversely H(τ − 10), suggesting the coupling occurs after 10 s. Similar 
to Section 3, 6 possible cases are simulated based on Equations (27) and (28). The simulated 
signals will be evaluated by GC, TE, and information rate causality. 

The result of the simulations is shown in Figure 11, which suggests that all the signals 
oscillate stationary. Unlike Equation (25), in which the signal x1(t) is perturbated by its 
previous state by a factor of 0.55 (0.55x1(t − 1)) and the small noise (e1(t)), Equation (28) 
is perturbated by the past state of x2(t) (x2(t − 2)) instead. Hence, the power of the 
exponential will always be negative; consequently, all the simulated signals have stationary 
oscillations. Note that the noncoupling is referring to the decoupling of x1(t) to x2(t) 
(H(τ − 10) = 0). 
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Linear model:

x1(t) = H(10− τ)0.55x2(t− 1) + ϵ1(t),

x2(t) = H(τ − 10)x1(t− 2) + ϵ2(t). (27)

Nonlinear model:

x1(t) = H(10− τ)0.55x2(t− 1)e1−|x2(t−1)| + ϵ1(t),

x2(t) = H(τ − 10)x1(t− 2) + ϵ2(t). (28)

Here t is the time-step and τ is the physical time. The Heaviside step functions are used 282

with H(10− τ) suggesting the coupling occurs from the beginning of the simulation till 283

the physical time 10 seconds conversely H(τ − 10) suggesting the coupling occurs after 284

10 seconds. Similar to Section 3, 6 possible cases are simulated based on Equations (27) 285

and (28). The simulated signals will be evaluated by GC, TE, and information rate causality. 286

 noise, 

AFTER time, 

 noise, 
BEFORE time, 

Figure 10. Model of the flow of information of the processes x1(t) and x2(t) for Equations (27)
and (28). In this paper, the equations are simulated with the physical time of 25 seconds and sampling
frequency of 200 Hertz (5000 realizations) with either large noise or small noise. Note that the process
x2(t) coupling with x1(t) occurs before 10 seconds and the interchange of coupling occurs after 10
seconds. In the context of noncoupling, it is referring to H(τ − 10) = 0.

The result of the simulations is shown in Figure 11 which suggests that all the signals 287

oscillate stationary. Unlike Equation (25) which the signal x1(t) is perturbated by its 288

previous state by a factor of 0.55 (0.55x1(t− 1)) and the small noise (ϵ1(t)), Equation (28) 289

is perturbated by the past state of x2(t) (x2(t − 2)) instead. Hence, the power of the 290

exponential will always be negative consequently all the simulated signals have stationary 291

oscillations. Note that the noncoupling is referring to the decoupling of x1(t) to x2(t) 292

(H(τ − 10) = 0) 293

(a) linear: couple

Figure 10. Model of the fow of information of the processes x1(t) and x2(t) for Equations (27) 
and (28). In this paper, the equations are simulated with the physical time of 25 s and sampling 
frequency of 200 Hertz (5000 realizations) with either large noise or small noise. Note that the process 
x2(t) coupling with x1(t) occurs before 10 s and the interchange of coupling occurs after 10 s. In the 
context of noncoupling, it is referring to H(τ − 10) = 0. 

(a) linear: couple 

(b) linear: noncouple 

(c) nonlinear: large noise, couple 
Figure 11. Cont. 
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(d) nonlinear: large noise, noncouple 

(e) nonlinear: small noise, couple 

(f) nonlinear: small noise, noncouple 
Figure 11. Result of simulation based on Equations (27) and (28) (refer to Figure 10 for graphical 
explanation of the process). The [top left, red] is the result of x1 and [bottom, green] is the result of x2; 
[right, blue] is the phase space of x1 and x2. Note that in the context of noncoupling, it is referring to 
H(τ − 10) = 0. 

4.1. Granger Causality 

Based on the models, the signal x2(t) will frst cause x1(t) for the beginning of the 
process until the physical time of 10 s, and x1(t) causes x2(t) after the 10 s. This pattern 
is captured in the time-varying frequency of GC, as shown in Figure 12 for all the cases. 
Prior to 10 s, the x1(t) is caused by x2(t) by a factor of 0.55, and hence a similar factor of 
GC is shown in the time-varying frequency domain. Similarly, the coupling between the 
signals can also be observed in the frequency domain of GC. Notice that the [nonlinear: 
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small noise] cases are able to show the signifcance of x2(t) causing x1(t) prior to 10 s 
because the small noise and the exponential term had x2(t) causing x1(t) increased to about 
1.5 (e1 × 0.55 ≈ 1.5). 

(a) linear: couple 

(b) linear: noncouple 

(c) nonlinear: large noise, couple 
Figure 12. Cont. 
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(d) nonlinear: large noise, noncouple 

(e) nonlinear: small noise, couple 

(f) nonlinear: small noise, noncouple 
Figure 12. Result of the spectral and time-varying frequency of GC. Note that for each subfgure, 
the [left] shows the spectral (frequency domain) of GC, [blue] indicates x2 causes x1, while [orange] 
indicates x1 causes x2; [top, right] shows the time-varying frequency of GC of x2 to x1; [bottom, right] 
shows the time-varying frequency of GC of x1 to x2. The results shown are based on the processes in 
Equations (27) and (28). Refer to Figure 10 for the graphical explanation of the process. Note that the 
noncoupling is referring to H(τ − 10) = 0 for all the cases. 

4.2. Transfer Entropy 

TE is able to show the correction direction of the causality between the signals if the 
correct lag is chosen. Therefore, having models (like Equations (27) and (28)) with the 
coupling occurring at different time lags cannot properly show the direction of the causality 
via the window sliding TE. For instance, the window sliding TE shows that x2(t) is causing 
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the x1(t) when lag 0 is chosen, while the reverse is shown when lag 1 is used, as shown 
in Figure 13 (for lag 0) and Figure 14 (for lag 1). This is depicted well in the underlining 
models (Equations (27) and (28)), in which x1(t) causes x2(t) one lag later. As a result, TE 
cannot show the whole causality of the signals by just one lag. 

(a) linear: couple 

(b) linear: noncouple 

(c) nonlinear: large noise, couple 

(d) nonlinear: large noise, noncouple 
Figure 13. Cont. 
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(e) nonlinear: small noise, couple 

(f) nonlinear: small noise, noncouple 
Figure 13. Result of the net TE and window sliding TE with the lag of 0. Note that for each subfgure, 
[left, 4 × 4] depicts the net TE for the whole signals, while the [right] shows the window sliding TE. 
The results shown are based on the processes in Equations (27) and (28). Refer to Figure 10 for the 
graphical explanation of the process. Note that the noncoupling is referring to H(τ − 10) = 0 for all 
the cases. 

(a) linear: couple 

(b) linear: noncouple 
Figure 14. Cont. 



Entropy 2023, 25, 806 27 of 59 

(c) nonlinear: large noise, couple 

(d) nonlinear: large noise, noncouple 

(e) nonlinear: small noise, couple 

(f) nonlinear: small noise, noncouple 
Figure 14. Result of the net TE and window sliding TE with the lag of 1. Note that for each subfgure, 
[left, 4 × 4] depicts the net TE for the whole signals, while the [right] shows the window sliding TE. 
The results shown are based on the processes in Equations (27) and (28). Refer to Figure 10 for the 
graphical explanation of the process. Note that the noncoupling is referring to H(τ − 10) = 0 for all 
the cases. 

4.3. Information Rate Causality 

Alternatively, the information rate causality is able to show the coupling of the sig-
nals along with the lag of coupling in each window of the evaluation. As discussed, 
the information rate causality evaluates the causality by observing the changes in the 
probability distribution of one signal after it is infuenced by another signal. As shown 
in Figures 15 and 16, the information rate causality can captures the interchange of the 
coupling among the signals of the simulated models (Equations (27) and (28)). As discussed 
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in TE, signal x2(t) is causing x1(t) at a lag of 0, and x1(t) causes x2(t) at a lag of 1. These 
lags can be observed at each window of the information rate evaluation. For instance, 
as shown in Figure 16, the information rate of 2 to 1 (Γ2 2 to 1) has a spike at the beginning 
of the time, while the information rate of 1 to 2 (Γ2 1 to 2) has a spike after one time step (one 
lag). Hence, the information rate causality is capable of showing the underlying causality 
of the signals. 

(a) linear: couple 

(b) linear: noncouple 

(c) nonlinear: large noise, couple 
Figure 15. Cont. 
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(d) nonlinear: large noise, noncouple 

(e) nonlinear: small noise, couple 

(f) nonlinear: small noise, noncouple 
Figure 15. Result of information rate causality for Equations (27) and (28). Note that the interchange 
of the causality occurs at 10 s. 
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(a) linear: couple 

(b) linear: noncouple 

(c) nonlinear: large noise, couple 
Figure 16. Cont. 
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(d) nonlinear: large noise, noncouple 

(e) nonlinear: small noise, couple 

(f) nonlinear: small noise, noncouple 
Figure 16. Zoom-in of Figure 15 for the information rate causality between 9.6 s and 10.4 s. Note that 
the interchange of the causality occurs at 10 s. 

5. Bidirectional Model 

In this section, the bidirectional causality is studied by modifying the linear and 
nonlinear models from Section 3 as Equations (29) and (30), respectively. These modifed 
models have the signals x2(t) continuously infuencing x1(t) at all times t ≥ 1. In addition, 
at time 10 s, the Heaviside step function (H(τ − 10)) enables the coupling of x1(t) and 
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x2(t), which allows x1(t) to infuence x2(t) while the previous coupling remains intact. 
The general structure of the Equations (29) and (30) is illustrated in Figure 17. 
Linear model: 

x1(t) = 0.55x2(t − 1) + e1(t), 

x2(t) = H(τ − 10)x1(t − 2) + e2(t). (29) 

Nonlinear model: 
1−|x2(t−1)|x1(t) = 0.55x2(t − 1)e + e1(t), 

x2(t) = H(τ − 10)x1(t − 2) + e2(t). (30) 

Here, t is the time step and τ is the physical time; H(τ − 10) is the Heaviside step 
function that allows the coupling of the signal starting at a physical time of 10 s. Similar to 
the previous model, 6 cases are simulated and the signals are used to evaluate through GC, 
TE, and information rate causality. Recall that the noncoupling cases here are referring to 
the decoupling of x1(t) to x2(t) (H(τ − 10) = 0). 
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at time 10 seconds, the Heaviside step function (H(τ − 10)) enables the coupling of x1(t) 330

and x2(t) which allows x1(t) to influence x2(t) while the previous coupling remains intact. 331

The general structure of the Equations (29) and (30) is illustrated in Figure 17. 332

Linear model:

x1(t) = 0.55x2(t− 1) + ϵ1(t),

x2(t) = H(τ − 10)x1(t− 2) + ϵ2(t). (29)

Nonlinear model:

x1(t) = 0.55x2(t− 1)e1−|x2(t−1)| + ϵ1(t),

x2(t) = H(τ − 10)x1(t− 2) + ϵ2(t). (30)

Here, t is the time-step and τ is the physical time; H(τ − 10) is the Heaviside step function 333

that allows the coupling of the signal starting at physical time of 10 seconds. Similar to the 334

previous model, 6 cases are simulated and the signals are used to evaluate through GC, TE, 335

and information rate causality. Recall that the noncoupling cases here are referring to the 336

decoupling of x1(t) to x2(t) (H(τ − 10) = 0). 337

 noise, 

time, 

 noise, 
All time

Figure 17. Model of the flow of information of the processes x1(t) and x2(t) for Equations (29)
and (30). In this paper, the equations are simulated with physical time of 25 seconds and sampling
frequency of 200 Hertz (5000 realizations) with either large noise or small noise. Note that the x2(t)
coupled with x1(t) throughout the process and the occurrence of bidirectional happens after 10
seconds. In the context of noncoupling, it is referring to H(τ − 10) = 0.

The simulation result from all aforementioned cases is shown in Figure 18. From the 338

observation of the individual signal and the phase space, the scenario of [nonlinear: small 339
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of x2(t) (0.55x2(t− 1) . . .). On the other hand, [nonlinear: small noise, noncouple] has a 343

stationary oscillation as shown in Figure 18f, it is because x1(t) only receives the input 344

from x2(t) which keeps the power of the exponential term negative and hence results in a 345

stationary oscillation. 346

(a) linear: couple

Figure 17. Model of the fow of information of the processes x1(t) and x2(t) for Equations (29) 
and (30). In this paper, the equations are simulated with physical time of 25 s and sampling frequency 
of 200 Hz (5000 realizations) with either large noise or small noise. Note that the x2(t) coupled with 
x1(t) throughout the process and the occurrence of bidirectional causality happens after 10 s. In the 
context of noncoupling, it is referring to H(τ − 10) = 0. 

The simulation result from all aforementioned cases is shown in Figure 18. From the 
observation of the individual signal and the phase space, the scenario of [nonlinear: small 
noise, couple] has non-stationary oscillation after the coupling, as shown in Figure 18e. This 
is due to the divergence caused by the nonlinear exponential term embedded within the 

1−|x2(t−1)|simulated equation (e = eR) along with the factor of 0.55 of the previous state of 
x2(t) (0.55x2(t − 1) . . .). On the other hand, [nonlinear: small noise, noncouple] has a stationary 
oscillation, as shown in Figure 18f; this is because x1(t) only receives the input from x2(t), which 
keeps the power of the exponential term negative and hence results in a stationary oscillation. 

(a) linear: couple 

Figure 18. Cont. 
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(b) linear: noncouple 

(c) nonlinear: large noise, couple 

(d) nonlinear: large noise, noncouple 

(e) nonlinear: small noise, couple 
Figure 18. Cont. 
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(f) nonlinear: small noise, noncouple 
Figure 18. Result of simulation based on Equations (29) and (30) (refer to Figure 17 for graphical 
explanation of the process). The [top left, red] is the result of x1; [bottom, green] shows the result 
of x2; [right, blue] shows the phase space of x1 and x2. Note that the noncoupling in the context is 
referring to H(τ − 10) = 0. 

5.1. Granger Causality 

From the GC analysis, the coupling from x2(t) to x1(t) cannot be captured well in 
it except for the [nonlinear: small noise] cases. This result is due to a similar reason as 
discussed in Section 4, i.e., the coupling between the signals is affected by a factor of 1.5 
(e1 × 0.55 ≈ 1.5). Therefore, the rest of the cases cannot show the signifcant contrast of 
the causality from [x2(t) to x1(t)] as shown in Figure 19. Furthermore, referring to the 
time-varying GC, the bidirectional coupling/causality between x1(t) and x2(t) that occurs 
after 10 s are not able to capture all the coupling cases. 

(a) linear: couple 

(b) linear: noncouple 
Figure 19. Cont. 
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(c) nonlinear: large noise, couple 

(d) nonlinear: large noise, noncouple 

(e) nonlinear: small noise, couple 
Figure 19. Cont. 
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(f) nonlinear: small noise, noncouple 
Figure 19. Result of the spectral and time-varying frequency of GC. Within each subfgure, the [left] 
shows the spectral (frequency domain) of GC, with [blue] showing that x2 causes x1 (Ix2→x1 ) and 
[orange] indicating that x1 causes x2 (Ix1→x2 ). The [top, right] fgure shows that the time-varying 
frequency of GC of x2 causes x1 and [bottom, right] shows that x1 causes x2. The results shown are 
based on the expression in Equations (29) and (30). Refer to Figure 17 for the graphical explanation of 
the process. Note that the noncoupling is referring to H(τ − 10) = 0 for all the cases. 

5.2. Transfer Entropy 

The results of TE shown in Figures 20 and 21 once again are quite similar to those 
shown in Section 4. The window sliding TE, evaluated with lag 0, shows that signal 
x2(t) causes x1(t) throughout the time, as shown in Figure 20. For the coupling cases, 
the amplitude of the TE changes when x1(t) feedbacks to x2(t) (after time 10 s). Similar 
to Section 4, the window sliding TE only shows that signal x1(t) is causing x2(t) when 
evaluated at lag 1 for the coupling cases shown in Figure 21. Hence, TE cannot fully capture 
the causality between the signals with just one lag. 

(a) linear: couple 

(b) linear: noncouple 
Figure 20. Cont. 
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(c) nonlinear: large noise, couple 

(d) nonlinear: large noise, noncouple 

(e) nonlinear: small noise, couple 

(f) nonlinear: small noise, noncouple 

Figure 20. Result of the net TE and window sliding TE with the lag at 0. Within each subfgure, 
the [left, 4 × 4] fgures show the net TE for the whole signals, while the [right] shows the window 
sliding TE. The results shown are based on the expression in Equations (29) and (30). Refer to 
Figure 17 for the graphical explanation of the process. Note that the noncoupling is referring to 
H(τ − 10) = 0 for all the cases. 
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(a) linear: couple 

(b) linear: noncouple 

(c) nonlinear: large noise, couple 

(d) nonlinear: large noise, noncouple 
Figure 21. Cont. 
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(e) nonlinear: small noise, couple 

(f) nonlinear: small noise, noncouple 

Figure 21. Result of the net TE and window sliding TE with the lag at 1. Within each subfgure, 
the [left, 4 × 4] fgures show the net TE for the whole signals, while the [right] shows the window 
sliding TE. The results shown are based on the expression in Equations (29) and (30). Refer to 
Figure 17 for the graphical explanation of the process. Note that the noncoupling is referring to 
H(τ − 10) = 0 for all the cases. 

5.3. Information Rate Causality 

The information rate causality analysis evaluates the causality through the change 
in probability distribution of an original signal after including another signal assuming 
it causes the original signal. The information rate causality is able to show the coupling 
among the signals well, as shown in Figures 22 and 23. Similar to Section 4, prior to time 
10 s, the causality from signal x2(t) to x1(t) can be depicted with the presence of the peak 
of Γ2 2 to 1. The peak presented at the beginning of the evaluation window suggests that 
the coupling occurs at lag 0. After 10 s, the mutual feedback between the signals is shown 
within the evaluation window of the information rate causality. This mutual causality 
between the signals is observed through the alternating oscillations of the peak occurrence 
in the information rate within the window. Hence, this can refect well the underlying 
model of the signals. Note that this is different than Section 4, which is an interchange of 
unidirectional causality that has the feedback solely from one signal to the other without 
retaining information from itself. 
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(a) linear: couple 

(b) linear: noncouple 

(c) nonlinear: large noise, couple 
Figure 22. Cont. 
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(d) nonlinear: large noise, noncouple 

(e) nonlinear: small noise, couple 

(f) nonlinear: small noise, noncouple 
Figure 22. Result of information rate causality for Equations (29) and (30). Note that the bidirectional 
causation begins at 10 s. The results shown are based on the expression in Equations (29) and (30). 
Refer to Figure 17 for the graphical explanation of the process. Note that the noncoupling is referring 
to H(τ − 10) = 0 for all the cases. 
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(a) linear: couple 

(b) linear: noncouple 

(c) nonlinear: large noise, couple 
Figure 23. Cont. 
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(d) nonlinear: large noise, noncouple 

(e) nonlinear: small noise, couple 

(f) nonlinear: small noise, noncouple 
Figure 23. Zoom-in of Figure 22 for the information rate causality between 9.6 s and 10.4 s. Note 
that the bidirectional causation begins at 10 s. The results shown are based on the expression in 
Equations (29) and (30). Refer to Figure 17 for the graphical explanation of the process. Note that the 
noncoupling is referring to H(τ − 10) = 0 for all the cases. 

6. Conclusions 

In this paper, we proposed an alternative causal analysis method to the popular GC 
and TE for causality quantifcation. Specifcally, based on information rate, which measures 
the rate of temporal change in the time-dependent distribution, we developed a model-free, 
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information-geometric measure of causality—information rate causality—that is suitable 
for analyzing numerically generated non-stationary, nonlinear data. To compare the GC, 
TE, and information rate causality, we applied the methods to numerical data generated 
by simulating different types of discrete autoregressive models which contain linear and 
nonlinear interactions. In Section 3, we showed that information rate causality performs 
equally well compared to GC in the standard linear stationary signals. Later, we showed 
that the GC did not perform well for non-stationary and/or nonlinear signals. Furthermore, 
it failed to capture mutual feedback between the signals, as shown specifcally in Section 5 in 
all the coupling cases. TE performed slightly better than GC, since it is model-independent. 
However, the information on the lag is needed to properly evaluate the TE, as shown in 
Sections 4 and 5. In comparison with GC and TE, information rate causality has shown 
to be able to uncover the underlying mechanism of causality in the signals, such as the 
interchanging oscillatory feedback between the signals that is discussed in Section 5, which 
was not captured by either GC or TE. 

While our results in this paper were obtained based on the interaction of two time 
series of different types of (non)linearity and (non)stationary, they have at least pointed 
out some limitations of GC and TE that can be resolved by employing information rate 
causality. It remains as future work to extend this work and to investigate a larger class of 
time series data, including real data such as EEG signals. 
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Appendix A. Granger Causality 

Appendix A.1. Autoregressive Process 

Given a stochastic process (x(t)), it can be modelled through an autoregressive (AR) 
model with available/appropriate n number of observations from the process (e.g., AR(n) 
known as autoregressive of nth order). The general expression of the AR(n) model is 
expressed as Equation (A1). 

n 

x(t) = ∑ αix(t − i) + e(t), (A1) 
i=1 

such that t is the time step, and αi is the constant coeffcient which suggested the 
weight of contribution from the ith past observation towards the process x(t). e(t) is the 
additive noise that has the variance Σ, which indicated the proportion of the external 
infuence towards the process. Hence, a process that is strongly related to past observations 
will have small noise (e.g., small Σ). 

Appendix A.2. Granger Causality: Time Domain 

Given two stochastic processes (x1(t) and x2(t)), they can be modelled independently, 
as shown in Equation (A1) and expressed as Equations (A2) and (A3). 

https://www.mdpi.com/article/10.3390/e25050806/s1
https://www.mdpi.com/article/10.3390/e25050806/s1
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n 

x1(t) = ∑ aix1(t − i) + e1(t); (A2) 
i=1 

n 

x2(t) = ∑ cix2(t − i) + e2(t), (A3) 
i=1 

such that e1(t) and e2(t) are the noises with variances of Σ11 and Σ22, respectively; ai 
and ci are the constant parameters that suggested the fractions of the contribution from the 
past observations towards x1(t) and x2(t), respectively. 

If there is a present causal relationship between two processes, they can be modelled 
with the past values from each other, as shown in Equations (A4) and (A5). 

n n 
∗ x1(t) = ∑ aix1(t − i) + ∑ bix2(t − i) + e1 (t), (A4) 

i=1 i=1 

∗ x2(t) = ∑ 
n 

cix1(t − i) + ∑ 
n 

dix2(t − i) + e2 (t). (A5) 
i=1 i=1 

∗ ∗Here ai, bi, ci, and di are the constants parameters. The noises (e1 (t) and e2 (t)) would 
have the variance presented as the covariance matrix Σ shown in Equation (A6): � � 

Σ∗ Σ∗ 11 12Σ = . (A6)
Σ∗ Σ∗ 21 22 

∗ ∗Similar to Equations (A2) and (A3), Σ∗ 11 and Σ22 
∗ are the variance of the e1 (t) and e2 (t), ∗ ∗respectively, while Σ∗ = Σ21 

∗ is the covariance of the noises (e1 (t) and e2(t)).12 
The causal relationship between x1(t) and x2(t) can determined by evaluating the 

noises from Equations (A2) to (A5). For instance, Σ∗ < Σ11 would indicate that the11 
predictability of x1(t) increases as the past information of x2(t) is included. Hence, this 
would suggest that there is a causal relationship from x2(t) to x1(t) which is known 
as GC (x2(t) Granger-causes x1(t), Fx2→x1 ). Similarly, Σ∗ < Σ22 would suggest x1(t)22 
Granger-causes x2(t), Fx1→x2 . The covariance of the noises Σ∗ = Σ21 

∗ would suggest that 12 
the processes are correlated by one another via a common external force that drives the 
processes; consequently, it shows an instantaneous causality (Fx1↔x2 ). 

The idea behind GC is to evaluate the total interdependence (also known as total 
causality index) between x1(t) and x2(t), which consists of two directional causalities 
(Fx1→x2 and Fx2→x1 ) and one instantaneous causality (Fx1↔x2 ). The total interdependence 
between x1(t) and x2(t) is defned as Equation (A7). 

Σ11Σ22 Σ11Σ22Fx1·x2 = log = log 
Σ∗ 

= Fx1→x2 + Fx2→x1 + Fx1↔x2 , (A7)|Σ| 11Σ∗ 22 − (Σ∗ 12)
2 

such that |Σ| is the determinant of the covariance matrix Σ. If either one of the signals 
Granger-causes or correlates to one another, the value of Fx1·x2 > 0 because the Σ11 

∗ < Σ11, 
Σ22 
∗ < Σ22, or Σ∗ 6= 0. On the contrary, Fx1·x2 = 0 indicates there is no GC relationship and 12 

correlation between the signals. 
The directional causalities and instantaneous causality are defned as Equations (A8) 

to (A10). 

Σ11Fx1→x2 = log , (A8)
Σ∗ 11 
Σ22Fx2→x1 = log , (A9)
Σ∗ 22 
Σ∗ 11Σ22 

∗ 
Fx1↔x2 = log . (A10)|Σ| 
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Similar to Equation (A7), the individual causalities from Equations (A8) to (A10) have 
the range of [0, ∞), with F(... ) = 0 indicating the absence of causality relationship. 

Appendix A.3. Granger Causality: Frequency Domain 

The spectral of the GC is studied at the frequency domain of the AR model. Unlike the 
time domain, the frequency domain of GC required both the constant parameters and the 
variance of the noises for the evaluation. To understand the formulation, the lag operator 
(Lk) is used and defned as Equation (A11). 

Lkx(t) = x(t − k). (A11) 

Hence, by applying the lag operator expressed in Equation (A11) to Equations (A4) 
and (A5), they can be rewritten as ( � � � � ∗ x1(t) = ∑n

i=1 aiLi x1(t) + ∑n
i=1 biLi x2(t) + e1 (t),� � � � (A12)∗ x2(t) = ∑i

n 
=1 ciLi x1(t) + ∑i

n 
=1 diLi x2(t) + e2 (t),(� � � � ∗1 − ∑n

i=1 aiLi x1(t) + − ∑n
i=1 biLi x2(t) = e1 (t),� � � � (A13)∗− ∑n

i=1 ciLi x1(t) + 1 − ∑n
i=1 diLi x2(t) = e2 (t),(" #" # " # 
∗ a(L) b(L) x1(t) e1 (t) = , (A14)∗ c(L) d(L) x2(t) e2 (t) 

(" #" # " # 
∗ a(ω) b(ω) x1(ω) e1 (ω)

Fourier transform → = ≡ A(ω)x(ω) = e ∗(ω), (A15)∗ c(ω) d(ω) x2(ω) e2 (ω) 

(" # " #−1 " # " #" # 
∗ ∗ x1(ω) a(ω) b(ω) e1 (ω) H11(ω) H12(ω) e1 (ω) 

= = , (A16)∗ ∗ x2(ω) c(ω) d(ω) e2 (ω) H21(ω) H22(ω) e2 (ω) n 
x(ω) = H(ω)e ∗(ω), (A17) 

such that A(ω) is known as the coeffcient matrix. The elements in the coeffcient 
matrix are expressed as 

n 
−jωia(ω) = 1 − ∑ aie , (A18) 

i=1 
n 

−jωib(ω) = − ∑ bie , (A19) 
i=1 

n 
−jωic(ω) = − ∑ cie , (A20) 

i=1 

n 
−jωid(ω) = 1 − ∑ die , (A21) 

i=1 

which is obtained via the Fourier transform from the time domain to the frequency domain. 
Note that j is the imaginary unit while ω is the angular frequency that is defned as 
ω = 2π f , f = frequency. The matrix H(ω) is known as the transfer matrix. The spectral 
matrix (S(ω)) can be obtained by proper ensemble averaging of Equation (A17), which is 
expressed as Equation (A22): � � D ES11(ω) S12(ω)

S(ω) = = x(ω)x†(ω) = H(ω)ΣH†(ω), (A22)
S21(ω) S22(ω) 
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such that h·i is defned as an ensemble average, and † is denoted as the complex 
conjugate transpose of a matrix. The element Snm|n=m is known as auto spectra and 
Snm|n 6=m is known as cross spectra. Similar to Equation (A7), the total interdependence 
between x1(ω) and x2(ω) is defned as Equation (A23), which consists of two directional 
causalities (Ix1→x2 and Ix2→x1 ) and one instantaneous causality (Ix1↔x2 ). 

S11(ω)S22(ω)
Ix1 = log = Ix1→x2 + Ix2→x1 + Ix1↔x2 , (A23)·x2 |S(ω)| 

such that |S(ω)| is the determinant of spectral matrix S(ω). The individual causalities 
are defned as 

S22(ω)
Ix1→x2 = log , (A24)ˆ Ĥ ∗H22(ω)Σ22 22(ω) 

S11(ω)
Ix2→x1 = log , (A25)˜ H̃ ∗H11(ω)Σ11 11(ω)� �� �˜ H̃ ∗ ˆ Ĥ ∗H11(ω)Σ11 11(ω) H22(ω)Σ22 22(ω)
Ix1↔x2 = log . (A26)|S(ω)| 

ˆ Σ12 ˜ Σ12Here H22(ω) = H22(ω) + H21(ω) and H11(ω) = H11(ω) + H12(ω); ∗ is de-Σ22 Σ11 
noted as the complex conjugate of the element [17]. 

As shown in Equations (A23) to (A26), the elements from the transfer matrix and 
covariance matrix of the noises are needed to evaluate the GC in the frequency domain. 
The elements can be obtained via the constant parameters of Equations (A4) and (A5), 
which can be estimated via Yule–Walker equations [18,40]. This approach of evaluating 
GC through the knowledge of constant parameters is known as the parametric method; it 
has the disadvantage that the information of lags (number of past values) is needed when 
estimating the constant parameters. Alternatively, the non-parametric method conducts the 
GC analysis by directly decomposing the spectral matrix (S(ω)) into the transfer matrix 
(H(ω)) and the covariance matrix of the noises (Σ). The decomposition is conducted via a 
recursive algorithm known as the Wilson algorithm [18,35]. The derivation of the Wilson 
algorithm will be discussed in the next section. 

Appendix A.4. Wilson Algorithm 

The spectral matrix S(ω) that is defned in the range [−π, π] is known as the spectral 
density function. It can be expressed as Equation (A27). 

∞ 
jωiS(ω) = ∑ Cie , (A27) 

i=−∞ 

Ci = 
1 Z π 

S(ω)e−jωi dω, (A28)
2π −π 

such that the Ck is known as the correlation coeffcient obtained via inverse Fourier trans-
form Equation (A28). 

Following Wilson’s factorization theorem (theorem 1.1 in [35]), the spectral density 
function is the product of generating function ψ(ejω) with its complex conjugate transpose 
that is defned on a unit circle |z| = 1: 

jω )†S(ω) = ψ(ejω )ψ(e , (A29) 
∞ 

ψ(ejω) = ∑ Aiejωi , (A30) 
i=0 Z π 

Ai = 
1 

ψ(ejω )e−jωi dω. (A31)
2π −π 
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Here Ak is the moving average coeffcient, which can be obtained by inverse Fourier 
transform as expressed in Equation (A31). With Equation (A30) being holomorphic ex-
tended to the inner of the unit circle (|z| < 1), it can be rewritten as Equation (A32). 

∞

∑ Aizi = A0 + 
∞

∑ Aizi . (A32)ψ(ejω) = ψ(z) = 
i=0 i=1! ! 

∴ S(z) = ψ(z)ψ(z)† = 
∞

∑ Aizi 
∞

∑ Ai0 
>z−i0 = 

∞

∑ 
∞

∑ Ai Ai0 
>zi−i0 . (A33) 

i=0 i0=0 i=0 i0=0 

jωComparing Equations (A22) and (A33) when z = e = 0: 

>S(0) = ψ(0)ψ(0)† = H(0)ΣH†(0) = IΣI> = Σ = A0 A0 , (A34) 

such that I is the identity matrix, and [·]> indicates the transpose of the matrix. Since 
−> A0

−1 A0 A0
> A0 = I, the transfer matrix H(ω) can be obtained via 

−> −1 −> S(z) = ψ(z)Iψ(z)† = ψ(z)A0 
−1 A0 A0 

> A0 ψ(z)† = ψ(z)A0 ΣA0 ψ(z)†, (A35) 
−1 † −>ψ(ejω)†∴ H(ω) = ψ(ejω)A0 , H(ω) = A0 . (A36) 

As shown, the transfer matrix H(ω) and covariance matrix of the noises Σ can be 
obtained once the generating function ψ(ejω ) is known. G.T. Wilson introduces the solution 
of ψ(ejω) by iteration along with the plus operator ([·]+) of a given spectral density function 
f (ω), as expressed in Equations (A37) to (A39). 

jωi , βi = 
1 Z π 

f (ω)e−jωidω, 
∞

∑f (ω) = (A37)βie 
2π −πi=∞ 

∞

∑ βiejωi[ f (ω)]+ = 0.5β0 + (A38), � i=1 �+� �† 
ψ−1 ψ−1ψi+1 = ψi i S i + I . (A39) | {z } 

[ f (ω)]+ 

From the previous work [35], it has been shown that the iteration of Equation (A39) 
will be uniquely converged if the initial generating function (ψ0) is an upper triangle of the 
matrix which can be obtained via Cholesky factorization. 

Appendix B. Transfer Entropy 

Given a stochastic process (X), the average information/uncertainty needed to de-
scribe the process can be defned by Shannon entropy (IX) and expressed as Equation (A40). 

IX = − ∑ p(x) log2 p(x), (A40) 
x∈X 

such that p(x) is the discrete probability distribution at state x. The unit of the Shannon 
entropy varies with the base of the logarithm (i.e., the unit is bits when the logarithm is 
based 2) [28,41,42]. 

For the situation of two stochastic processes (X and Y), the statistical dependency 
of these two processes can be evaluated via Mutual Information (MI) and defned as 
Equation (A41). 

p(x, y) log2 
p(x, y) 

p(x)p(y) 
. (A41)MI = ∑ 

x∈X,y∈Y 
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The defnition of MI is derived from the Kullback–Leibler (KL) divergence. KL 
divergence measures the differences between two probability distributions (p(x) and q(x)) 
non-symmetrically; it is defned as Equation (A42) [37]. 

p(x)
DKL(P||Q) = ∑ p(x) log2 . (A42)

q(x)x∈X 

Hence, MI measures the difference between the marginal probability distribution 
(p(x)p(y)) and joint probability distribution (p(x, y)) that quantifes the common informa-
tion shared between the processes. Therefore, the MI will be zero when both processes are 
statistically independent and no common information is presented between the processes 
as the joint probability distribution will be equal to the product of marginal probability 
distribution (p(x, y) = p(x)p(y) → MI = ∑x∈X,y∈Y p(x, y) log2 1 = 0) [19,37]. 

As discussed above, MI only measured the commonly shared information, which 
subsequently does not indicate the directional fow of information. On the contrary, Transfer 
Entropy (TE) is able to reveal the directional fow of information by considering the 
conditional probability p(·|·) and is defned as Equation (A43). 

(k) (l) 
n n(k) (l) p(xn+1|x , y )

TEY→X = ∑ p(xn+1, xn , yn ) log2 , (A43)
(k) 

x∈X,y∈Y p(xn+1|xn ) 

(k)such that xn+1 is the state of X at the (n + 1)-th moment; xn is the state at n-th 
(l)moment of X consists of k previous states of X; yn is the state at n-th moment of Y 

consisting of l previous states. Note that the previous states of k and l are arbitrary and 
depend on the interest of the study. For instance, given a collective observed stochastic 

(2)process X = (x1, x2, . . . , x10), x = (xn, xm) |n, m ∈ [1, 8] → (x1, x2) or (x3, x8), etc. Hence, 8 
TE measures the additional information needed for the realization of X at (n + 1) from Y 
with the assumption that X is independent of Y. If Y does not affect the future evolution of 

(k) (l) (k)X, then p(xn+1|xn , yn ) = p(xn+1|xn ) and subsequently TY→X = 0. Using the general 
p(x,y)defnition of conditional probability distribution (p(x|y) = p(y) ), Equation (A43) can be 

rewritten as Equation (A44) [19]. 

(k) (l) (k) 
(k) (l) p(xn+1, xn , yn )p(xn )TEY→X = ∑ p(xn+1, xn , yn ) log2 . (A44)

(k) (k) (l) 
x∈X,y∈Y p(xn+1, xn )p(xn , yn ) 

Appendix C. Information Rate, Information Length, and Information Rate Causality 

In a dimensionless statistical manifold, the distance of two probability distributions 
is defned by their differences. One of the distances is discussed in Appendix B; this is 
KL divergence/relative entropy with the expression as Equation (A42). As mentioned, 
the KL divergence measured the differences non-symmetrically, and hence it is hardly 
considered as a metric distance because it does not satisfy the triangle inequality [32]. 
The symmetric version of KL divergence is introduced as Jensen divergence and expressed 
as Equation (A45). The square root of Jensen divergence has shown to be a metric distance 
that satisfes triangle inequality [32,43,44]. 

1
DJS = [DKL(P||Q) + DKL(Q||P)]. (A45)

2 

As depicted in Equations (A42) and (A45), the distance is measured at the ending 
points (e.g., initial and fnal probabilities), and hence it is not path-dependent. The path-
dependent distance can be evaluated with the information length (L), which is computed 
through the knowledge of information rate (Γ). The detailed discussion and derivation are 
shown in [32]. An essential brief discussion and derivation of Γ and L are shown in the 
next part. 



Entropy 2023, 25, 806 50 of 59 

Consider a time-dependent probability distribution (p(x, t)) that evolves over time. 
For instance, p(x, t) changes to p(x, t + dt) with the small time step of dt → 0. This 
evolution of difference can be expressed as Equation (A46) with the dt as the leading order. 

1 1 1
lim DKL(p(x, t + dt)||p(x, t)) = lim DKL(p(x, t)||p(x, t + dt)) = lim DJS, (A46)
dt→0 (dt)2 dt→0 (dt)2 dt→0 (dt)2 

Z1 p(x, t + dt)
lim dx p(x, t + dt) ln , (A47)
dt→0 (dt)2 p(x, t) 

Z � � 
lim 

1 
dx p(x, t) + (dt)∂t p + 

1 
(dt)2(∂tt p) + O((dt)3)

dt→0 (dt)2 2 

� 
(dt)∂t p 1 (dt)2(∂tt p) 

� 
ln 1 + + + O((dt)3) , (A48)

p(x, t) 2 p(x, t) 

" #" #Z � �21 (dt)∂t p 1 (dt)∂t p
lim dx p(x, t) + (dt)∂t p − , (A49)
dt→0 (dt)2 p(x, t) 2 p(x, t) 

" #Z � �2 � �21 (dt)∂t p 1 (dt)∂t p (dt)∂t p 1 (dt)∂t p
lim dx p(x, t) − p(x, t) + (dt)∂t p − (dt)∂t p , (A50)
dt→0 (dt)2 p(x, t) 2 p(x, t) p(x, t) 2 p(x, t) 

Z � � 
1 1 (dt)2(∂t p)2 (dt)2(∂t p)2 1 (dt)3(∂t p)3 

lim dx (dt)∂t p − + − , (A51)
dt→0 (dt)2 2 p(x, t) p(x, t) 2 (p(x, t))2 

Z � � 
1 1 (dt)2(∂t p)2 1 (dt)3(∂t p)3 

lim dx (dt)∂t p + − , (A52)
dt→0 (dt)2 2 p(x, t) 2 (p(x, t))2 

Z Z Z 
∂t p 1 (∂t p)2 1 (dt)(∂t p)3 

lim 0 dx + dx − 0 dx (A53)
dt→0 dt 2 p(x, t) 2 (p(x, t))2 , 

Z1 1 1
∴ lim DJS = dx p(x, t)(∂t ln p(x, t))2 ≡ Γ2(t), (A54)

dt→0 (dt)2 2 2 

Z Z Z 
* dx ∂t p(x, t) = dx ∂tt p(x, t) = 0 * dx p(x, t) = 1, (A55) 

Z Z � q �2 
2∴ Γ2(t) = dx p(x, t)[∂t ln p(x, t)] = 4 dx ∂t p(x, t) (A56) 

Note that Taylor series is implemented in Equation (A48) and Mercator series is used 
in Equation (A49). The fnal result Γ(t) is defned as the information rate which measures 
the rate of the statistical change (e.g., due to the new input of information) from one state 
to another. Hence, the total statistical change in p(x, t) or the total path-dependent distance 
of p(x, t) that evolves through the time is expressed as Equation (A57) and defned as 
information length (L). Z 

L = dt Γ(t). (A57) 
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∂ f (x,t)To accommodate the computation, the continuous differentiation ( d f (t) , ) and R R dt ∂t 
integration ( dt f (t), ∂t f (x, t)) are discretized, as shown in Equations (A58) to (A61). 

d f (t) f (t + Δt) − f (t) 
= , (A58)

dt Δt 
∂ f (x, t) f (x, t + Δt) − f (x, t) 

= , (A59)
∂t Δt Z N 

dt f (t) = ∑ Δt f (ti), Δt = ti+1 − ti, N ∈ R (A60) 
ti =0 Z N 

∂t f (x, t) = ∑ Δt f (x, ti), Δt = ti+1 − ti, N ∈ R. (A61) 
ti =0 

Hence, the discretized version of information rate (Γ), information length (L), and in-
formation rate causality (Γxn →xm | n 6=m&(n,m)∈[1,2]), shown in Equations (A62) to (A64), are 
used when computing the results that are included in the paper. 

Δx 
�q q �2 

Γ2 = 4 ∑ p(x, t + Δt) − p(x, t) , (A62) 
x∈X [Δt]2 

L = ∑ Δt Γ(t), (A63) 
t∈T �q q �2Δx1Δx2Γ2 

x2→x1 
= 4 ∑ p(x1(t + Δt), x2(ti)) − p(x1(t), x2(ti)) . (A64) 

x1∈X1,x2∈X2 [Δt]2 

Appendix D. Basic Model—Stationary and Continuous Coupling 

In this part, we investigate the coupling between two processes, namely x1(t) and 
x2(t), where the frst process (x1(t)) infuences the second process (x2(t)) throughout the 
entire process. We consider both linear and nonlinear cases, which are represented by 
Equations (A65) and (A66), respectively. 
Linear model: 

x1(t) = 0.55x1(t − 1) + e1(t), 

x2(t) = x1(t − 2) + e2(t). (A65) 

Nonlinear model: 
1−|x1(t−1)|x1(t) = 0.55x1(t − 1)e + e1(t), 

x2(t) = x1(t − 2) + e2(t). (A66) 

Here, t is the time steps and en|n∈[1,2] is the Gaussian white noise. The white noise � � � � 
Σ11 Σ12 1.0 0.0

has zero mean (heni = 0|n ∈ [1, 2]) with unit variance ( = , Σnm = 
Σ21 Σ22 0.0 1.0 

h(en − heni)(em − hemi)i|n, m ∈ [1, 2]). Additionally, we also consider the noncoupling 
scenario where the process x2(t) solely depends on the noise e2(t) (x2(t) = e2(t) * x1(t − 
2) = 0). 

The simulation results for Equations (A65) and (A66) are presented in Figure A1. 
From the fgures, it can be observed that both the linear and nonlinear processes exhibit 
stationary oscillation, regardless of whether they are coupled or noncoupled. 
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(a) linear: coupling 

(b) linear: noncoupling 

(c) nonlinear: coupling 
Figure A1. Cont. 



Entropy 2023, 25, 806 53 of 59 

(d) nonlinear: noncoupling 
Figure A1. Result of the simulation based on Equations (A65) and (A66). The [top left, red] is the 
result of x1, while the [bottom left, green] shows the result of x2. The phase space of x1 and x2 is 
shown in [right blue] fgure. Note that the noncoupling here refers to the processes oscillating by 
themselves without sharing any information with each other. 

Appendix D.1. Granger Causality 

The results of the GC are shown in Figure A2 for all the cases. Based on the results, 
both the coupling and noncoupling cases can be depicted well via the nonparametric GC 
approach (refer to Section 2.1). The continuous causality from x1 to x2 can be depicted 
well in Figure A2a,c. Similarly, the noncoupling between the signals is shown well in 
Figure A2b,d. 

(a) linear: coupling 

(b) linear: noncoupling 
Figure A2. Cont. 
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(c) nonlinear: coupling 

(d) nonlinear: noncoupling 
Figure A2. Result of the spectral and time-varying frequency of GC. In each subfgure, the [left 
panel] shows the spectral (frequency domain) of GC with [blue line] indicating that x2 causes 
x1, while [orange line] indicates that x1 causes x2. The [top, right] subfgure illustrates the time-
varying frequency of GC of x2 to x1, while [bottom, right] shows x1 to x2. The results are based on 
Equations (A65) and (A66). 

Appendix D.2. Transfer Entropy 

The results of TE shown in Figure A3 also show similar fndings as GC for both 
coupling and noncoupling of the signals. As depicted in Figure A3a,c, TE can effectively 
capture the coupling from x1 to x2 when appropriate lag is selected. The suitable lag can be 
determined by observing the peak of Net TE (TEx1,x2 = TEx1→x2 − TEx2→x1 ), as it indicates 
the lag at which a signifcant result can be expected. Similarly, the noncoupling cases are 
depicted well in Figure A3b,d, where the TE between the two signals is extremely low, in 
the order of magnitude of ×10−4. 

(a) linear: coupling 
Figure A3. Cont. 
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(b) linear: noncoupling 

(c) nonlinear: coupling 

(d) nonlinear: noncoupling 
Figure A3. Result of the net TE and window sliding TE. Note that for each subfgure, [left, 4 × 4] 
depicts the net TE for the whole signals. The [right] subfgure shows the window sliding TE. 
The results shown are based on Equations (A65) and (A66). 

Appendix D.3. Information Rate Causality 

Information rate causality is a quantitative measure of the changes in probability 
distribution caused by one signal infuencing another. In the cases of coupling, a high peak 
is expected to indicate a signifcant change in the distribution due to the causal relationship 
between the signals, as depicted in Figure A4a,c. The magnifcation of these fgures is 
shown in Figure A5a,c. In this scenario, the causation from x1(t) to x2(t) is represented 
well by the peaks at an order of magnitude of ×104. In noncoupling cases, as shown in 
Figure A4b,d (with magnifcation shown in Figure A5b,d), information rate causality does 
not reduce to zero due to the noise present in the estimation of the probability distribution 
(refer to Figure S1). However, this noise does not affect the evaluation, as it does not result 
in a high order of peaks observed in coupling cases. 
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(a) linear: coupling 

(b) linear: noncoupling 

(c) nonlinear: coupling 
Figure A4. Cont. 
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(d) nonlinear: noncoupling 
Figure A4. Result of information rate causality for Equations (A65) and (A66). 

(a) linear: coupling 

(b) linear: noncoupling 
Figure A5. Cont. 
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(c) nonlinear: coupling 

(d) nonlinear: noncoupling 
Figure A5. Zoom-in of Figure A4 for the information rate causality between 9.6 s and 10.4 s. 
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