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Introduction

n physics, a complex system is a set of dynamical systems that is characterized by the presence of a large
m number of interconnected components that interact with each other'. Complex systems may arise and
evolve through self-organization (a dynamical process by which a system spontaneously forms non-trivial
macroscopic structures and/or behaviours over time), such that they are neither completely regular nor
random?, permitting the development of emergent behaviours at macroscopic scales [2].

Figure L.1: Venn diagram describ-
ing the research areas that this
thesis covers and tries to merge

Information
geometry

in order to study and control
complex systems. The main goal
of our research is to elucidate
the interconnection between in-
formation geometry, stochastic

thermodynamics, and control en-

Artificially created

ifi Control : gineering to obtain efficient and
ethIe.nt and ' Engineering organised behaviours in complex
organ|§ed systems.
behaviour

.
. .
----------

Since emergent behaviours in complex systems can be interpreted as the resistance of entropic decay and
dissipation, similar to controlled systems (for instance, see [3]) that maintain their states around set-points
despite perturbations from the environment [4; 5], our hypothesis is that:

We can mimic emergent behaviours principles to artificially construct organised (controlled) complex
systems. Furthermore, by interpreting entropy as a level of ignorance via information-theoretic
constructs, we can diagnose abrupt changes, describe causal relations, or control the level of ignorance
we have on the system dynamics.

In this regard, the present work aims to develop a set of tools to understand and control a set of complex
systems through the interconnection of the fields of information geometry, stochastic thermodynamics, and

* While these interactions often exhibit nonlinearity, it is important to note that this is not a necessary condition for a system to
be considered complex. Rather, the defining characteristic of a complex system lies in the emergent behavior that arises from the
interactions among its components, which can exhibit surprising and unpredictable patterns [1].

2 In this work, randomness refers to the degree of uncertainty or unpredictability associated with the occurrence of an event. Hence, a
regular event is one whose level of uncertainty is minimum.
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control engineering (see Figure I.1). From information geometry, we establish a metric that helps us quantify

variability in the given complex systems subject to randomness. From control engineering, we recover the
concept of “feedback” to inform, in this manner, a suitable control algorithm that will organise the system
dynamics. Since efficiency is usually defined thermodynamically, Stochastic thermodynamics gives us the
effects of the proposed regulator on the entropy production linked to Helmholtz free energy. Additionally,
information geometry and stochastic thermodynamics give us tools to detect abrupt events and correlations

between the variables in stochastic dynamics.
Specifically, this thesis contains the following results3

Chapters II and III: The analysis of complex systems described by linear and non-linear stochastic
differential equations (Langevin equations) via the so-called Laplace assumption, their corresponding
Fokker-Planck equation, information geometry and stochastic thermodynamics.

Chapter IV: Study the effects of information flow between the variables in the dynamical system,
referring to some sort of causality.

Chapter IV: Detection of “ongoing” abrupt changes (perturbations) in stochastic dynamics.

Chapter V: Creating organised behaviour (with minimum statistical variability) when the system is
clearly subject to randomness.

Chapter VI: Development of integrated techniques to study complex systems described via time

series.

Chapters IV, V, and VI: Presentation of different case studies, including the analysis of classical

Brownian motion and an electrical power system.

These results have also been previously published in the following journals (some of them currently under

review)

’ List of published and submitted journal papers: ‘

[6] Guel-Cortez, Adrian-Josue, and Eun-jin Kim. "Information length analysis of linear au-
tonomous stochastic processes." Entropy 22.11 (2020): 1265.

[7] Guel-Cortez, Adrian-Josue, and Eun-jin Kim. "Information geometric theory in the prediction
of abrupt changes in system dynamics." Entropy 23.6 (2021): 694.

[8] Chamorro, Harold R., Guel-Cortez, Adrian-Josue, et al. "Information length quantification
and forecasting of power systems kinetic energy." IEEE Transactions on Power Systems 37.6
(2022): 4473-4484. Harold R. Chamorro and Adrian-Josue Guel-Cortez contributed equally to
this work.

3 Throughout the thesis, each chapter contains an abstract discussing the chapter’s goal and, depending on the nature of the chapter,
an introduction with the challenges and proposed solutions.
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[9] Guel-Cortez, Adrian-Josue, and Eun-Jin Kim. "Relations between entropy rate, entropy pro-
duction and information geometry in linear stochastic systems." Journal of Statistical Mechanics:
Theory and Experiment 2023.3 (2023): 033204.

[10] Guel-Cortez, Adrian-Josue, Eun-jin Kim, and Mohamed W. Mehrez. "Minimum Information
Variability in Linear Langevin Systems Via Model Predictive Control." Available at SSRN
4214108 (2022).

Throughout the development of this thesis, the author also participated in different international events
and collaborations, some of which included the publication of an article. The following summarises such
results

’ List of published and submitted conference papers:

[11] Guel-Cortez, Adrian-Josue, and Eun-jin Kim. "Information Geometry Control under the
Laplace Assumption." Physical Sciences Forum. Vol. 5. No. 1. Multidisciplinary Digital
Publishing Institute, 2022.

[12] Guel-Cortez, Adrian-Josue, and Eun-jin Kim. "A Fractional-Order Model of the Cardiac
Function." 13th Chaotic Modeling and Simulation International Conference 13. Springer
International Publishing, 2021.

[13] Guel-Cortez, Adrian-Josue, and Eun-jin Kim. "Model reduction and control design of a multi-
agent line formation of mobile robots." Recent Trends in Sustainable Engineering: Proceedings
of the 2nd International Conference on Applied Science and Advanced Technology. Springer
International Publishing, 2022. Received the first place award in the conference best-submitted
paper contest.

[14] Guel-Cortez, Adridn-Josué, et al. "Further Remarks on Irrational Systems and Their Applica-
tions." Computer Sciences & Mathematics Forum. Vol. 4. No. 1. MDPI, 2022.

[15] Guel-Cortez, Adrian-Josue, et. al. "Parameter Estimation of Fractional-Order Systems via
Evolutionary Algorithms and the Extended Fractional Kalman Filter." The International Con-
ference on Fractional Differentiation and its Applications ICFDA 2023)At: Ajman University,
14-16 March, 2023.

’ List of published journal papers that come from collaborations: ‘

[16] Kim, Eun-jin, and Adrian-Josue Guel-Cortez. "Causal information rate." Entropy 23.8 (2021):
1087.

[3] Guel-Cortez, Adrian-Josue, et al. "Fractional-order controllers for irrational systems." IET
Control Theory & Applications 15.7 (2021): 965-977.
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“Information Length in Dynamical Systems” seminar at the Wellcome Centre for Human
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“Information Length Analysis of Linear Autonomous Stochastic Processes” at the The British
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From 6 Apr. 2021 to 9 Apr. 2021. Link to poster
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https://www.youtube.com/watch?v=_ic2jKl49KI&feature=youtu.be
https://www.linkedin.com/posts/adrianjosueguelcortez_a-summary-of-the-work-i-have-done-so-far-activity-6923018268999884800--A5o?utm_source=share&utm_medium=member_desktop

Preliminaries

’ Chapter summary ’

IN this chapter, we review the basic theoretical concepts and results that have been
applied throughout this dissertation. When introducing the theoretical results,

specially the ones which can be found in many published textbooks, the discussion
does not intend to be a formal or complete presentation but rather to act as a gentle
descriptive/conceptual guide to them. The section also contains various links to codes
made by the author that may serve as a practical introduction to future employed
algorithms. We also highlight that not all the concepts we use may be introduced

This chapter includes ma-
terial that has been pub-
lished by the author in
[6], [9], and [11].

within this section. If the discussion requires it, we also introduce new concepts in the

subsequent chapters as we make use of them in our results.

keywords: Stochastic dynamics; Stochastic thermodynamics; Fokker-Planck equation; Entropy

Il.1  Stochastic systems

A stochastic system is a process characterised by the presence of ran-
domness. In such dynamical systems’, we commonly use x(t) to
describe the current state at time ¢ and identify a corresponding prob-
ability p of x(t) to occur. In continuous time, we denote p(x,t) the
probability density function (PDF) of finding the system in x(t) at time
t.

From the PDF, we can obtain the so-called statistical moments. For
example, the expected value? defined by

() = (x(t)) = /Iéx(t)p(x, ) dx. (IL.2)

The expected value parameterises the random variable x(t), as well as
its higher moments (x") and its moments about the mean ((x — u)").
From the latter, we recover the definition of the variance of the random
state x(f) as3

T =((x—m?. (IL3)
We can also study stochastic systems by analysing their trajectories,
denoted by

x = [x(1)]. (IL4)
Here, X identifies the whole function x(t) over a given time interval,
i.e. the stochastic system trajectory. For instance, Figure II.1 shows the
three-dimensional space describing the evolution of x and its probability
over time. In red, we see a trajectory X. In blue, the shape of the PDF
at different instants of time (denoted here as P, where k =0,1,2,3,...).

* A dynamical system can be defined as
a system in which a function describes
the time dependence of a point in space.
For instance, a particle whose state varies
over time is governed by differential
equations (for further details, see [17]).

>The discrete version of the expected
value is given by

(X) = ) xiP(xi), (IL.1)

where P(x;) is called the probability
mass function (PMF) which describes the
probability of observing outcome x; of
the random variable X [18] and the sum
is over all the distinct possible outcomes
of X.

3 The variance is sometimes denoted by

o2 instead of ¥, and Vo2 = ¢ is called
the standard deviation of x.

Figure IL1: Graphical descrip-
tion of stochastic dynamics. The
behaviour of a stochastic pro-
cess can be analysed by the sys-
tem trajectory X or the time-
varying probability density func-
tion p(x,t).
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Figure I.1 also shows a typical kind of PDF p(x,t) called “Normal”
or Gaussian. The Gaussian distributions are a type of continuous PDFs
defined as . e

1 (x—u
p) = e (ILs)
As we can see from Equation (IL.5), Gaussian distributions are com-
pletely parametrised if we fix only the first two moments about the
mean y of the random variable x (for instance, see Figure 11.2). When
we refer to a variable that follows a normal distribution, we use the
notation x ~ N (1, X2).

II.1.1  Stochastic calculus

The analysis of dynamical systems subject to probabilities is described
via stochastic differential equations (SDEs). In mathematics and finance
SDE are written as follows [19]

dXe = u(Xe, t) dt + o (Xe, t) AW, (IL6)

where W; denotes a Wiener process*. The terms (X, t) and o(Xy, t) are
called the drift and diffusion terms of the SDE, respectively. Equation
(I.6) can be rewritten using the corresponding integral equation

t+s t+s
Xw—&zﬁ M&mez o(Xu)dWy.  (IL7)

If we consider the integral from of the SDE given by (Il.7), we come up
with the problem of defining the integral of the rightmost term. But,
before discussing the solution to stochastic integrals, let us introduce
a commonly used SDE in the field of Physics called the Langevin
equation.

II.1.2  Langevin equation

In physics, a basic application of SDEs lies in the description of the so-
called Brownian motion, a motion associated with the random motion
of particles suspended in a medium (a liquid or a gas) .

As an example of Brownian motion mathematical modelling, Figure
II.3 shows a particle of mass m modelled as a mass-spring-damper
system subject to a deterministic force and a random force describing
the random environment to avoid the many-body interactions problem.
Additionally, in this scenario, we assume that the environment is at
thermal equilibrium and it is defined by a given temperature.

The description of the trajectories of a Brownian particle with drift
#(x,t) and diffusion D(x,t) coefficients are solutions of® the Langevin
equation

% — u(x,t) + o(x, HE®), (IL8)

— =02
F=05
0.08 Fa12

Plots of Gaus-
with  dif-
ferent values of variance o2
and mean u = 23 https:
//github.com/AdrianGuel/
PhDThesis/blob/main/

Chapterl/Gaussianplots.py

Figure IL2:
sian distributions

4 Properties of the Wiener process:
1. WO =0

2. Vt > 0, the future increments Wi, —
Wi, u > t are independent of the past
values W, s < t.

3. Wpru - Wt ~ N(O, u).

4. Wi is continuous in ¢.

Figure I1.3: Example of a typical
application of the Langevin equa-
tions. The Langevin equation is
used to describe the position of
a particle under a random envi-
ronment.

5 Einstein described Brownian motion as
a phenomenon where bodies of micro-
scopic size suspended in a liquid perform
random movements that can be perceived
via a microscope. [20]

¢ For simplicity, in this work, we com-
monly will avoid writing the term o (x, t)
in Equation (I.8), as our analysis will rely
completely on the value of D(x, t).


https://github.com/AdrianGuel/PhDThesis/blob/main/Chapter1/Gaussianplots.py
https://github.com/AdrianGuel/PhDThesis/blob/main/Chapter1/Gaussianplots.py
https://github.com/AdrianGuel/PhDThesis/blob/main/Chapter1/Gaussianplots.py
https://github.com/AdrianGuel/PhDThesis/blob/main/Chapter1/Gaussianplots.py
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where o(x,t) = \/2D(x,t), {(t) is a random quantity considered un-
biased, (Z(t )) = 0 V¢, and with uncorrelated displacements in non-
overlapping time intervals, i.e. (¢(#)¢(#')) = 0 for t and #' sufficiently
far apart. Assuming that the latter holds, it is useful to rewrite the
second moment as (§(t)&(t')) = 2D(x,t)d(t —t'). When the random
variable ¢ satisfies these properties, we call it “white noise”.

The solution of the Langevin equation requires the evaluation of a

stochastic integral of the form” 7Like the rightmost term of Equation
; ; (IL.7) but written following the Langevin
/ AtE (o (x(t), 1) = / AW (t)e(x(1), 1), (ILg)  eduation notation
A to

where o(x, t) is any given function. The solution of stochastic integrals

8

can be obtained by the Stratonovich or It6 conventions®. 8 A more formal and complete study of

It6 convention The Itd integration is defined as follows [23] both conventions can be found in [21; 22]

I} = dlgg Z (tp +dt) = W(t)] o(x(t), k), (I.10)

where t, = tg+kdt and N =
each infinitesimal time interval [tk, fr + dt]. When written in the continuos time domain, the It6 integral is

, 0(x(t),t) is evaluated at the beginning of

denoted by a dot product symbol

Iy = /f dW - o(x(7), 7). (IL.11)
Stratonovich convention The Stratonovich integral is defined by
N
ty 4 dt t dt
Is = Jim 2 Wt +df) — W(t)] o (x( ek dh) Fxte) , )
dt—0 = 2 2
N 1
= C}timo Y W (ke +dt) — W(t)] 5 [o(x(tp +dt), t +dt) + o(x(t), t)] . (L12)
k=0

From (I.12), we see that o(x(t),t) is evaluated at the midpoint of each infinitesimal interval [t, t; + dt] in the
Stratonovich integral. In continuos time , we denote the Stratonovich convention by a circle product symbol
as follows

Is = / Taw o o(x(1), 7). (IL.13)
To decide which convention to use, we consider the following result

Proposition II.1: Stratonovich to Ito transformation [23]

The relationship between the Stratonovich and Ito integral is given by

to to

fdo(x by
dW oo(x =5 /;( (x(T),T) dt+ [~ dW-o(x(7), 7). (IL.14)
From Proposition II.1, it becomes clear that both conventions are the same if ¢ does not depend on the
random variable x. Here, we highlight that, throughout this work, we only consider additive noises, i.e., ¢ is
always independent of x, giving us the freedom to write any stochastic integral using either notation. From
now on, we will consider the Ito convention and avoid the symbol - for simplicity.
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Il.1.3 Numerical methods

The following are the most common numerical methods to solve SDEs L
of the type (I1.6). 1o

Euler-Maruyama method > 0

Given the SDE (I1.6), we wish to solve it at some interval of time

[0, T]. To develop an approximate solution, we partition the interval

[O, T} into N equal subintervals of width At >0 30 325 350 375 400 425 450 475 500

T
0=1,1,7,...,iNn=1T st At= N (IL.15)

Then, we set the initial random value Yy = xy where xg comes from,

Figure IL4: Simulation of an
SDE with u(X;,t) = 0(p — X¢)
and o(X;,t) = X where 6,u

for instance, N (g, 09) such that yg and oy are the moments describing
and X are some constant

the initial PDF. Now, recursively define
parameters using the Euler-

Yii1 = Y+ p(Ya, ) At + 0(Yn, Tu) AW, (IL16) Maruyama method. Code avail-
able at https://github.com/
AdrianGuel/PhDThesis/blob/

AW, = 2,V/AE st 2y ~ N(0,1). (IL17) main/Chapterl/eulermaruyama.
ipynb.

where AW, = Wz . — Wy, . Each random number AWj, is computed as
[24]

Algorithm 1 and Figure II.4 show the description of the Euler-Maruyama
method and a plot with the solution of an SDE implementing the Euler-
Maruyama method, respectively.

Algorithm 1: Euler-Maruyama method.

Data: Consider the simulation time t = T € R, the number of points in the solution N € IN and the
1 probability distribution described by the parameters y € R, and 0y € R*.
Result: The vector Y := [y, Y1,..., Yy] € RN containing the approximate solution to the SDE (IL6).

/* The function randn(y,0) generates a random number from normal distribution with

mean Y and variance 0. */

N

Yo=randn (y, 0p)
At=T/N
n=20
while n < T do
AW, =randn (0, At)
7 Yoi1 = Yn + u(Yn, T) At + 0 (Yy, 7)) AW,

o U s W

8 n=n+1
9 end
10 return Y

Milstein method

Similarly to the Euler-Maruyama method, the Milstein method is an approximate solution to the SDE (IL.6)
obtained by doing the same time partition (Il.15) but employing the following recursive solution update

1
Y1 = Yo+ (Yo, ) A 4 0(Yo, T) AW, + 50(Ya, )0’ (Ya, T) ((Awn)2 - At) < (IL18)


https://github.com/AdrianGuel/PhDThesis/blob/main/Chapter1/eulermaruyama.ipynb
https://github.com/AdrianGuel/PhDThesis/blob/main/Chapter1/eulermaruyama.ipynb
https://github.com/AdrianGuel/PhDThesis/blob/main/Chapter1/eulermaruyama.ipynb
https://github.com/AdrianGuel/PhDThesis/blob/main/Chapter1/eulermaruyama.ipynb
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where ¢’ denotes the derivative of o(X;, t) with respect to X;. AW, is defined as in (Il.17). Note that when
o’ = 0 (the diffusion term does not depend on X;); this method is equivalent to the Euler-Maruyama method.
Runge-Kutta method
Runge-Kutta methods are a family of numerical methods used to obtain more accurate solutions to ordinary
differential equations. Regarding SDE, these methods can become complex as their order of approximation
increases [25]. The simplest Runge-Kutta scheme was introduced by [26], in this method, the solution of the
SDE (I1.6) is solved via the following recursive equation

1
Y1 =Y+ 5 (K1 +K7), (IL.19)

where

Kl = ‘u(Ynl Tn)At + (fAWn - Snm) <(Yn/ Tn)/ (H.ZO)
)

Ko = (Yo + Ky, Tyt )N+ (£ + S3VAL) (Y + Ky, Tus), (IL.21)

Sn = %1, each alternative chosen with probability %, and AW, as in (IL.17) 9.

1.2 The Fokker-Plack equation

As it was mentioned in Section IL1, the behaviour of dynamics subject to probability can also be described in
terms of PDFs. A classical approach to determine the system PDF at every instant of time corresponds to the
multiple solutions of the dynamics via the numerical solution of its SDE (see Figure II.5).

Figure II.5: PDF estimation via
stochastic numerical simulations.

A given SDE is solved multi-

ple times in parallel to create

samples at every time ¢. Then,

we create a histogram represent-
ing the statistical behaviour of
the system at every t. For in-
stance, in the Figure we have a

histogram of x at time t = 0.4
of the numerical solution of the
linear Langevin equation % =

In this method, the multiple numerical solutions to the SDE generate
—3x+¢, (x(0)) =1 and ((x —

a sample at every t, which can be used to estimate a PDF. If we plot
every histogram, we obtain the time evolution of the statistics associated (x(0)))%) = 0.1.
with the stochastic process. In Figure I11.6, we show an example of such

methodology. In the example, we see that every histogram is used to fit

a probability distribution function p(x,t), again, used to describe the

probability of finding x in a given value at time ¢.

9 Code example of the Runge-Kutta method to solve a first-order SDE https://github.com/AdrianGuel/PhDThesis/blob/main/
Chapterl/RKmethod.py


https://github.com/AdrianGuel/PhDThesis/blob/main/Chapter1/RKmethod.py
https://github.com/AdrianGuel/PhDThesis/blob/main/Chapter1/RKmethod.py
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This method requires large amount of computational memory. Fur-
thermore, it becomes more complicated to estimate the PDF in high-
dimensional spaces. Thus, it is sometimes important to look for a

different approach allowing us to describe the PDF time-evolution of
the stochastic dynamics. A popular method consists of the so-called
“Fokker-Planck equation”, a differential equation describing the time-
evolution of the system’s PDFE. The idea behind the Fokker-Planck
equation relies on the following reasoning.

First, we describe the expectation of an arbitrary function f(x) at %% do o2 os o5

. X
time £ as Figure I1.6: PDF estimation via
= / dxf(x)p(x;t), (I1.22) stochastic numerical simulations

and its time rate of change and histograms.

= /dxf(x)%p(x; t). (I1.23)

Then, we can use the Chapman-Kolmogorov'® equation to describe the expectation of f at the next instant of
time ¢ + At'?
(f(x)) et = /dAx / dxf(x + Ax)p(x + Ax; t + At|x; £)p(x; t). (IL.24)

Now, assuming the Ax is small, we expand f(x + Ax) in a Taylor series to second order to obtain

Nirat = /(dAx/dx K(x) 8];( x) + AT’CZHZBJ;(2 )}

X p(x+ Ax;t+ At|x; t)p(x;t),
2\ 32
_ /dx K(x) >an;(x) + <A’; E a;}ff)} p(x;t). (IL25)

Here, we define (--- )y = [@Ax--- p(x + Ax;t 4+ At|x;t). Rearranging (IL.25)

Perac— 0 = [ dx [ (Bl plast) - = <<Ax>xp<x;t>>f<x>}
+ fax|2 ({ pngef)) - 5 (5 {{mx epl530) } 525 )
+88722 (E( ) p(x; t (

= [axf() [ < 2 (Ax)ep(:1) (Ax e t))} ( (IL26)

Considering that At in (IL.25) is also small (a condition that Brownian motion satisfies), the following At-limit
can be operated in (II.26)

lim Vst = oo @) |- (L(g%ﬁ} b >)+j;(£go<§ft>xp<x;t>)}< 127

1 The Chapman-Kolmogorov equation is an expression indicating the decomposition of the transition probability into the state-space
integral of products of probabilities to and from a location in state space (for further details, see [27; 28]).

* The symbol | in Equation (II.24) refers to the conditional probability. The conditional probability is a measure of the probability of
an event occurring, given that another event has already occurred [29].
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Then, defining the drift u(x,t) and diffusion coefficient D(x,t) of the associated Langevin equation IL.8,
respectively, by the following expressions

(Ax)

pot) = fim 20 (I1.8)
D(x,t) = Alifo <A2’ft>", (I1.29)

we have
tim S U [y Kai (Pl ) + (D(x,t)p(x;t))} ( (I130)

Finally, comparing (II.23) with (I.30), it becomes clear that

2
2 p(5t) = 2 (u(x p() + o (D(x (1)), (131)

which describes the Fokker-Planck equation for p(x;t).

In the following, we give some useful examples of finding the Fokker-Planck equation associated with
different Langevin equations. In addition, we derive the Fokker-Planck equation associated with a multi-
dimensional non-linear type of Langevin equation, which will be of core importance to many results in the

aZ

coming Chapters. To simplify the notation, we use the Euler’s notation ax,aiz for % and 3,

respectively.
Also, 9; to denote the time derivative, sometimes also written using the dot notation x.
1I.2.1  The Fokker-Planck equation for some Langevin equations

Example IL.1 (Ornstein-Uhlenbeck (O-U) process). The Ornstein-Uhlenbeck (O-U) process is a first-order differential
equation named after Leonard Ornstein and George Eugene Uhlenbeck and whose application describes the velocity of a
Brownian particle under the influence of friction. The O-U process is governed by the following Langevin equation

‘;it‘ — F(x) +&. (I132)

Where, ¢ is a white noise with a short correlation time with the following property:
(E(BE()) = 2Ds(t — ). (IL33)
Proposition II.2: The linear O-U Fokker-Planck equation

The Fokker-Planck equation corresponding to (IL.32) for F(x) = —yx and (I.33) is

d d d
Spx0) = 2 [re+ D] ). (I34)

Proof. Following the procedure presented in chapter 4 of [30], consider the generating function > j = e~ **(*)
where A € R and i = v/—1. Then, by definition

wzﬂ}mmmﬁm (135)

> A moment-generating function is a function to compute a distribution’s moments (for a formal definition see [31]).
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this means that by applying the Inverse Fourier Transform (IFT)'3 to (f), we can obtain the value of the
probability density function

— i iAx(t) /
plt) = o [[ MO p)an, (I1.36)

We start our proof by finding the time derivative of p

ap = —idxe M) = _jrxp, (IL.37)
substituting (II.32) in (I.37)
P = —iA (—yx + &) e ™M = —qiAdp f — IAEP. (I1.38)
Applying the IFT to (I1.38), we get the following
gl = F-viAdng) + F o [HiAG]
o [ @pan = o [ (criranpda - [T éN (-iagp)aa

i « iAx _ iAxy = 7/ AX (_ sy x>
at<2n Lwe pd)\) - /(D Qe pdr+ o [ e (-iAgp)dA
3 <1 / eiMﬁdA) = Lo, ( /( ey, pdA>+l / N (—iAEp) dA
271 J oo 2 —
1 iAx ')’ 1Ax iAx 1 1/\x : =
ot zn/Coe pdA | [ = Bx /( dir — xe p] G)x +2n/( (—iAgp) dA
R e _ 1Yo [iax X /°° iAx 7/ X iy
% (27r /_ooe pd/\) B 27rax [ p] —oo 27‘[ax & pdA )+ on e’ (-iAgp) dA. (IL39)

The last term of (I1.39) can be solved by finding its average. We find p(t) from (I1.38) and substitute in such
term to obtain the following

zln/Co N (LiAgp) dA = %/j; oA <_i/\g (((0) — iAoy ( dr—m/ )p(T )) éA
= o /g = (—iAéﬁ(O) ~ 72 /(/\zé‘(t)ﬁ(T)dT
/ A% )dT> da. (TL.40)
We can now find the average of expression (IL30) and use expressions (IL36) and (IL33) as follows
o (5 [ tman) = 3o [f=m]”_+ o [ B ei“<ﬁ>om)
+%/°° Ax (—1A<f;>ﬁ yam/ A2(E(D)p dr—/ A2(E(DE(T)) (T )dT) A
optot) = roespian) + 5 e /(wa(t)a )
3ip(x, £) = 7dxxp(x, t) +/( (2D5(t—r)ﬁ(r)dr> A

3 The Fourier transform of a functlon f defmed on R is the function f defined on R by the integral f = [*_ f(x)e~¥44%, On the
other hand, the IFT is defined as f(x) = 27T -2 F(A)e**dA (for further details about the Fourier transform, please see [32; 33]).
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orp(x,t) = yoxxp(x, t) + 2i /w e ( 2DA2;;3(1A)> dA

—00

orp(x,t) = yoxxp(x,t) + D— / ‘)‘x i)\zp(m)) dA
ap(x, t) = yoxxp(x,t) + D% p(x,t) (IL41)
|

Example II.2 (Stochastic logistic equation). In some scenarios, it is also possible to express the Fokker-Planck equation
for systems with multiplicative noise. As an example, consider the following result.

Proposition I1.3

Given the stochastic logistic equation

¥ =x —ex? 4+ x+ 1, (IT.42)
where
€ = (m=0 (I.43)
(€(H)¢(t)) = 2Dgd(t—1), (I.44)
(€(t)n(1)) 2Dgy6(t — ), (IL.45)
(m(t)n(t)) = 2Dyyo(t— 7). (I1.46)

The Fokker-Planck equation of (II.42) is

otp(x,t) = —y9x (xp(x,t)) + €0y (xzp(x, t)) Degz0yx (xp(x,1))
+ Dggaiz (xzp(x,t)) < Dgyoxp(x,t) + 2D§,7 2 (xp(x, b)) + D,Maizp(x, t) (IL47)

Proof. To proof this statement, we proceed in the same manner as in the proof of Proposition IL.2 by finding
the time derivate of the generating function f = e~ **(!) and substituting (I.42) in the result. This gives the
following

op = —iA(yx — ex? + Ex + ) = iAynf +1Aed?, p +iAEonf — iAnp, (I1.48)

with a solution
p(t) = p(0) + /( [1A7214p(x) + iAedRap(1) +iAE(D)a14p(x) — iAyp(v)]
t t t
=p(0) + i)L’)/ai/\/(ﬁ(T)dT + iAeafAz Js p(T)dt +iAd;, /0 (t)p(r)dt —iA '/0 n(t)p(t)dr. (L49)

Now we find the average of the IFT of (I1.48) when substituting (I1.49) in its last 2 terms. First, we write

ot <2171 /_°° Ax () d/\ <E/ ’Yamp+1)\eazzﬁ} tAAdi> < / [iIAZAf — iAnp] 1Adi>
(*)( (*)< (I( |
.50
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then (x) gives

<217'£ / C" [i/\’)/ai)\ﬁ +iAed? } eiMd/\> - <% / C° haxemxamﬁ + e, )‘2;7]} >
_ <1ax . e et <A>
(L) e ) ]

= — 99, xp(x,t) + €d x?p(x,t), (IL51)

and for (x) we have

<$/ib”®(ﬂm+ﬂwwﬁﬂﬂw+M@@0?@MerMKaﬂmww—mAMumwmﬂ

iM(ﬂ®+MﬁwKﬂﬂw+Mw&0%@Mrmmeaﬂﬂwwm/%wmumﬁ}@w@

— % /C" {mam (M Fidydi (WT

+1Aeamz/wr+mam ( E(DE(T) dr—m/ ) pl

2 éé(s(T t

2gyd( (1) (
—iA (W +iAyoi WT
t 0
+1Aeal/\2/Wf—i—i/\am/{w(ﬂé‘( dT—1A/ )BT Axga
2eyo(rf~ t)<< 2Py (1) g
1 [/~ . ) \ '
= E/foo |:1)\ai/\ (1/\81/\/(21)@: (T—t)p T)dT—l/\/ 2 [:}7

—iA <1)\81/\/<2D§,75(T—f)ﬁ( )dT—l/\/ ZD’M(S T—t >:| 1/\di

(AIL141) 5 /C [iroi (i (CGIA(Dggp(IA)) —iA(Dgyp(ir))) —iA (iA0ip (Deyp(t)) —iM(Dyy p(t)))] (/\xd}\

( [iAd (i gDééamﬁ(iA)—iADgnﬁ(iA))—iA (iADgyin B(ir) —iADyy B(ir))] e**dA
—Df;sz /( [iAdup — 1202 ] (W‘dAJFD% / ~iAp + A2 p] (AN + Doy /(” 7] A
~ | filx
+D'7'72 / p} dA
1

= Dy5- {ax J[eonpar+, [ evaz, ﬁd/\} Dy {ax [ evpdr+20% [ ei/\xaiAﬁdA]

+ Dy /C Wfpcu
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AlL137)—(AIL
(AlL137)—(All140) —Dgz0x (xp(x,t)) + Dggaiz (x2p(x, t)) — D(:,]E)xp(x, £) + 2D§,78i2 (xp(x,t)) + D,7,78§2p(x, £)

(I.52)
|

I.2.2 The Fokker-Planck equation for linear stochastic systems

To obtain a description of the Fokker-Planck equation for a generalised set of dynamics, we start by considering
the case of a generalised linear dynamical system described via the following stochastic differential equation

x(t) = Ax(t) +¢(t), (IL.53)

where x, £ € R", A € R"*", and a;j are the elements of the matrix A. Besides, the input ¢ contains the
d-correlated Gaussian Langevin forces

(€i(t) =0, (Gi(1)gj(¥')) = 2Dyo(t — '), Dij = Dy, Vi, j = 1,..,m. (IL.54)
Under this context, the following result holds.
Proposition II.4

The transition probability or Fokker-Planck equation of the system (IL53) is given by the partial
differential equation

Zz%Ja [ xip(x;t) )] +22D1] o ax] (IL55)

i=1j=1 i=1j=1

Proof. Firstly, let the generating function p = e~iATx = (X1 Aixi where A € R” such that A = A, Az, Al T
Then, by definition

(p) = / () dnA, (IL56)

This means that by applying the Inverse Fourier Transform (IFT)™# to (f) we can obtain the value of the
probability density function

p(x;t) = (2711),1 /{é AT A () 4 A (IL57)

We start our proof by finding the partial time derivative of j

n
atf) = —IE )\ixie 1Yo Aixi
i=1

n n
= —i Z Ai lz YijXj + i

= —i Z Z Az%] Xip — Z] iGip- (IL58)

i=1j=1

Now finding the average of the IFT of (I.58) we obtain

4 See [34] for a definition of the multi-dimensional Fourier transform.
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o | e fi e <E e —ili]flmjxjﬁ) d”A>
Y )
e g
(e o B 22/( s agopang) )

n

dp(x;t) i i xlx] . /n (fﬂx<ﬁ>) d"A

i=1j=1
s o LA {{ L [ Aot d}) éA>
Y (xjp(x;1)) i}faxlax/ (&/ { ( (T)>dr} dm)
Ap(x;t) = lé} O <2n / { (21) S(t )<ﬁ>dr}d”/\)
op(x;t) = ii’)’a jpxt +D1]izaxl x1<(21)”/1€" i X(p)yd"A >
j=

i=1j=1 i=

1
n n n n
Ap(x;t) ==Y Y 7oy, (x;p(x;1)) CrDU Y Y 950 p(x;t) (IL59)

n
atpr Z

1=

—_

M: T_l[\ﬂ:\ _—~

’Yz]axl x]p(x t)) +

IIM: l
||M: JIN

1

i=1j=1 i=1j=1

Dynamics described by (II.53) exhibit important features that permit us to solve its corresponding Fokker-
Planck equation. For instance, through the superposition principle', we can assure that if the PDF at time
t = 0 is Gaussian, it will be maintained Gaussian at all t. This assertion is proved by the following result

Proposition II.5: Solution from [36]

Given that the value of the PDF at time ¢ = 0 is Gaussian, the time-varying PDF of the linear stochastic
system (II.53) is given by

@M)72 Lo p—to)x) B o) el to)xo) (IL.60)

et(E(t —to))

where Z € R"" and s € R" are the covariance matrix and mean value vector of the random variable

p(x, t|xo, to) =

vector x.

5 A system whose output can be described as a linear combination of all its inputs is a system that satisfies the superposition principle
[351]-
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Proof. Applying the Fourier Transform to (II.55) with respect to every variable in the vector x, we obtain

op op
aft = 'Yij/\i a/\ D )\ /\]p, (H.61)

considering the initial condition f(x, t|xo, ty) = e’iAT"O, the solution of (IL.61) is acquired through the ansatz
as follows
p(x, t|xg, fg) = N mlt—t)=3ATE(t o)A (IL.62)

Applying the inverse Fourier transform to (I1.62), we finish our proof
p(x, t|xg, to) = (2:[>n / PATX—iATp(t—t0) =3 ATE(t=t0)A 41

_ 1 C = IATE (b —t) A+ AT (ix—ip(t—tg))
e / e A
_ (270" L plt—t0) T (t—to) (x—p(t—to)

= et():(t—to))e 2 . (II.63)

The last integral was solved by using results explained in [37] |

I.2.3  The Fokker-Planck equation for a generalised process

Let us now consider the case where the dynamics are non-linear. In this scenario, we focus on processes
modelled by the following set of Langevin equations

d %)

Q = fi(G,t) +&i(t) = —a—xiV(Z,t) + Gi(t). (IL64)

Such that f; : R” — R is any function that maps the variables of the vector { € R" := {{1,{2,...,{x} to a real
value at a given time t € R. Besides, ¢; is a random variable with (Z;(t)) = 0, and (&;(t)&;(t')) = 2D;;0(t — t')
with Dij > 0Vi,j. Finally, V(Z,t) : R" — R is a function involving an internal potential.

The associated Fokker-Planck equation to the Langevin equation (IL.64) is given by

8

0? t)
=% (e 0p(n) )+ LLDs . (165)

Equation (IL65) gives the time evolution of the probability distribution p(x;t) : R" — R4 with x :=
{x1,x2,...,x,} for system (I.64). Sometimes, it is convenient to rewrite Equation (IL.65) as follows

ap(x;t)

)
- ), (56
where J; is the i-th component of the current probability /flow |, defined by

Ji(x;t) = fi(x, t)p( ZDUa p(x;t). (11.67)

Figure IL.7 shows an example of the application of models (IL.53) and (I1.64) to a set of Brownian particles in
one-dimension subject to forces due to the interactions between them.
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Xi-1 Xi Xit1

Figure II.7: A set of Brow-
nian particles moving in one-
dimension. The displacements
are described via the state vector
x and the forces due to interac-
tions via the non-linear function

f(x:t).

I.3  Statistical properties of a type of generalised Langevin equations

According to Proposition IL5, in a linear stochastic system with an initial Gaussian PDF, we can have the value
of the PDF at every instant of time if we give the corresponding mean value p(t) and covariance matrix ().
Hence, in many applications, it is useful to explicitly describe the time evolution of the statistical moments of
the stochastic process to construct its corresponding PDEF. In the following, and under certain conditions, we
show how these values are obtained for both linear and non-linear dynamics.

I1.3.1 Linear Non-Autonomous Stochastic Processes

A linear non-autonomous process is given by

x(t) = Ax(t) + Bu(t) + (1), (I1.68)

where A and B are nn X n and n X p constant real matrices, respectively; u € R? is a (bounded smooth) time
dependent external input vector, { € R" is a Gaussian stochastic noise given by an n dimensional vector of
d-correlated Gaussian noises ¢; (i = 1,2, ...n), with the following statistical property

(Gi(t)) =0,(Ci(t)¢j(t1)) = 2Dyj(t)o(t — t1), Djj(t) = Dji(t),Vi,j=1,...,n. (IL.69)

By assuming an initial Gaussian probability density function (PDF), the PDF remains Gaussian for all time,
the following holds.
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Proposition II.6: Joint probability [6]

The value of the joint PDF of system (I1.68)-(IL.69) at any time ¢ is given by

el — etl(w:) ¢~ H0rO)TE (1) (IL70)

where {
u(t) = At (0) + / eA(f*T)Bu(r)dr, (IL71)
() =eAt <(5x(0)5x LS /(( =) ~Tdr, (IL72)

and D € R"*" is a matrix with elements D;;(t). Here, p(t) is the mean value of x(t) while L is the
covariance matrix.

Proof. For a Gaussian PDF of x, all we need to calculate are the mean and covariance of x and substitute them
in the general expression for multi-variable Gaussian distribution (II.70). To this end, we first write down the
solution of Equation (I1.68) as follows

x(t) = eAfx(0) + /(EA(ttl)g(tl) dt;. (IL.73)
By taking the average of Equation (I.73), we find the mean value of x(¢) of (IL.73) as follows

(x(£)) = (eA'x(0)) + /(eA(”%(tm dt; = eAp(0), (IL74)

which is Equation (IL.71). On the other hand, to find covariance X(t), we let x = (x) + dx, and use the property
(6x(0)&(f)) = 0 to find

£t = (oxox")

_ <(f\f5x(o)+ /(eA(t”)(g(tz))dtz f“&x + /(w h) dtl)T>
(o o sem) (o oy )

oy x(o)éx(oﬂ><ﬂ+<(/(<e;\<t geans) ([ styren'e dt)>(

M ({xO)6x(O)T ) e /( /( (8) (g (e2)2(0) )N ) dry iy

= M (fx(0)ox ‘“+2/( HIDAT I dy. (IL75)

Here 6x(0) = éx(t = 0) is the initial fluctuation at + = 0. Equation (IL.75) thus proves Equation (IL72).
(

Substitution of Equations (Il.71) and (IL.72) in Equation (IL.70) thus gives us a joint PDF p(x; t) u

At

We recall that in Proposition I1.6, the computation of the exponential matrix e** can be done by using the

following result [38]

At— 1 [(sl - A)*l} ( (IL.76)
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Here, .#~! stands for the inverse Laplace transform'® of the complex variable s. Equations (IL.71) and (I1.72)
can be rewritten in terms of its time derivatives as follows [19]

p(t) = Ap(t)+Bu(t), (IL77)
X(t) = AX(H)+Z(H)AT +2D(¢). (IL.78)

As we will describe in Chapter V, the application of Equations (IL.77)-(IL.78) will permit us to derive a general
framework for controlling stochastic systems as they describe stochastic dynamics in terms of deterministic
equations of motion.

I.3.2 Non-linear stochastic processes under the Laplace assumption

In the case of non-linear dynamics, we certainly can no longer assure the existence of a Gaussian PDF at
every instant of time. Yet, we can describe an uncertain number of statistical moments depending on the
nature of the problem. Such computation creates plenty of practical and technical issues that can be eased if
we saturate the estimation to the first two moments via the so-called “Laplace assumption”. In other words,
we describe the solution of (I1.65) through a fixed multivariable Gaussian distribution given by [41]

1 10(x:
POst) = m:'ezQ("'t), (IL.79)

where Q(x;t) = —3 (x — u(£)TE71(E) (x — u(t)); p(th € R" and E(t) € R"™*" are the mean and covariance
value of the random variable x. The value of the mean u(t) and covariance matrix X(¢) can be obtained from
the following result.

Proposition II.7: The Laplace assumption [11]

Under the Laplace assumption, the dynamics of the mean y and covariance X at any time t of a
non-linear stochastic differential system (II.64) are governed by the following differential equations

1 1 1 !
= { 1(pt) + ETr (ZHfl)  fa(u,t) + ETr (ZHf2> ( v fa(p t) + ETr (Zan)} ,  (I1.8o)
L=JZ+Z)J; +D+D’, (I1.81)

where Hy, is the Hessian matrix of the function fi(x, t) and J is the Jacobian of the function f(x, t).

Proof. We start by defining the first two moments of the ensemble density p(x). This is given as follows

fi = /lé xip(x;t) d"x, (IL.82)

6 Given a function F of the complex variable s that is analytic throughout the finite complex plane except for a finite number of
isolated singularities, a new function f of the real variable f (time) is defined for positive values of t by the following equation

— 1 H st
f(t)—ﬂlglgo Lre F(s)ds (t>0),

where Lg denotes a vertical line segment from s = 0 — iR to s = 0 + iR such that the constant ¢ is positive and large enough that the
singularities of F all lie to the left of that segment. Furthermore, the function f is the inverse Laplace transform of the function

F(s) = /(e*“f(t) at.

For further details, see chapter 7 of [39] and [40].
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Z,] = /|< Yif]-ﬁ(x; i’) d"x. (1183)

Here, X; = x; — p;. Using (11.82)-(11.83) and (I1.65) while avoiding the arguments for simplicity, we have

i = /( [‘ Lou () + 3 (34Dy) d a

ij=1

n
- /IR x5, (fip) d"x + /‘é X9, ZDu‘axm> d"x
j=1

__Aéfmdﬁx—<ﬂ» o
£ = /'é XX [—i{ax,-(fip)"" ,il (BXinfa"f)< d'x
i= L=

n n
= — /1;*1 fif]‘axi (sz) d"x — /IR" f,?jaxj (f]p) d"x + /I(” X; Dl']'ax].p> d"x + /lé” f]' Z Dﬁaxip> d"x
j=1 i=1
= <Y]'fi + fif]'> + Djj + Dj;. (I1.85)

A closed-form solution to (I1.84)-(I1.85) can be obtained by exploiting the Laplace assumption, i.e., we recover
the sufficient statistics (I1.82)-(I1.83) of system (IL.64) through the first three terms the non-linear flow f;(x, t)
Taylor expansion around the expected state u. This is given as follows

n : n 2 f
filxt) = filmt) + ) %yj +% ) Mfﬁk +... (IL.86)
=1 ]

Under Gaussian assumptions, (¥;) = 0 and (X;X;) = ¥;; and applying (I1.86) to (I1.84)-(I.85) we have

n : " 2/

j=1 ] j k=1 jotk
1 & % fi(ut
— fiwn)+ 5 3 Ly, (157
jk=1 X%k
. S " ofi(p,t)_
Zij = <<xj +7%i) (fi(ﬂ/t) +) f’a(fk)xk> > (F Dij + Dii
k=1
_ v ofimt)s v ofimty o
= Z/k+k§137xk21k+DU+Dﬂ' (11.88)

Equations (I1.87)-(IL.88) are the expansion of the equations shown in Proposition IL.7. This finishes the
proof. ]

Example IL.3. To illustrate the application of Proposition 11.7, consider the following Langevin form of the Duffing
equation

x(t) = o(t) +1(t)
(I1.89)
o(t) = —0v(t) —ax(t) — Bx(t)® 4 y cos(wt) + & (t)

where x(t) is the displacement at time t, v(t) = %(t) is the first derivative of x with respect to time, i.e. velocity, & is a
delta correlated noise and the values 6, w, B, 7y, and w are given constants.
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Figure I1.8 shows a simulation of (I.89) using the deterministic equations of the mean vector u = [(x), (v)] "

and covariance matrix X as described by Proposition IL.7. Specifically, Figure I1.8 includes the time evolution

of the random variables x and v with its phase portrait, and the time evolution of ¥11, %15, and ;. In the

plot, time is scaled by the factor T = 27/ w.

3 JLAARRAAABRARRY -

z(t)
v(t)

1.4 Thermodynamics

Another set of preliminary concepts and results that we will need to
understand before we continue with our discussion comes from the
area of thermodynamics. Again, we highlight that the following is not
a deep presentation of the subject but rather a short introduction to
useful concepts in the field.

As thermodynamics deals with the study of relations between heat,
work, temperature, and energy, it has the following useful system’s
classifications (see Figure 11.9) [42]

¢ Isolated systems. Systems that exchange no fluxes of energy or
matter with the environment.

* Closed systems. Systems that share energy fluxes with the environ-
ment but not matter.

¢ Open systems. Systems that share both energy and matter with the
environment.

Figure I1.8: Time evolution of
the stochastic Duffing equation
(I1.89). The plot includes the time
evolution of the values in the co-
variance matrix X and the ran-
dom states x and x [11].

Isolated

5 >
Neither energy Not matter
Closed
Energy but not matter
Open
- -
Both energy and material

Figure II.9: Types of systems ac-
cording to thermodynamics.
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Within this framework, the field of thermodynamics also establishes the following two widely accepted
fundamental laws

1st law In a closed system, the change in internal energy of the system AU is equal to the difference
between the heat supplied to the system Q and the work W performed by the system on its

surroundings, i.e.,
AU =Q—-W. (Il.go)

2nd law If two isolated systems in thermal equilibrium are allowed to interact, they will reach to a
mutual thermodynamic equilibrium but with a higher so-called entropy S (see Section IL5 for a
more detailed discussion about entropy).

The first and second laws of thermodynamics give us important information about the nature of any
system. For instance, the second law explains that while energy remains constant, there is something else
changing. As we will see in Section II.5, a possible interpretation would be that energy is transformed in
terms of its quality. Such a change is only in one direction, resulting in energy being unable to perform work.

II.4.1  Stochastic thermodynamics

Recently, the literature presents a renewed approach to thermodynamics
called “stochastic thermodynamics” [23; 43]. Such a field presents a

thermodynamic theory for mesoscopic'”, non-equilibrium physical 7 Mesoscopic systems are systems char-
acterised by energy differences among its

. . . . . . . states on the order of the thermal energy
Since we are interested in dynamical systems described via stochastic kT, where kp is the Boltzmann constant,

systems interacting with equilibrium heat reservoirs (closed systems).

differential equations, stochastic thermodynamics is the optimal frame- and T is the temperature.
work for our work. Stochastic thermodynamics fits well for applications

such as mesoscopic systems which can be driven out of equilibrium via

optical tweezers.

Il.s  Entropy

Since entropy is an important concept in this work, it is necessary to expand our discussion about it. Entropy,
as a mathematical contrivance [44], can be related to the following interpretations [45]

Entropy as irreversibility In steam engines, the creation of heat is a less useful form of energy as this
spreads out the energy among all the atoms, and not all of it can be retrieved back to do useful work. Note
that the spreading of such energy is an irreversible process. It was Carnot who realised that irreversibility
should be avoided to produce the most efficient possible engine. In principle, a reversible heat engine would
be able to run forward, generating work by transferring heat from the hot to the cold bath and then run
backward using the same work to pump heat back into the hot bath. For instance, let us consider Carnot’s
prototype of a heat engine shown in Figure II.10, which consists of a piston with external pressure P, two
heat baths at a hot temperature T; and a cold temperature T,, and some type of gas inside the piston. During
one cycle of his engine heat Q; flows out of the hot bath, heat Q, flows into our cold bath, and net work
W = Qq — Q7 is done by the piston on the outside world. To make his engine reversible Carnot must avoid
friction, letting hot things touch cold things, letting systems at high pressure expand into systems at low
pressure, and moving the walls of the container too quickly (emitting sound or shock waves).
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In his cycle, and hence in any reversible engine, the following law is

satisfied 0 0
1 2
= === 1L
T, " T (ILg1)
If entropy is considered to be defined as [46; 45]
Q
ASthermo = ?/ (ILg2)

where Q is the heath flow at a fixed temperature T, we have that an
engine is reversible if no entropy is created or destroyed. This is of
course an idealisation as any real engine will create net entropy during
a cycle and no engine can reduce the net amount of entropy in the
universe.

Entropy as disorder The notion of entropy as a measure of disorder
is an interpretation that can be understood if we consider the Boltzmann
entropy which creates a relation between the thermodynamic entropy
and the microscopic properties of matter. Such a value is defined as
follows

S=klnQ, (IL.g3)

where k is some constant and () is the number of possible microstates
(different arrangements of a system) corresponding to the macroscopic
state of the system [47].

According to Equation (IL.93), if we consider a vessel divided into
two sections (see Figure I.11) where we prepare a first state )y by
placing two indistinguishable particles only in one section, meaning
()1 =1, and a second state where we assume that the particles can move
freely in the vessel reaching three possible configurations, i.e. {3 =3,
the second state will show higher entropy as compared with the first
state. Such a result agrees with the second law of thermodynamics: an
isolated system changes from some prepared state to the equilibrium
state and entropy increases.

When analysing examples like the one in Figure I.11, we give rise
to an opinion that entropy is related to a notion of “disorder”. Yet,
we have to be cautious when we describe what we mean by the disor-
der. For the general public, the order is estimated only in the spatial
three-dimensional space while not considering the interaction between
the elements in the system. For physicists, the order considers the
coordinate-momentum 6N-dimensional phase space and the interac-
tions [48].

Entropy as ignorance Entropy can also be interpreted as a measure
of our ignorance about a system as it was presumably first proposed by
Edwin Jaynes in 1957 [49]. An advantage of this interpretation is that it
poses entropy as a measure of our knowledge about the system rather
than as a property of the system.

Figure II.10: Carnot’s prototype
of a heat engine. A piston with
external pressure P, two heat
baths at a hot temperature Ty
and a cold temperature T, and
some type of gas inside the pis-
ton.

i
7 ool s

Figure IL.11: Simple model
explaining the concept of mi-
crostates. A vessel divided into
two sections, we prepare a first
state ()7, and a second state (),
where we assume that the parti-
cles can move freely in the vessel
reaching three possible configu-

rations.

Remark II.4. Throughout this work, we
pragmatically make use of entropy as a mea-
sure of irreversibility, disorder or ignorance.
In the case that only one interpretation is
preferred, we state it in our analysis.
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This interpretation is also closely related to the concept of entropy
created by Shannon in the field of information theory. For Shannon,
the entropy of a random variable is the average level of “information”,
“surprise”, or “uncertainty” associated with the possible outcomes of
the considered variable [50].

I1.5.1  Entropy rate

In stochastic thermodynamics, when the system is out of equilibrium, we can compute its “entropy rate”
(ER), i.e. the time derivative of the entropy S, via its time-varying PDF. In closed systems, as shown in Figure
II.12, the entropy rate describes a balance between the entropy produced by internal processes I1 (entropy
production) and the entropy produced by external changes ® (entropy flow) which can be written as follows

S(t) = ;ts( t) =1 -, (IL94)

where I1 is always a non-negative value. The sign of ® represents the direction in which the entropy flows
between the system and the environment (specifically, ® > 0 (P < 0) when the entropy flows from the system
(environment) to the environment (system)). The equality I1 = 0 holds in an equilibrium reversible process,
giving S = ®. In comparison, when S = 0, we have IT = ® > 0 [51].

Figure Il.12: In a closed system

out of equilibrium, there is an en-

@Entropy o tropy balance described via the

Surroundings
entropy rate equals the difference

I1 between the entropy production

Entropy
production

(entropy produced by internal
processes) and the entropy flow

_
Boundary
condition

(entropy produced by external
exchanges) [52].

Given the time-varying multivariable probability distribution p(x;t) of a system described by the Langevin
equation (I.64), we can compute its entropy rate S via the following expression [53; 54]

S() = - /lé PO B)In (p(x; 1)) d"x. (ILo5)
Specifically, by substituting (11.66) in (IL.95), we have
d
/n ZEMIi(X;t)> In (p(x; t))dx
/é Za (Ji(x;t)In(p / Z]l x; t) ( n(p(x; t))) d"x. (IL96)

d
ar°)
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Now, if we substitute (I1.67) in the first term on the right hand side of (I1.96), we obtain*®

- /IR” Zi:]i(x; t) <§ln(p(x;t))) é”x. (IL.97)
From (I1.67), the term a%ln (p(x;t)) in (IL.97) becomes™®

/zf,xtqu_ 1)

Djip(x;t)

Z/#l 1]8x p(xt) é

X.
Djip(x;t)

(IT.98)

Taking the positive definite part on the right hand side of (I1.98), we define I1 as follows*°

M=y 1, —/Ié YA Jix)* 5y dx (IL99)

zzp X;

where I}, is the contribution to the entropy production by the current flow J;. Therefore, the remaining terms
define the entropy flow ® as

(x: 1) f; Yz Dili(%: 1) 2 p(x; )
q:;/ "Z ((x,ft))i{l()()_ - ]Dz‘iP(X;i)] (<x’ (IL.100)

In this work, we consider only the case when D;; = 0 if i # j in (I.100)*', which gives

®=D P = AZ(W} X, (IL101)

where, @} is the contribution to the entropy production by the current flow J;. Notice that when D;; = 0,
(I.99)-(II.100) are undefined. In such a scenario, we can still find the values of Il and @ by substituting
D;; = 0 in (IL.67) before computing the ER as follows

_/]RHZL‘(x;t) <éln(p(x;t))> énx

Dil:om ey Ié (fi(x, t)p(x; 1)) <aaln(P(X t))) énx

®Since p(x;t) — 0 at o0 Vx; € x, we have f"(n Y a%,- (Ji(x; H)In (p(x;t))) — 0.

19 Clearly, according to (I1.67),

1 9 1
f o P50 =

) fi(xft)p( ) ]zx t ZDl]a P(X t))(

d
aTCiln(P(Xrt)) = Dap(it) L

p(x;

* The positive definite part on the right hand side of (I.98) is

/réZ ];p 0 ¢

since p(x;t), Dj;, and J;(x; t)? are, by definition, non-negative terms.

** In other words, we consider only the case when there is no correlation between the particles’ temperature in the diffusion process.
While this limits our study to a specific set of systems, it permits us to find a closed-form solution of the stochastic thermodynamics
that is used to understand the effects of an optimal control protocol as discussed in Chapter V.
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(II.102)

Hence, given that D;; = 0, I = 0 as there is no positive definite part in (Il.102), and
afi(x
o= ZCDL- = Z<J;3(C)> = Zai,-. (I.103)
i i i i
The specific value of entropy rate, entropy production, and entropy flow can be computed for linear and
non-linear stochastic dynamics using the following results.

Proposition II.8: Stochastic thermodynamics in linear systems [9]

The value of entropy production IT and entropy flow ® in a Gaussian process whose mean p and
covariance X are governed by equations (I.77)-(IL.78) are given by

M = ' D u+Tr (ﬁTDlAZ) +Tr (27'D) ﬁZTr(A), (IL.104)

o = ;'tTD_lﬂ—i—Tr( TD—lAz) Tr(A). (IL105)

Recall that A € R"*" and D € R’*"" are matrices describing the internal dynamics and noise amplitude
of the linear stochastic system (IL.68).

Proof. We start by applying the definition of entropy (II.99) production and entropy flow (I.101) to obtain the
contribution of each current flow J; as follows

I, = Sii<fi(x,t)2><1)ii<( gi:())2>+2<afla(;t)> (IL106)

= ey /ofil )
@ = oot (L (IL107)
where Q(x;t) = —% (x — y(t))T L 1(t) (x — u(t)). Before continuing, it is useful to note that [55]
0Q 1 -1 —1
% ~ 2 [Zéxl{lki + 0T (
i j

=Y oxmt=—ox'x (I1.108)
i

where 6x; = x; — p, 0x := X — p = [0x1,...,6x,] " and Z;l is the k-th column of the inverse matrix ! of I.
Besides,

fix)*=x"AAx+u'B/Bju+2u'B Axx, (IT.109)

where we recall that A; and B; are the i-th arrows of the matrices A and B defined according to (IL.68).

Therefore [55]
Qx)\*\ s Ty e INT
<Dii< 5 > > - D; <(5x iz (5x>
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= D;Tr(AZ), (I.110)
and )
' 1
fil) = (Tr(FiE) +u' Tip+u' Qu+ ZuT(piy> (IL111)
Dj; Di;
where A; = L (Z DT, 1, = A A;, Q; =B/ B;, and ¢, = B/ A;. Furthermore, we have that
i) _
axl -
Then
1
I, = o (Tr(l",«):) +p Tip+u' Qu+ ZuT(pi,u)
1
+D;; Tr(AZ)2ay;, (IL.112)
1
Q= 5 (Tr(riz) +p g+ u’ Qu+ 2UT€01'14> + aj;.
u
Finally, since elements in (II.112) like
"y T _ " Al A, +“.+AIA”
= Di Dy Dy
= u' A'TD 'Ap, (IL.113)
“1y—1\T ~1(y—
STOD g TUEDT L mET)
=~ Dj Dy Dy
= Tr (Z_lD_l(Z_l)TZ) g (IL114)
we can apply the same reasoning to all the terms on the right hand side of (Il.112) to get
I = #' D tTr ({TDlAZ) +Tr (27'D) <2Tr(A), (IL.115)
® = i’ D YtTr (ATD—lAz) Tr(A), (IL.116)
. 1 .
— -1 _ = -1
§ = Tr (2 D) ('Tr(A) =5 z) < (IL117)
which corresponds to the result given in Relation IL.8. |

Proposition II.9: Stochastic thermodynamics in non-linear systems under the Laplace
assumption[11]

Under the Laplace assumption (Proposition I1.7), the value of entropy rate S, entropy production IT,
and entropy flow & in a non-linear stochastic system described by (I1.64) are given by

§=Tr (2*1D) <:Tr(]f) - 1Tr (2*15:) (IL118)
(;g(u,tWD () + T (1D} E )(rzTrqf), (IL.119)
® = Tr (f(u) D7}, 1)) + T (D' E) <kTr i),

=T (}:*1D)
(I.120)

where J is the Jacobian of the function f(x, t) = [f1(xt), fa(x,t), ..., fu(x, B’
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Proof. Like in the proof of Proposition I1.8, we start by applying the definition of entropy production (I1.99)
and entropy flow (Il.100) to obtain the contribution to them by each current flow J;. This gives us

I SR (e
@, = Sii<ﬁ(x,t)2>+<aﬁé(:t)>< (IL122)

where Q(x;t) = —1 (x — u(0)TZ(E) (x— (b)) Again, before continuing, it is useful to note that [55]

9Q _ le Zkz —i—Zx] ik 1( ZxZ = Z L (IL.123)

axk

where X; = x; — p;, X ;= x—p = [Xq,.. .,YH]T and Zk_l is the k-th column of the inverse matrix £~ ! of X.
Therefore [55]

2
<Dii (agi'lx)) > = Dii <iT2i_1(Zi_1)Ti> = Dil'Tl‘(AiZ). (11124)

Now, following the ideas of the Laplace assumption given in Proposition IL.7, if we substitute the first two
terms of the non-linear flow f;(x,t) Taylor expansion around the expected state y (see Equation (I1.86)) in the

g 2
terms { 1()):1) ) and <af g(;’t) > of the right hand side of (II.121)-(Il.122), we have

(x)? noAar 0 oA
fl(D”):Dlll< filp, t) + ;afl(.a(fj’ﬂxo (fi(f"t)+];afs(yi:ﬂxk>><

= — )2+ i Ofilpt) Ofilyu ¢ )Z] ) <= Diu (fz‘(ﬂ/f)z+VTfi(ﬂ/f)ZVfi(%f)) , (IL125)

ax] axk

aﬁ“ g 2ilnt) 1 PGV (oG
< ox; 6<€ fl 1 ax] ' E Zl ax/axk x]xk>><—axi- (II.126)

Finally, after a lengthy process of substltutlng Equations (II.124) to (IL.126) in (II.121)-(Il.122) and summing

and

all the current flow contributions according to the definitions of the entropy rate (Il.94), entropy production
(II.99) and entropy flow (II.100), we have

I = ZH - Tr( ) +Tr( “Lf(u, t)f(y,t)T) T (JfD—lj}z) 2Tr(Jy), (IL127)
P = icpi = Tr (flf(]l, t)f(y,t)T> +Tr (JfoljjIz) <FTr(]f), (IL128)
$=Tr (Z‘ﬁlD) Te(J), (IL129)

which corresponds to the result given in Proposition IL.g. |
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Chapter concluding remarks

In this chapter, we have reviewed the basic theoretical concepts and essential results that will be applied in the
following chapters. The results include novel descriptions of the entropy rate using dynamical systems and
control engineering nomenclature. The preliminaries show that the Fokker-Planck equation is a fundamental and
simplified method to describe the time-varying PDF of a non-linear stochastic system with additive noise. Yet, we
have included a description of the most popular numerical methods used to solve SDE and an alternative procedure
to compute such a time-varying PDE. Finally, we have introduced the concept of stochastic thermodynamics and
entropy rate that will be useful to analyse the proposed control protocol for creating efficient and organised
behaviours.
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All  Appendix Chapter I1.

All.1  Properties and Formulas

/( O(t—a)dt

(=x)

|a b

|a+b|

Ce(u)

We(x)

(G(t1)¢(t2) - -~ E(kan))

dix (emxﬁ)

al/\z < 1)\x]5)

1 . 5
7 /C" e 95, (p)dA

271’ /(D 1/\Xal/\2 ﬁ

/<2D5(T —t)p(r)dt

/CO e dx = V7,

/Ot /Ot 2Df(t2)5(t2 = tl) dt, dtq

f(a), €>0 (AlIl.130)
5(x), (AIL131)
max(a,b) — min(a, b), (AIL132)
max(a,b) + min(a, b), (AIL133)
1+ Z (iu)”— (All.134)
iux
o /C Ce (e~ du, (AIL135)
(2D)" é(s(tll tlz)é(t s — ti4) SO 5(t1‘2n71 = tiZn)‘| < (AlL.136)
xej + M0, B, (AIL137)
x0;7 (e“\x f;) xe™ X9 p + el/\xal 2P (AIL138)
1 . iAx /= iAx /=
o /C° (2 (e(m) < (7)) dA
—xp(x,t), (AIL139)
1 2 Ax =\ ) . iAX /> Axn  /x
o /C° (32 (%(5)) — xaun (¢*<(p)) < A (p)) dA
xp(x,t), (All.140)
Dp(t), (AIL141)
(All.142)
(All.143)

/<2Df(t1) dt;.






Information Length (IL)

’ Chapter summary ‘

N this chapter, we introduce the concept of “Information length”, a metric of the
distance that a time-varying PDF takes over time. Since this metric is of core
importance to the results presented throughout the thesis, we have created its own
chapter. The chapter includes results detailing how to compute information length
in linear and non-linear Langevin equations. It also considers a case study on the
information length application to the Kramers equation. Finally, the chapter presents an
equation relating entropy rate, entropy production and information length.

keywords:Information geometry; information length

IIl.1  Information geometry

This chapter contains in-
formation that has been
published by the author
in [6], [8], and [7].

In the chapter summary, we have verbally mentioned that “information length” is a metric of the distance

that a given time-varying PDF takes over time. Such a metric can be introduced from information geometry, a

mathematical area that combines information theory with differential geometry to create geometrical notions

in statistical manifolds, and therefore, a true metric.

statistical manifold

Figure IIl.1: Computing the dis-

probability distributions

tance between two probability

< -~
N distributions in a statistical man-
ifold is a process that requires as-
metric sumptions similarly used in dif-
d0* = gqpdf*d6" ferential geometry to compute

T distances in curved spaces.

metric tensor

Statistical manifolds are manifolds formed by a parametric family of probability distributions p labelled by

parameters 6 = [01,05,...,0,]. Figure IIl.1 shows a graphical description of an example where the statistical

manifold contains probability distributions p with parameters 8 = [01,6,]. As each point on this space

represents a unique probability distribution p, in principle, the distance d¢ between two neighbouring points
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p and p’ with parameters 6 and 6 + d6, respectively, would be given by the Pythagoras’ theorem*
=YY gadb,dby, (IML.1)
a b

where g,; is a unique metric tensor [57].
Example III.1 (Multivariable Gaussian distributions). In a multivariable Gaussian distribution with mean values
Ma,a =1,2,...,n and variances ¥, defined as

POGIE) = — L _hm et (IIT.2)
;L) = T, 2
(27 (I, Za)) "
create an (2n)-dimensional statistical manifold. Here, the coordinates would be 0 = [y, ..., 4n, X1, .., Zn;
Without much rigour, we can derive such a metric between two nearby distributions p(x; 8) and p(x; 6 + d0)
from distinguishability (as suggested in [56; 58; 59]). We highlight that this derivation is not a proof for the
metric uniqueness but it permits us to easily interpret the result.
A first approach to obtain the “distinguishability” between two distributions is via the expected value of

the relative difference (x;0 + d6) — p(x;0) dlog p(x; 0)
_ p(x0+d0) —p(x0) _ y-0logplx
A= p(x; 0) B ; 00, d0a, )

given by
dlog p(x; 0)

(A) = /(d”xp(x; 0) L EENE d9a> - Zdeaa%u /(d”xp(x; 6) = 0. (IlLg)

a

Since this value vanishes, it is not a proper measure. On the other hand, if we compute the variance of A, i.e.

dl ;0 dl ;0
ar? = (A% = /<d"xp(x;9) Zogag()()dg‘l> Zogagix)dgb) (IL5)
a a b
_ /(d”xp x; 0) Zzalog’” %) alOgB’g(x 9) 49, d9b> , (IIL6)

the value that does not vanish. Furthermore, a small value of d¢2 means that the relative difference A is
also small and the neighbouring points 8 and 6 + d# are difficult to distinguish. Additionally, d¢> = (A?)
is positive definite and vanishes only when the df, vanish. Hence, this is a more accurate measure for
distinguishability [56]. In fact, we can now introduce the matrix g,;, as

_ g p(x g) 0108 P(x;8) log p(x;6)
gab—/< p(x' ) ae agb (IH7)

Equation (II.7) is known as the Fisher information matrix [60].

IIl.2 The definition of information length

Consider the case where the probability density function evolves over time subject to some dynamics as
seen in Chapter II. In this scenario, each point on the statistical manifold will also evolve over time with

* As suggested by [56], in an n-dimensional smooth and possibly curved manifold M that is locally like R", the distance can be
computed using the Euclidean metric if the probability distributions are close to each other. In addition, [56] emphasises that
independently of the meaning of the probability distributions they are uniform over the space of parameters.
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parameters labelled 6(t), i.e. each point will consists of a PDF p(x; 6(t)) where time is implicit. Then, the
distinguishability measure between two probability distributions at two close time stamps ¢ and t + At will

be given by
2
dlogp(x;t) do
2 _ & P\X a
aers = < ) 20, dt) >< (I11.8)

a

where we have omitted the parameters 6(¢) and put only the time ¢ for brevity.
From equation (II.8), we have the fisher matrix metric

dlogp(x;t) dlog p(x;t)
= [[d"xp(x;t , 111
ab /( I (IMLg)
which can be used to compute the total length
f do, dé
(= /( Xb; gubd—:d—tb dt. (I1L.10)
a

As it will be discussed in the following chapters, Equation (IIl.10) turns out to be very useful specially
when controlling, detecting abrupt events or measuring causality between variables in stochastic dynamics.
Equation (Ill.10) is what we call the “Information Length”. Rewriting Equation (IIl.10) in terms of the
time-varying PDF, from now on, we define the Information Length (IL) as follows.

Definition III.1: IL from a joint distribution [6; 7]

Given a time-dependent probability density function p(x; t) of a n-variante stochastic variable x, the
Information Length L(t) of its evolution from an initial time ¢y = 0 to a final time {7 = t is defined by

t d t
L(t) = ; TZ) :/0 I'(t)dr, (T.11)

I'(t) = \//lén p(x;7) [9c log p(x; T)])* dx. (III.12)

To unveil the physical meaning of equation (III.11), we note that t(#) is a dynamic time unit which gives
the correlation time over which p(x;t) changes [61]. T(¢) also serves as the time unit in the statistical space.
In addition, its inverse % quantifies the (average) rate of change of information in time [62]. Hence, £ is a
dimensionless distance that quantifies the total information change in time through the information rate I'(#)
integration [63].

Note that £(t = 0) = 0 and £ monotonically increases with time as I' > 0 and takes a constant value
when I' = d;p = 0. Hence, when p(x;t) relaxes in the long time limit + — oo into a stationary PDF, the
following limits hold lim; e I'(t) — 0 and limy_;e £(t) — Lo where L is a constant that depends on the
initial conditions and the SDE parameters. The value of Lo has been used to understand attractor structure
in a relaxation problem (for further details see [64; 65; 66; 67]) via examining how L« depends on the initial
mean value x(0). I and £ were also shown to help quantifying hysteresis in forward-backward processes
[68], correlation and self-regulation among different players [69; 70], and predicting the occurrence of sudden
events [7] and phase transitions [70]. As a graphical example, Figure IIl.2 depicts the time evolution of a
univariate PDF p(x,t) transitioning from p(x, tg) to p(x,ts). Here, £ gives the total number of statistically



46 ADRIAN JOSUE GUEL CORTEZ

p(xt) . :
Figure Ill.2: Schematic of the
/ evolution of p(x;t) over time f.
,/ Computing L(t) gives the total
/ amount of statistical changes on
” p(x,to) p(x;t) from tg to ¢ [8].
/
/
. ’
|
1 x
p(x,tr) e
g y 2
¢ L(t) = tof \/./W p(x; T) [0 log p(x; T)]" d"xdT

different states the random variable x passes through in time over the PDF’s transitioning path 2. Throughout
this work, we will call T'(#) the information rate and T?(¢) the information energy.

II.3 IL in Gaussian Processes

Even-though IL’s value is generally computed via numerical methods, in some scenarios, we can give
analytical expressions which ease the computation while permitting us to explore the significance of the
metric. For instance, consider the following example.

Example IIL.2 (IL in the Ornstein—Uhlenbeck (O-U) process). Given the following stochastic model

dx

T —yx 4+, (IL.13)

where ¢ is a white noise with short correlation time with the following properties (&(t)) = 0 and (E(t)E(¢)) =
2Dé(t — t'). The following result holds.

Proposition IIL.1: Information rate

Given that the value of the PDF at time t = 0 is Gaussian and described as p(x,0) = 4/ %eﬁ(’("_y 0)2
where B, Bp and y stand for the variance, variance at time t = 0 and the mean value of the random
variable x, respectively. The information rate I' of the O-U process (IIL.13) is

I = o P 1 2py = E(f2 +4qT) (IL.14)
282 T2 g

where g = Boyp?, r = 2BoD — 7, and T = 2BoD(e®" — 1) + 7.

2 For an animated demonstration, see https://openprocessing.org/sketch/1594393


https://openprocessing.org/sketch/1594393
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Proof. We start by recalling that, according to Proposition II.5, given that the value of the PDF at time ¢ = 0 is
Gaussian, the time-varying PDF of a linear stochastic system is also Gaussian at all . Hence, the time-varying
PDF of the O-U process (IIl.13) at all ¢ can be written as

p(x ) = | PY b2, (IL15)

s

Here, B and y are the variance and mean of the random variable x. Using (IIL.15) in Definition III.1, we now
compute the information rate step by step as follows

aplxt) = @emw)b() éi(ﬁ) Bl

Pip(x,H)]> = iezﬁ(w)zg(t)zufg e 2B(x—)? | ﬁQ (f)e 260,
Pip( ) B gy #®” S S
- - \/;5( QW g Ee y>+n\/—€eﬂ( o),

(“>< (b( g’ <c)§
where Q'(t) = —p(x —y)? — 2[5(< —y) (=) and Q'(£)? = BA(x A y)* +4BBx — v) (=) +4B%(x — y)*(—¥)*.

Now, we integrate terms (a), (b) and (c) in the previous equation as follows

/Codx ®) = /deﬁ; o 47([5\/> 4[52

To integrate (a) and (c) we know that

/[(xZnetx(erb)z dr— \/j (2("2;;)” (IIL16)

where !! corresponds to the double factorial operator, such that for an odd # it is defined as

=
+
—_

n!

:H

(2k—-1)=nn—-2)(n—4)---3-1. (IL17)

\/;eﬁ(xy)zQ'(ty

p
(Bt s? e —w4+M%@—yP@ﬂ%+%%x—W%—Wﬂ<
p

»
I
—

/
/5[
n B 28 | 42" 2

[ ewwwqmz/mwﬁ/ﬁﬁwwszmwww<ﬂ(

‘y. ‘. l. l

YA G A P
1@ T Tap g T o By,

/Oodx (a) = /Codx
dx
\/%(3 2‘3 +4‘322 ”() }63#4_4@7’

/C° dx (c)

Finally,
(IIL.18)
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which gives expression (IIl.14) by considering y(t) = pe~ 7, ﬁ = ﬁll( 5T

their time derivatives over time.

’ Figure III.3: IL and information
o0 _— rate plots of O-U process (II.13).
D=10"°
=107
10 104 1072 . 10° 102 104 10 104 10{'2 10° 102
(a) Information rate I" over time. (b) Information length £ over time.
In Fig. IIL.3, we show the information length of the OU process (II1.13) for various values of D3. Note

information length

f(, [ 25 B>+ 2BiPdt

that from (III.14), the metric tensor (see Figure II1.4) in the O-U process is

5= 0
8ab [ 0 28

[

and the parameters

Figure III.4: Graphical represen-
tation of the statistical manifold
for the O-U process (II1.13). The
information length measures the
distance between the initial PDF
at time t = 0 and the PDF at a
given time f.

(Ill.19)

(IIL.20)

To find a generalised closed-form expression of the information rate I obtained from Example III.2, let us
consider the computation of the IL’s value for dynamics whose PDF remains Gaussian at all instants of time.

Such a result is summarised in the following Theorem.

3 Video demonstration of the change of the PDF over time using D = {1073,1075,1077}, u = 0.7 and 7 = 1 can be seen in the
following links https://youtu.be/2eUqyYLczhU, https://youtu.be/B01-xTPLykw and https://youtu.be/44DycJqCtsU


https://youtu.be/2eUqyYLczhU
https://youtu.be/BO1-xTPLykw
https://youtu.be/44DycJqCtsU
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Theorem IIL.1: Information length in Gaussian dynamics [6; 7]

The information length of a n-variante Gaussian random variable x with mean p € IR"” and covariance
L € R"™" is given by the following integral

£(t):/( I'(t)dr, (.21)

F(T)Zzﬂ(r)TZ’l(T)ﬁ(T)—i-% T (2 (DE(D)7). (I1L.22)

Proof. To prove this theorem, we use the PDF (Il.70) in (IIl.11). First, we define
w=0x=x—(x(t)), Q=271
to simplify the analysis. Then, we compute step by step the value of

p(x;t) [o-log p(x; 1)) = Pep(x 0P

p(x,7)
as follows:
0 -1 _1lwTQw
dep(x,7) = 5= [(det(mm) 2emi }
- —%f%wTQW(det(ZnZ))_% aT(det(ZnZ))—% (det(22))F ¢~ 1O (wTQw), < (II1.23)

Pep(x,7)2= ie‘wTQw(det(ZnZ))_3 [9r det(277Z)]? + 411 (det(27E)) e (o [(:TQW] )

+% (det(277Z)) "2 9 [det(27E)] dr [wTQw] <—WTQW, (I1.24)

Pep(x 7))
p(x, T)

= % (det(271E)) "2 [9; det(27r)P e 2W QW 4 % (det(27m)) 2 e~ 2V QW (o ((:TQW»Z

+% (det(27E)) "% O (det(271X)) d- (wTQw) eIV QW (I11.25)

p(xT)

2
Now, using Equation (II.23) in Equation (III.25), we compute the integral T(7)? = [~ d"x ( cp(x1)] ) 65

follows

I(7)? 1 2det(2mT)

« [det(27Z)] ) ? [wrow] ) 2 - [det(27%)] 0; [wT Qw]
<( 2det(27%) ) >+<< ", ]> >+<i< 2det(27Z) >< (IL.26)

To calculate the three averages in (III.26), we use the following properties [37]

/e*%WTQWd”w = /det(27X),

— 2
/” p(x, T) ( det(2ZZ)) 2 [aT (det(ZTEZ))]Z + (aT(WTQW)) + aT[dEt(ZTL’Z)]aT[WTQW]> nx
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el .
aiz[ %wTQw} _ _%aiz {ﬁTQW} e %wTQW_FZlIe—%wTQW (ar {ﬁTQW})Z
Then,
2
r? - (fses) + /{ X (@) 4"+ Sy lé %) [ﬁTQW]G
fl M 2 —lwlfow 2 T —iwlow] 4n
- 1 (D ) T 27”:))%/[( [z(ae fwiow | o2, [ﬁ Qw]< ] d'y
B EE] 5 o]
(det(ZﬂZ))
2
_ 1<8T[det(27{):)]>2 aTz det(ZT[Z)} n / 82 Qwi| e 2W dei’l
4\ det(2nT) det(27X) 2\/det(2nZ) S t'
_MEM det(27tL). (IL.27)
(det(27tX))2
Here,

n n

2 [T

9% [w Qw} 6 igl {fﬂ ( ijwiwj)} 6 1‘21 i+ 2qiwiw +2q5w; w; + qjiwiw; ( (I11.28)
! ! independe(t ogx wTQ”E

We recall that w, ql] and w?, qu denote the first and second derivative\over time of the elernehts w; and g;;.

By substituting (HI 28) in (III.27) and making some arrangements, we obtain

1 (0, [det2nm)]\? | | et(zﬂ)}( 1/, &
F(T)2_4< 3et2nT) ) + \/it(hz) t+ 5 4"121 7w, D T
1 " 1 (9. [det(2mE)]\?
<sz% >€2<WT W>f : (M) —
Now using

e wiQ'w =Tr(Q"L) [71],
e drdet(X) = det(X) Tr(Qa-X) [72],

e 9%,\/det(27X) = 1\/<£et(2nz) (Tr(Qa-X))* + % /det(277Z)a-(Tr(Qd. X)),

in Equation (III.29), we hive

F(2)P=—§ (Te(QDE))? + 52 [TH(QD:E)] + | (Tr(QDE)) + (x'(1))TQU (1)) + 5 Tr (f"m
(I1.30)

2
=52 [TH(QI:D)] + (X (1)) TQUX (1)) + 5 Tr (f/i) (

Simplifying a bit more

T(1)? = % (aT ['(r():laTZ)} ) (8T<x(1)>T> El (0+(x(1))) + Tr ((3322*1)2)) (
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= %(2 (aT<X(T)>T) (@ (x(1))) + Tr (aT [ -13 E} (aﬁg:%z))(

= 2 (2 (ex(0)) 27 (oex +Tr( (T 0,24 21 + (L)) (

= %(2 (ar<x(r)>T) 1 (9 (x +Tr( PE719:Z 4+ £719%E — 3, (271(9:Z)T 1)2))(

- L) o ()

= J(0) T2 () + 5 r(<z*>‘:> )( (31

A useful corollary from Theorem IIl.1 can be obtained when X is a diagonal matrix, i.e. all states in x are
random variables independent of each other.

Corollary III.1: Information rate in an independent Gaussian process [7]

For a Gaussian process with n independent random variables x € R" = [x1,xp, ..., xn]T, the value of
the information rate I' is

n
r=yr, (I1L.32)
i=1
where )
") -
o1 < ii)
;=28 42 . I1l.
i= 5.t \E, (IL.33)

The value of T'; in Corollary IIL1 is also the corresponding value of the information rate from the marginal
PDF p(x;, t) of the random variable x; defined as follows

Definition III.2: Marginal information rate

The value of the information rate produced by a random variable x; in a multivariable Gaussian
distribution noted as I'; is defined as follows

=/ /ﬂémxi;t) B log plx, ] dxs. (1139

Corollary III.1 and Definition III.2 will be very useful in the subsequent chapters.
Remark IIL.3. From the value of the marginal information rate I';, we can also compute the marginal information
length L;. Such a value gives the contribution of the random variable x; to the total statistical changes in a multivariate
Gaussian distribution (see Figure I11.5). The marginal information length is straighforwardly defined as

L= /(: /Ti(t)dT. (IM1.35)

IIl.4 Case study: the Kramers equation

Theorem IIL.1 represents an easy way to compute the information rate I' and information length £ in high-
order stochastic systems with Gaussian behaviour. As an example showing such practicality, let us consider
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’;’ €4 under Area under

o el Figure IIL.5: Graphical descrip-
Prod . . .
poael tion of the meaning of marginal

YP@)only L

pOG0) information rate and length. In a

bivariate distribution p(x1, x2;t)
changing over time, computing
L4 or L, allow us to describe the
amount of statistical changes pro-
duced by x; and x;, respectively.

the following case study presented in [6] of the classical Kramers equation given by

dr
do

a2
T Y —wx + E(t). (II1.36)

Here, w is a natural frequency and ¢ is the damping constant, both positive real numbers. ¢ is a Gaussian
white-noise acting on v with the zero mean value ((t)) = 0, with the statistical property

(E(t)¢(t1)) =2Do(t — t1). (IL.37)

Comparing Equations (III.36) and (III.37) with Equations (I1.68) and (II.69), we note that x; = x, x, = 7,
¢1=0,¢=¢, D11 =0, D1 =0, and Dy = D while the matrix A for (II1.36) has the element A1 =0, A1y =
1, Ay = —w?, Ap = — and the eigenvalues of A are A1, = —3 (’y /7% — 4w2).

To find the information length for the system (IIL.36), we use Proposition IL.6 and Theorem IIL1. First,
Proposition 11.6 requires the computation of the exponential matrix eA' which, according to [38], can be
obtained via the inverse Laplace transform .#~1 of (sI — A). After some algebra, the result is

[ sty 1 M () —et2! (y4Ay) Ml—eha!
- - - —A1)(5—A —A1)(s—A: — —
Al 1[(sI—A) 1}:3 1“[: 1)SZ 2) (s 1)s(s z)H{ (3/\)1\}7;\7‘%)@;2 ehttfjfmz ., (IIL.38)
(S—)\l)(s—/\z) (S_Al)(s_)‘Z) - A—Ap A=Ay (

Here, I € R"*" is the identity matrix. Similarly, we can show

t
2/ Al DAT (1) g, —
0
1Mt A —aeM A2 g 1 2A2E () )
G — R D! —eh2t)?
(M1=A2)2 M)
\ DAt 4E(A1+A2)tA2 41y A4t N (11139)
( D(eM!—e2!)? D[ (14200 |~ gy 2 g 111 (

(A1—A2)? (AM—A2)?



INFORMATION GEOMETRY IN THE ANALYSIS AND CONTROL OF DYNAMICAL SYSTEMS 53

Using Equations (II1.38) and (II.39) in Equations (Il.71) and (IL.72), we have the time-dependent (joint)
PDF (IL.7o) at any time f for our system (II1.36) and (IIL.37). To calculate Equation (IIl.21) with the help
of Equations (III.38) and (II.39), we perform numerical simulations (integrations) for various parameters
in Equations (II1.36) and (IIl.37) as well as initial conditions. Note that while we have simulated many
different cases, for illustration, we show some representative cases by varying D, w, v and (x(0)), (v(0)) in
Section III.4.1-111.4.3 and Section IIL5, respectively, for the same initial covariance matrix X(0) with elements
211(0) = X22(0) = 0.01 and X15(0) = X»1(0) = 0. Note that the initial marginal distributions of p(x(0)) and
p(v(0)) are Gaussian with the same variance 0.01. Results in the limit w — 0 are presented in Section III.4.4.

ll.4.1  Varying D

Figure II.6 shows the results when varying D as D € (0.0005,0.04) for the fixed parameters ¥ = 2 and w = 1.
The initial joint PDFs are Gaussian with the fixed mean values (x(0)) = —0.5, (v(0)) = 0.7; as noted above,
the covariance matrix X(0) with elements 211 (0) = X,(0) = 0.01 and £15(0) = X51(0) = 0. Consequently, at
t = 0, the marginal distributions of p(x(0)) and p(v(0)) are Gaussian PDFs with the same variance 0.01 and
the mean values (x(0)) = —0.5 and (v(0)) = 0.7, respectively.

Figure IIL.6a,b show the snapshots* of time-dependent joint PDF p(x, t) for the two different values of
D = 0.0005 and D = 0.04, respectively. The black solid represents the phase portrait of the mean value of
(x(t)) and (v(t)) while the red arrows display the direction of time increase. Note that in Figure IIL.6b, as
there is a great overlapping between the different PDFs when t — 0 that would not permit us to appreciate
the time evolution of the PDFs in the plots, for clarity, here we have erased some of the initial snapshots of the
PDFs by increasing the simulation time-step when t — 0. This procedure was implemented only for plotting
purposes and did not affect the analytical or numerical analysis. Figure III.6c,d show the time-evolution of
the information rate I'(¢) and information length L(t), respectively, for different values of D € (0.0005,0.04).
It can be seen that the system approaches a stationary (equilibrium) state for t 22 20 for all values of D, L(t)
approaching constant values (recall £(t) does not change in a stationary state). Therefore, we approximate
the total information length as Lo, = L(t = 50), for instance. Finally, in Figure IIL.6e, we show a plot of L
vs D and try to determine the dependence of L, on D by fitting, as a candidate, an exponential function>
Loo(D) = 7.84e732905D 4 1121711860 (shown in red solid line). Given that the initial conditions of the
covariance matrix are X11(0) = X (0) = 0.01, £12(0) = X51(0) = 0 and that D represents the correlation
strength of the noise term, note that a decay with D is expected because as D increases it generates a PDF
whose snapshot is “similar” to the initial PDF (see Figures IIl.6a,b).

lIl.4.2  Varying w or vy

We now explore how results depend on the two parameters w and <, associated with oscillation and damping,
respectively. To this end, we use D = 0.0005 and the same initial conditions as in Figure II1.6 but vary
w € (0,2) and vy € (0,6) in Figures IIL.7° and IIL.8, respectively. Specifically, in different panels of these
figures, we show the snapshots of the joint PDF p(x,t), the time-evolutions of I'(t) and L(t) for different

4+ We use the term snapshots when referring to contour plots of the PDF at different instants of time. In the snapshots, the isolines
correspond to values of constant p(x, t). The isoline is blue when p is small and it goes to yellow colour when p has a large value.

5 Throughout Section 1114, we do curve fittings using heuristically chosen functions. Specifically, we have used the MATLAB®
function “fit” which offers polynomial and exponential models (see https://uk.mathworks.com/help/curvefit/fit.html#
bto2vuv-1-fitType). Since these functions have no theoretical justification, they could be replaced with better candidates. We left
for future work a rigorous selection of these curve-fitting functions.

®In the figures, the caption “Cont.” means that the complete figure’s caption is at the last figure with a similar figure’s number.


https://uk.mathworks.com/help/curvefit/fit.html#bto2vuv-1-fitType
https://uk.mathworks.com/help/curvefit/fit.html#bto2vuv-1-fitType
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Figure IIL.6: Results of Equations (II1.36) and (IIL.3y) for (x(0)) = —0.5, (v(0)) = 0.7, v = 2, w = 1,
D € (0.0005,0.04) and the initial covariance matrix %(0) with elements £11(0) = X (0) = 0.01, £1,(0) =

£1(0) = 0.
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values of w € (0,2) and 7 € (0,6), and L against either w or y. From Figures IIl.7e and II1.8e, we can see
that the system is in a stationary state for sufficiently large t = 10 and t = 100, respectively. Thus, we use
Lo = L(t =10) = L£(10) in Figure III.7f,g and Lo = L(t = 100) = £(10) in Figure II1.8f,g.

Notably, Figure IIl.7f,g (shown on linear-linear and log-linear scales on x — y axes, respectively) exhibit
an interesting a non-monotonic dependence of L« on w for the fixed 7y = 2, with the presence of a distinct
minimum in Lo at certain w. Similarly, Figure II1.8f,g (shown in linear-linear and log-log scales on x — y axes,
respectively) also shows a non-monotonic dependence of L, on  for the fixed w = 1. These non-monotonic
dependences are more clearly seen in Figures IIL.7f and IIL.8f. A close inspection of these figures then reveals
that the minimum value of Lo occurs close to the critical damping (CD)7 v ~ 2w; specifically, this happens
at w ~ 1 for v = 2 in Figure IIL.7f while at v ~ 2 for w = 1 in Figure IIL.8f. We thus fit L., against w or 7y
depending on whether w or v is smaller/larger than its critical value as follows:

Lip(w) = —0.03e*% 11963 v w e (0,1), (I11.40)
Lip(w) = 195270120 1 0.112%8° v w € (1,2), (IlL.41)
Ligo(y) = 413.22e71247 1953971027 v 4 € (0,2), (IL.42)
Ligo(y) = 323y V 7€ (26). (IIL.43)

The fitted curves in Equations (III.40)—(IIl.43) are superimposed in Figures IIL.7f and IIL.8f, respectively.
It is important to notice from Equations (III.40)—(I11.43) that L tends to increase as either w — oo for a finite,
fixed ¢ (< o0) or v — oo for a finite, fixed w (< ©0).

Finally, we note that for the critical damping vy = 2w, the eigenvalue becomes a real double root with the
value Ay o — —w. Thus, in this limit, we have that

e™"(x(0) + t(v(0) + (v — w)x(0)))
t)) = 1.
(x(®)) e (—tx(0)w? — to(0)w + v(0)) (I11-44)
and X(t) is composed by the following elements

e~ 2 (203 (Zqq (7t —tw+1)2+£2((Z14+501) (7 —w) +E22) +£(Z12+E01 ) )+ D (—2tw (tw+1) +€2@ 1))
le (t): 203 ’
le(t):e*”‘*’(t(—wz(2117t+211+221t)+211tw37222tu;+222+Dt)7212(tw—1)('yt7tw+1)),
Y1 (£) =2 (+( —w? (Sq17t+E11 +Z12t)+ 51 103 — o tw+ g + Dt ) — Ty (tw—1) (vt —tw+1)),

—2tw 2 2 _ _ _ _ 2tw _
S t):e (2tw? (tw? (E11w+E12+201) w(212+221)-24—522(tw 2))+25pw+D(—2tw(tw—1)+e 1)). (ITL45)

Equations (IIl.44) and (IIL.45) are used in Section III.4.1 (Figure IIL.6).

Ill.4.3 Varying (x(0)) or (v(0))

To elucidate the information geometry associated with the Kramer equation (Equations (I1I1.36) and (IIL.37)),
we now investigate how L, behaves near the equilibrium point (x(0)) = (v(0)) = 0. To this end, we scan
over (x(0)) for (v(0)) = 0 in Figure IIl.ga—e while scanning over (v(0)) for (x0)) = 0 in Figure IIL.gf—i. For our
illustrations in Figure IIl.g, we use the same initial covariance matrix %(0) as in Figures II1.6-1I1.8, D = 0.0005
and w = 1 and a few different values of 7y (above/below/at the critical value v = 2). We note that the
information geometry near a non-equilibrium point is studied in Appendix IIL5.

7 Critical damping corresponds to that value of damping that separates oscillation from non-oscillation of the free response (for
further details, see [73]).
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Figure IIL.7: Cont.

Specifically, snapshots of p(x, t) are shown in Figure IIl.ga—f for y = 2.5 (above its critical value y = 2 = 2w)
while those in Figure IIl.gc—g are for v = 0.1 below the critical value 2. By approximating L. = £(t = 100),
we then show how Lo, depends on (x(0)) and (v(0)) for different values of vy in Figure IIl.gd,e and Figure
[II.gh,i, respectively.

Figure IIL.gd,e show the presence of a minimum in L, at the equilibrium (x(0)) = 0 (recall (v(0)) = 0); Loo
is a linear function of (x(0)) for {x(0)) > 0.1, which can be described as Lo (x(0),v) = k()| (x(0))| + f(7)8.
Here, hi(y) and f(7) are constant functions depending on v for a fixed w which represent the slope and the
y-axis intercept, respectively. A non-zero value of L at (x(0)) = 0 is caused by the adjustment (oscillation
and damping) of the width of the PDFs in time due to the disparity between the width of the initial and
equilibrium PDFs (see Figure IIl.gb). In other words, even though the mean values remain in equilibrium
for all time [(x(0)), (v(0))]T = lim;—,0 (x(t)) = [0,0]7, the information length £ depends on the covariance

8 We can also suggest to describe Lo as an hyperbolic function of (x(0)) € R. Take, for instance,
Leo(x(0),7) = h(7y) sinh? ((x(0))) + f(7) or Leo(x(0),7) = k() cosh ((x(0))) + f(7).

Again, h(y) and f(7y) are constant functions depending on <y for a fixed w which represent the slope and the y-axis intercept,
respectively.
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Figure IIL.7: Results of Equations (IIL.36) and (IIL.37) for (x(0)) = —0.5, (v(0))

0.7, y=2,we (0,2),D =
0.0005, and the initial covariance matrix %(0) with elements ¥11(0) = £ (0) 0.

0.01, £12(0) = 1 (0) =

matrix X which changes from its initial value to the final equilibrium value as follows

£(0) = [0'81 0 Kto lim £(f) = [722 O].

0.01 t—o0 0 5

IS

On the other hand, L« against (x(0)) shows parabolic behaviour for small (x(0)) < 0.1 in Figure IILge.
This is caused by the finite width 0.1 = /%17 (0) = \/Z(0) of the initial p(x,0); we see that (x(0)) < 0.1 is
within the uncertainty of the initial p(x,0).

Similarly, Figure III.gh,i exhibit a minimum in L at the equilibrium (v(0)) = 0 (recall (x(0)) = 0 in this
case); L is a linear function of (v(0)) for (v(0)) > 0.1 described by L (v(0),y) = H(y)|(v(0)| + F(7y) (again
parabolic for (v(0)) < 0.1, see Figure IIL.gi). Here again, H(vy) and F(7) are constant functions depending on
7 for a fixed w which represent the slope and the y-axis intercept, respectively.
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Figure II1.8: Cont.

Finally, Figure IIL.gj shows in logarithmic scale that the minimum value of L« at (x(0)) = (v(0)) monoton-
ically increases with .
Ill.4.4 The Limit Where w — 0.

When the natural frequency w = 0 (i.e. damped-driven system like the O-U process [74]) in Equation (I1I.36),
the two eigenvalues of the matrix A become Ay — —v and Ay — 0. It then easily follows that

0)—e~"0(0)
(x(t)) = lﬁz_%(&; x(0)

and X(t) is composed by the elements

( (IT1.46)

S ()= e 21 (—D+X(0)7+e" (4D —(2525(0)+ (Z12(0) +E21 (0)) 1)) +€27 ((£22(0) +7 (12 (0)+Z1 (0) + 211 (0)7)) +D (27t —3)))
- ,YB 7
21t C14er)— » ot ”»
Soat) = 7 (D(-1+¢")’ % (OEJF Ty (5 (0)+2u(0)7))( (L47)

1 (D(=14e1)* ~Za(0)y+0"1(Z2(0)+5 (0)7))

()= 7 (
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0.0005, and the initial covariance matrix ¥.(0) with elements ¥11(0) = £(0)

()= eizyt(D(iHiw)ﬂzz(o)v) :

To investigate the case of w — 0, we consider the scan over D € (0.0005,0.04) for the same parameter
value ¢ = 2, and the initial conditions as in Figure III.6, apart from using w = 0 instead of w = 1. Figure
III.10 presents the results — snapshots of p(x,t), time evolutions of I'(t), £(t), and Lo = L(t = 50) against
D in Figure Ill.10a—e. In particular, in Figure IIl.10e, we identify the dependence of L on D by fitting the
results to the curve £_8.99¢~32419D 4 1(.83¢~12:24D.

IIl.5  Analysis for Non-Zero Fixed Initial Conditions

In Section I11.4.3 we analysed the behaviour of the information geometry associated with the Kramer equation
(Equations (IIL.36) and (I11.37)) for different ¢ € (0,2.5) near the equilibrium point (x(0)) = (v(0)) = 0. To
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Figure IIl.g: Cont.

this end, we plotted L when varying (x(0)) and (v(0)) for a fixed (v(0)) = 0 and (x(0)) = 0, respectively.
In this section, we want to show how such information geometry changes near a non-equilibrium point by
scanning over (x(0)) and (v(0)) for a fixed non-zero (v(0)) = 0.7 and (x(0)) = —0.5, respectively. We show
that the use of non-zero fixed initial conditions changes the location of the minimum L, depending on 7.
Here, we use the same parameter values D = 0.0005, w = 1, 215(0) = X1 (0) = 0 and X17(0) = X (0) = 0.01.

First, snapshots of p(x,t) are shown in Figure IIl.11a,f for o = 2.5 (above its critical value v = 2 = 2w)
while those in Figure IIl.11b,g are for v = 0.1 below the critical value 2. It is important to notice that there
is a non-symmetric behaviour of the trajectories of the system for o >> 0. This is shown at Figure Ill.11a,f
whose trajectories asymmetrically vary over the initial conditions in comparison with the results shown in
Figure Ill.ga,f. By approximating L., = L(t = 100), we then show how L« depends on (x(0)) and (v(0)) for
different values of vy in Figure Ill.11c,d and Figure IIl.11h,i, respectively. Of prominence in Figure IIl.11¢,d
is the presence of a distinct minimum in L, for a particular value of (x(0)) = x., Lo linearly increasing
with [(x(0)) — x| for a sufficiently large |(x(0)) — x.|; similarly, Figure IlL.11h,i shows a distinct minimum
in Lo for a particular value of (v(0)) = v., Lo linearly increasing with |(v(0)) — v¢| for a sufficiently large
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[(0(0)) —el.

Finally, we scan over (x(0)) and (v(0)) and identify the minimum value of L. for a given 7 and plot
this minimum value of L« (at x; and v.) against 7 in Figure Ill.11ej. In Figure Ill.11e,j, L against -y takes
its minimum near the critical damping v = 2w = 2 (shown in a vertical line), as observed previously in
Sections IIl.4.1-1IL.4.2. This is clearly different from the behaviour of the minimum value of L against y
(for the equilibrium point (x(0)) = 0 and (v(0)) = 0) in Figure IIL.gj where Lo monotonically increases with
7. This is because for (x(0)) = 0 and (v(0)) = 0, mean values does not change over time, with less effect of
oscillations (w) and thus the critical damping ¢ = 2w.

II1.6 IL in non-linear dynamics

The system PDF may no longer be Gaussian when studying non-linear dynamics, yet, it is still possible to
apply Theorem IIL1 to obtain the IL’s value via the Laplace Assumption (recall Proposition II.7). For example,
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consider the following toy-model of a simple pendulum subject to a random force ¢

b+ b0+ %sine = &(1), (IIL.48)

where b is the constant friction, g is the gravity constant, £ is the length of the pendulum and ¢ is again a
random force with (¢) =0 and (&(t)&(t')) = 2Ds(t —t').

After transforming Equation (IIL.48) in a set of two first order differential equations and applying Proposi-

]T_

tion IL.7, the mean value vector u = [u1, 2] " = [(8), (8)] T and the covariance matrix £ dynamics are given
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by
. H2
po= 8(211—25&1(}41) — by ) ( (II1.49)
¥ - 2¥1p —bEqp + Egp — SEUE() (IILs0)
—bE g + Tgp — ) = sU4)  4dpn — 23y, — 28E1cos(i) 2"5(?‘1)

After solving Equations (II.49) and (IIl.50) numerically, we can get the simulation shown in Figure III.129.
Then, we can obtain the value of IL £ and information rate I after substituting such solution in Equations
(III.22)-(IIl.11) (results are shown in Figure II1.13).

9Code https://github.com/AdrianGuel/PhDThesis/blob/main/Chapter2/pendulumIL.m
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Figure III.11: Cont.

IIl.7  Relations between entropy rate and information rate

To understand the value of IL and information rate I' in any dynamical system, various articles have already
proposed some relations between the Fisher information and physical observables (for instance, see [75]).
Specifically, in [62], E. Kim deduces that if the PDF of Equation (IIl.12) is described by an univariate Gaussian
PDF (i.e. the Ornstein-Uhlenbeck (OU) process) the information rate T is related to the entropy rate S and the

entropy production I1 via
D

rd
Equation (IIL.51) can easily be confirmed after some algebra with the following expressions

Iz = =11+ $2 (I1L.51)

-2 2 o2 -2

2 ax D 2 2
n = il TN, PR (A Tl

DT D Ty T Tp

. L2
.1z 21

where y,%,D and a are the scalar version of u, X, D and A, respectively. Pursuing a general connection
between information rate I' and thermodynamics, here, we extend (II1.51) to the case of a n-variate Gaussian



INFORMATION GEOMETRY IN THE ANALYSIS AND CONTROL OF DYNAMICAL SYSTEMS 65

160 |
140 F
120

100
Criitical damping (CD) —7
80 [

z(0)))

o(t)

min(Ligo(

I
I
|
|
I
|
I
I
|
60 - -
I
|
I
I
|
|
|
|
|
|

20

107! 10° 6 -4 2 ‘ 0 2 4 é
v z(t)

(e) The minimum value of L over (x(0)) € (f) Snapshots of p(x,t) for (x(0)) = —0.5,
(—5,5) against y on log-log scales; (v(0)) = 0.7. v = 2.5 and various (v(0)) € (=5,5).

; 1400 -
«o—"7

1200 1

1000

5 . g 800
2 :1/ 600 K
2l
400 £
Ar 200
-6 : 0
-6 4 2 0 2 4 6
z(t)
(g) Snapshots of p(x, t) for (x(0)) = —0.5, (h) Lo = L(t = 100) against (v(0)) € (=5,5)
¢ = 0.1 and various (v(0)) € (—5,5). for (x(0)) = —0.5 and y € (0,2.5).

Figure IIl.11: Cont.

process. Such a result is given by the following relations.

Relation IIL.1

Given an n-variate Gaussian process whose mean and covariance are described by Equations (Il.77)-
(IL.78), a relationship between entropy production I, entropy rate S, and information rate I' is given
by

0<T?2 <& :=Tr(Z HIITr(D) 4 % —2g(s), (IlL.53)
where s = [S},,S),,...,5),]T, g(s) := Yicj S;iS]j and S}, is the contribution to entropy rate by the
current flow J; (see Equation (11.67)), i.e.

. d
S, = - /[( gy 6O In (p( ) d'x =TI~ &, (IIL54)

Proof. For any real matrix A in system (I.77)-(IL.78), we can rewrite the second term in the right hand side of
(II1.22) as follows

T ((27E)?) = T (:(A2+221A2A (IL.55)



66 ADRIAN JOSUE GUEL CORTEZ

£(100)

(i) Zoom-in of Figure IIL.11h.

min(L100(v(0)))

() The minimum value of L. over (v(0))
(—5,5) against v on log-log scales; (x(0))

102}

10°

107

—0.5.

|
100
5

Im

Figure IIl.11: Results of Equations (II1.36) and (IIL.37) scanned over (x(0)) € (—5,5) for (v(0)) = 0.7

[Figure Ill.11a—e] and (v(0)) € (—5,5) for (x(0))

0.0

t)

=

Xn

1

0.005

~—~0.05

St

Ejlg(t)

8000
7000
6000
5000
8 4000
3000
2000

1000

© & o wm

8000
7000
6000
5000
@ 4000
3000
2000

1000

= —0.5 [Figure IIL.11f5]. The parameter values w = 1,
D = 0.0005, and ¥ € (0,2.5) while the initial covariance matrix £(0) has the elements X7 (0) = X, (0) = 0.01,
Z12(0) = Xp1(0) = 0.

Figure III.12: Simulation under
the Laplace assumption of the
stochastic equation of a simple
pendulum (IIL.48). The param-
eters are u(0) = [51]",L =
1x102,D = 1x107%,¢g =
981,L=1m=1,and b= 1.

Figure Ill.13: Computation of the
IL £ under the Laplace assump-
tion of the stochastic equation of
a simple pendulum (III.48).



INFORMATION GEOMETRY IN THE ANALYSIS AND CONTROL OF DYNAMICAL SYSTEMS 67

+8Z1AD + 42*1D2*1D) Q
= Tr(2A% + 42" 'AD 4+ 227D 'D)
+Tr(2Z 'AZA + 427 'AD + 227 'DX!D)
—2Tr ((z—lD + A)2>£
+2Tr(Z Y (AZA' D 124+ DZ D).

Equation (II.55) can be written in terms of Entropy production IT and entropy rate S using the following
results. First, from the fact that IT > 0 and =1, D = 0 we get

T HIT(D) = Tr(EZ HTr (;’tﬂTD1+AZATD1+2A+D21){r(D)

> Tr(Z ") + Te(Z 1/ (AZATD 1 4+2A+DZ D). (I11.56)

Now, taking A; as the eigenvalues of the matrix H := £7'D + A, we have

$?2 = Tr(H)? = (i/\if = f zzz/m, = Tr(H?) +22/\ Aj = Tr(H?) 4+ 2g(H). (IlL57)
i=1 i=1 j=li= i<j

Finally, using (IIL.55)-(IIL.57) in (II1.22) we get

2¢(H)<T?+42¢(H) < Tr(Z HIITr(D) + Tr(H?) + 2¢(H), (I11.58)
2¢(H)<TI? 4+2¢(H) < Tr(Z HIITr(D) + S?, (I1L.59)
0<I? < Tr(Z HIITr(D) + S* — 2g(H). (I1L.60)

Now, since S = Y S J; Where S J; is the contribution of the current flow J; to the total entropy rate S, we know
that each eigenvalue A; = S;.. This ends our proof. |

Relation III.1 provides an inequality between information rate I' (an information metric), entropy rate
S and entropy production IT where the entropy rate S; of each random variable x; is explicitly taken into
account. From Relation IIl.1 we have

L) < Lalt / JEu(x (IIL.61)

Since minimising £, will minimise £, we can obtain both a minimum entropy production and a minimum
statistical variability behaviour through L,,.

For unstable systems, we can avoid the computation of the term g(s) involving the contribution to entropy
rate by each current flow J; via the following relation.
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Relation III.2

Given the same conditions as in Relation III.1, but considering that the eigenvalues ¢; € C of the

matrix A satisfy the following inequality
R{p;} >0 Vi=1,2,...,n
Then, the following result holds
0<I?<7T,:= iTr(Z_l)HuTr(D) + 2,
where I1, > IT (an upper bound of entropy production) defined by

I, o= Te( TR (D ™) 4 {Te(E ) Tr(EPTH(D ).

(IL.62)

(IL.63)

(ITL.64)

Proof. To derive the result shown in Relation IIl.2, we first consider the following preliminary results

[76; 77; 78]

Tr(XY) < Te(X)Te(Y) V X, Y>=0,
Tr(X) = Tr(AZ)+Tr(ZA") + Tr(2D)
= 2Tr(ZA +D),
Tr(£)? = 4Tr(ZA+D)Tr(ZA" + D)
> 4Tr(EAZA' +2ZAD+D?),
Tr(ZH2Tr(2)? = Tr(Z ) Tr(E) (1) Tr(X)
> Tr(Z7'2)2 > Tr((Z71'2)?)

Then, by applying the previous results to the definition of I in (IIl.22), we have
0<T? = Te(ji' = ') + %Tr ((2*12)2) (
< Tr(i ) Te(E ) + %Tr(}:_l}:)z

< Tr(p ") Tr(Z71) + i Tr(Z 12 Tr(2)? + 52

Now, multiplying both sides of inequality (I[1.69) by Tr(D~'D) and factorising Tr(X~

side, we have

0 < nl'?

IN

(=) {Te(iep ") Te(D'D)

% Tr(Z7 ) Tr(2)* Tr(D D)} 4 nS?

IN

Tr(Z ) {Te(jn ") Tr(D 1)
% Tr(Z Y Tr(X)* Tr(D 1)} Tr(D) + nS2
From the right hand side of (IIl.70), we define the part inside the curly brackets as

I, :=Te(eps ) Te(D 1) + %Tr(ffl) Te(£)2 Te(D ).

(I11.65)

(IT1.66)

(ITL.67)

(ITL.68)

(I1L.69)

1) from its right hand

(Ill.70)

(IL.71)
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Which gives us the expression in our result (III.53). The value of I1,, can be proved to be an upper bound of
IT from the following reasoning

I, > Tr(p' D ')
+Tr(Z7!) Tr(ZAZA T +2ZAD+D?) Tr(D 1)
> D Yittr (E'E(AZATD T 424+27'D)DD 1) (

=i D i+ tr(AZATD ' +2A + Z7'D). (IIL.72)

Note that for I, > IT we need A = 0. A similar result can be found starting from the definition of I1, in
(Ill.71) as follows

1Tr(z—l) Tr(Z)?Tr(D'D)}. (IL.73)

Tr(Z I, Tr(D) > Tr(Z Y {Tr(jt" ) Tr(D'D) + 1

From (II.72), the main result follows straightforwardly using (IIL.70) leading to our main result in Relation
II.2. u

Now, we investigate the case when a relation between I', S and IT can be expressed in the form of equality.
If and only if A in (IL.77)-(IL.78) is a diagonal matrix, i.e. we have a set of linearly independent stochastic
differential equations (this can be after applying decoupling transformations [79]), the following result holds.

Relation III.3

Given a n-variate Gaussian process where all its random variables are independent, we have

D;; .
r2.— 2 fZHi + Z s2, (IIL.74)
1 1
where IT; and S; are the entropy production and entropy rate from the marginal PDF p(x;,t) of x;,

respectively.
Proof. If A is an n x n diagonal matrix, then T and X are also diagonal and the following expressions hold

.2 2
2o Zrzz Def.:HI.ZZ g;Jr;( zz> )( (IIL.75)
1 1

1

1 .
= Yli=4"D it T (z—lzzD—l) (
1
2 -2
Hi X
_ L 11176
; D 4%;iDj; (7e)
. R U %
S = )Y S=2) " (IIL77)
i 25 Lii
By rearranging Equations (II1.76) and (II1.77) to form T, we have
D:: .
2 = ZTZHi + 82, (IIL.78)

which leads to our result. ]
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From Equation (IIl.74), we can see that Equation (III.78) is just a special case of Relation IIl.3 where
the system has only one random variable. In addition, Equation (IIl.74) tells us that the geodesic (length-
minimising curve between the initial and final PDF) of £(t) can be computed utilising the entropy rate
and entropy production values (for further details on the geodesic problem, see [64]). More importantly,
since Relation IIL.3 permits us to equate the effects of IL geodesic dynamics on the system stochastic
thermodynamics, Equation (IIl.74) can be used as part of a cost function employed to design controls that
lead to system closed-loop responses with high energetic efficiency and minimum information variability.
This statement will be explored with more detail in Chapter V.

Considering a fully decoupled nonlinear stochastic system and using the Laplace assumption (Proposition
IL.g), the value of the information rate I'? is related to the entropy production IT and the entropy flow S as

follows
> v Di S 1
i=1

=1 <l

Hp, (pi + fi(pi,u)), (IIL.79)
=1

1

where IT; and S; are the entropy production and entropy rate from the marginal PDF p(x;,t) of x;. H =
% fi(pi, t). Clearly, if f; describes a harmonic potential (a linear system), then H . = 0 and (IIL.79) leads to
Relation IIL3.

Il.7.1  Case study: Harmonically bound particle

To study all the previously given relations in a practical setup, let us consider the motion of a Brownian particle
immersed in a fluid (the Kramer process) modelled by the following second order stochastic differential

()] _ | (0 1] [xa(t) ¢1(t)
sz(f)] - sz —v] ch(t)] ! [@(t)]( (1180

where the parameters w and vy are related to the system’s natural frequency and damping, respectively.

equation

First, to explore Relation II1.1, in Figure I11.14 we plot the changes on entropy rate S computed by using
equation (II.117) and compared them with the value of Il — & obtained from equations (Il.104)-(Il.105),
confirming the expected relation S = IT — ®. Second, to briefly verify that £, > T2, we also show the
difference between I'? (using equation (I11.22)) and &, (from Relation II.1). Our simulations were done for
fixed value of w by varying the value of 7y (Figure IIl.14(a)) and vice-versa (Figure III.14(b)).

As can be concluded from Figure IIL.14(a), for an undamped harmonic oscillator with 7y = 0, the value
of £, — I'? tends to decrease with time, meaning that they become equal over time. Here, T, S>0VtE>0
because the system is permanently oscillating. Once we increase 7, the system goes to the equilibrium giving
I,S — 0and &, > 0 due to IT = ®. In general, for any A and u(t) = 0, entropy production IT and entropy
flow @ in the long-time limit take the following values

t—00

lim I1(t) = Tr (ATD—lAz(oo) + 21 (c0)D + ZA) (

t—o0

lim ®() = Tr (ATDflAZ(oo) + A) ( (IIL81)

where Z(o0) = 2lim;_ye0{ fot eAt=T)DeA’ (1-7) d7}. The time-evolution and longtime limit behaviour of en-
tropy production and entropy flow are determined by the value of eAf, which in turn (obviously) depends
on the eigenvalues of the matrix A. As it will be discussed in Chapter V, such eigenvalues can be modified
through a control algorithm (for example, using a full-state feedback control method [80]). In system (IIL.80),
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Figure Ill.14: Computational experiment of (IIL.80) using Dy; = Dj; = 0.01, x(0) = 1, y(0) = 1, £, =
Zgz = 0.1 and 2(1)2 = 2(2)1 = 0. Figure IIl.14(a) contains simulations were w is fixed and we vary <. Figure
III.14(b) contains simulations were < is fixed and we vary w. The plots show the comparison between changes
on entropy rate S computed by using equation (Il.117) and the value of IT — @ obtained from equations
(I.104)-(I.105). Additionally, they show the difference between 2 (using equation (II.22)) and &, (from
Relation III.1).

the bigger the value of 7 the quicker we arrive to equilibrium. On the other hand, increasing the value of w
with ¢ > 0 increments the oscillations on the transitory response (see Figures I1l.14(a) and III.14(b)) [7; 6].
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IIl.7.2  Three-dimensional decoupled process

We now consider fully decoupled linear stochastic systems (i.e. where A is a diagonal matrix). A practical
example of a three-dimensional linear decoupled process corresponds to the simplified version of the
mathematical description of an optical trap shown in Figure IIl.15. The model consists of a set of three
independent overdamped Langevin equations [81] given by equation (II1.82). Here, x and y represent the
position of the particle in the plane perpendicular to the beam propagation direction and z represents the
position of the particle along the propagation direction. The stiffnesses of the trap in each of these directions
are Ky, Ky and «, respectively. < is the particle friction coefficient. ¢;,¢> and &3 are independent delta-
correlated noises, i.e. (&;(t)) = 0, (5i(t)&;(t")) = 2Dyd(t —t') and (§;(+)g;(t')) =0 Vi # jwithi =1,2,3.

Figure Ill.15: Particle of mass
m in a three dimensional optical

7 A trap.

Q@
7 :

2

(t) Q 5 o0 0 (t) Q 1(t) (
t) 0 —-= 0 t) (t) (I11.82)
(t) 0o 0o =] (0 3(t)

Since (I11.82) is a fully decoupled linear stochastic model, it permits us to show the applicability of Relation
IIL.3. To this end, in the left plot of Figure III.16, we show S, II—®,and T computed from equations (II.117),
(I.104) minus (IL.105), and (II1.22), respectively. In Figure II1.16 we can see that both entropy rate S — 0 and
information rate I' — 0 as the system goes to equilibrium. The right plot of Figure IIL.16, a plot depicting the
value of the information rate upper bound &, (Relation III.1) minus I'> showing &, — 0 at equilibrium. The
exact value of &,(t) in equilibrium is

Jim £, = Tr(Z 1 (c0))TI(c0) Tr(D) — 2g(H(o0)) = 0, (I11.83)
where
L l(0) = -D'A, TI(c0) =0. H(oo)=0. (I11.84)

Equation (II1.84) applies only to systems with diagonal A. Since IT — 0, any decoupled linear system is
reversible at equilibrium.
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Figure II.16: Computational experiment of a three-dimensional optical trap using xy = 10,xy =3, x; = 1,7 =
1, D1 = Dy, = D33 = 0.01, x(0) = 1, y(0) = 0.1, 2(0) = 0.5, £} = XJ, = £5; = 0.1 and T} = OVi # .

IIl.7.3  Higher order systems and the upper bounds of information rate T

Relations III.1 to III.3 become highly relevant when the order of the stochastic models increase, for instance,
when using toy models in control engineering scenarios [82]. In this section, we take the case when A is a
randomly chosen Hurwitz matrix whose size varies from 2 — 50, i.e. we choose linear stochastic systems that
contain from 2 to 50 random variables.

Figure IIl.17 shows the phase portrait of F(tf)2 Vs S(tf), and the phase portrait of &,(tf) — T(tf)2 Vs
I1(ts). Figure Ill.17 is also separated in sub-figures Ill.17(a) and IIL.17(b) showing the cases when matrix A is
diagonal and non diagonal, respectively. Note,  refers to the time close enough the system’s equilibrium; in
our simulations ¢ = 300. The phase portraits contain numbers to indicate the value at t = t¢; the number
also indicates the order of the stochastic system.

Regarding the portraits of T'(¢ f)z vs S(t ), for every Hurwitz A (i.e. diagonal and non diagonal matrix
with negative real part eigenvalues) lim;_,o £(t) = lim;_o S(t) = 0 as expected. Meanwhile, for the same
processes I1 > 0 at equilibrium (see equation (I11.81)). When looking at the phase portraits of &, (t7) — I'(t f)2
vs I1(ts), we see that £,(t) > 0 when A is non diagonal due to I1(tf) > 0 for some ¢ (see Figure IIl.17(a)).
On the other hand, as demonstrated in Equations (I11.83) and (II1.84) &,(tf) = II(t;) = 0. Again, meaning
that every fully decoupled linear system is reversible at equilibrium.
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Figure IIL17: Entropy rate S(ts) vs the square of information rate I'(t)? and the values of &, (ts) — I'(ts)?
vs I1(tf). The simulations use randomly chosen stable linear systems from order n = 2 to n = 50. The red
numbers indicate the order of the system and its position the value at { = 300.
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Chapter concluding remarks

Throughout this chapter, we have presented theoretical results for the computation of the information length in
n-th order Gaussian stochastic processes, which can be applied to a variety of practical problems. Specifically,
the information length was found as a function of the mean and covariance dynamics. We showed a case study
of a harmonically bound particle system with the natural oscillation frequency w, subject to a damping y and a
Gaussian white-noise (Kramer equation). Such case study demonstrates the information length dependency on w
and 7, elucidating that the information length tends to take its minimum value near the critical damping v = 2w.
The latter can be viewed as the simplification of dynamics and thus the decrease in information change due to the
reduction of the two characteristic time scales associated with w and -y to the one value. The information length in
the long time limit £(t — c0) was shown to preserve the linear geometry associated with the Gaussian statistics
in a linear stochastic process, as in the case of the O-U process (IIl.13). Next, using the stochastic equation of a
simple pendulum, we demonstrate that IL can be computed in non-linear Langevin equations through the Laplace
assumption.

In addition, we have derived relations between information rate and thermodynamic quantities for stochastic
Gaussian processes. The proposed results permit us to create cost functions that lead to energetically efficient
(minimum entropy production) and organised (with minimum information variability) behaviours. In this context,
in Chapter V, we explore connections between the area of control theory for applications in linear and non linear
Langevin equations. We utilise modern control techniques such as the model-predictive-control [83] to find the
solution to proposed optimisation problems in terms of the information rate. Future work would explore benefits
in the research areas of population dynamics [84] or inference control [85; 86].
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Abrupt events detection

’ Chapter summary ‘

etecting and measuring abrupt changes in a process is a capability that can pro-
D vide us with important information for decision-making, especially, in systems
management. In this chapter, we investigate the prediction capability of information
theory by focusing on how sensitive information-geometric theory (information length
diagnostics) and entropy-based information theoretical method (information flow) are to
abrupt changes. To this end, we use a non-autonomous Kramer equation by including
a sudden perturbation to the system to imitate the onset of a sudden event. This case
study enables us to calculate time-dependent probability density functions (PDFs) and
various statistical quantities with the help of numerical simulations. The results show
that information length diagnostics predict the onset of a proposed ongoing perturbation
that models a sudden event better than the information flow. In addition, the case study This chapter is based on
explicitly shows that the information flow like any other entropy-based measure has the following author’s
limitations in measuring perturbations which do not affect entropy. publications: [7; 6; 11]
Then, as a method for detecting abrupt events, we propose the application of different
correlation coefficients such as mutual information, Pearson coefficient and novel coeffi-
cients based on the information rate and entropy production of the stochastic process.
The analysis of the correlation coefficients includes their application to different case
studies which consider linear stochastic processes only. The results demonstrate that
information rate and entropy production coefficients can detect abrupt events in the
first and second moments of the stochastic dynamics. In a high-order scenario, we
also include the application of the norm of the information/thermodynamic quantities,
showing that such quantity permits us to approximately quantify the correlation between
all the random variables in the system.

keywords: information geometry; information length; information flow; prediction; entropy

IV.1  Introduction

Even if occurring very infrequently, rare or extreme events can mediate large transport with significant impact.
Examples would include the sudden outbreak of devastating infectious diseases, solar flares, extreme weather
conditions, flood, forest fire, sudden stock market crash, flow sensor failure, bursty gene expression and
protein productions. The resulting large transports can be either beneficial (e.g., promoting mixing and
air circulations by atmospheric jets or removing toxins) or harmful. For instances, tornadoes cause a lot
of damage; in magnetic fusion, plasma confinement is hampered by intermittent transport of particles and
energy from hot plasma core to the colder plasma boundaries.

Given the damage that these events can cause, finding good statistical methods to predict their sudden
onset, or abrupt changes in the system dynamics is a critical issue. For instance, there are different types of
plasma disruptions in fusion plasmas [87] and the current guidance for the minimum required warning time
for successful disruption mitigation on ITER is about 30 ms [88]. Increasing the warning time by the early
detection of a sudden event will greatly help ensuring a sufficient time for a control strategy to minimise
harmful effects.
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Obviously, the whole mark of the onset of a sudden event is an abrupt dynamical change in the system or
data over time—time-variability /large fluctuation, whose proper description requires non-stationary statistical
measures such as time-dependent probability density functions (PDFs). By using time-dependent PDFs, we
can quantify how the “information" unfolds in time through information geometry. As mentioned in the
chapter’s summary, here we examine the capability of the information-geometric theory proposed in a series
of recent works [69; 89; 64; 66; 90; 70] in predicting the onset of a sudden event and compare it with one of the
entropy-based information theoretical measures [91; 92; 93]. Let us recall that the information length [69; 89]
measures the evolution of a system in terms of a dimensionless distance which represents the total number of
different statistical states that are accessed by the system (see Chapter III). The larger time-variability, the
more abrupt change in the information length; in a statistically stationary state, the information length does
not change in time. For instance, the work [94] has demonstrated the capability of the information length in
the early prediction of transitions in fusion plasmas.

Again, in this chapter, we mimic the onset of a sudden event by including a sudden perturbation to the
system and calculate time-dependent PDFs and various statistical quantities including information length
and one of the entropy-based information-theoretical measure (information flow) [95; 96]. The latter measures
the directional information flow between two variables. This is more sensitive than mutual information which
measures the correlation between the variables. The point we want to make is that this information flow
like any other entropy-based measures depends solely on entropy, and thus it cannot pick up the onset of
a sudden event which does not affect entropy, for instance, such as the mean value (recall, the entropy is
independent of the local arrangement of the probability [97] as well as the mean value).

We should note that there are many other information theoretical measures [91; 92; 93; 98; 99; 96; 100;
101; 102; 103; 104; 105; 97; 45] that have been used to understand different aspects of complexity, emergent
behaviours, etc in non-equilibrium systems. However, the main purpose of this chapter is not to provide
an exhaustive exploration of these methods, but to point out the possible limitation of the entropy-based
information measurements in predicting sudden events. Additionally, our intention is not on modelling
the appearance of rare, extreme events (that are nonlinear, non-Gaussian) themselves, but on testing the
predictability of information theoretical measures on the onset of such sudden events.

To gain a key insight about this chapter’s discussion, consider an analytically solvable model such as —the
non-autonomous Kramers equation (for the two variables, x1 and x) [106]—which enables us to derive exact
PDFs and analytical expressions for various statistical measures including entropy, information length and
information flows. In this model the non-autonomy is introduced by an impulse which is included either in
the strength of stochastic noise or by an external impulse input which models a sudden perturbation to the
system. Examples of the abrupt event scenarios that we will explore in this Chapter are shown in Figure IV.1.
The plots show blue dots representing a single trajectory X of the Kramers equation sampled from N (u, X)
with a solid black line representing the phase portrait of the average value over time u(t) = (x(t)). Here. the
values for y and X at evert instant of time f are computed by solving Equations (I1.77)-(I1.78). Panel (a) shows
the phase portrait of x; and x, without any impulse. Panel (b) shows the case where an impulse causes the
perturbation in the covariance matrix X while panel (c) is the case where the sudden perturbations affect both
covariance matrix X and the mean value u. The proposed impulse-like function used in these simulations is
introduced in Section IV.3.

Now, we present the different case studies to abrupt event analysis including the corresponding applied
tools. First, we consider the Non-autonomous Kramers equation. Then, the inclusion of correlation coefficients
in the analysis of the same process. Finally, the study of abrupt events in a controllable canonical form via the
norm of the entropy production, entropy rate and entropy production.
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(a) Process without abrupt events. (b) Process with an abrupt change in X(#).
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(c) Process with abrupt changes in ¢ and X(f).

Figure IV.1: Stochastic simulation of a process with and without abrupt changes that are discussed in this
work. The parameters of the simulation are ¥ = 1,w = 1,D = 0.001, #(0) = [-0.5,0.7] " and £ = 0.011,,
where I is the identity matrix of order two. The blue dots represent a single trajectory X of the Kramers
equation sampled from N (p, Z) while the solid black line is the phase portrait of the average value over time
p(t). The values for y and I at evert instant of time ¢ are computed by solving Equations (I.77)-(IL.78). The
impulse-like function used in these simulations to represent a perturbation (abrupt event) is introduced in

Section 1V.3.

IV.2  Preliminaries to the case study: Non-autonomous Kramers Equation

As our goal is to compare the information length £ metric (already defined in Chapter III) against the
so-called information flow, let us first define the information flow of a two-random variable process.
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IV.2.1  Information Flow (IF)

Information flow (IF), or also usually called information transfer, is one of the useful information-theory
measure that has been studied for causality (causation), uncertainty propagation and predictability transfer
[103; 102]. It also give us insight into the degree of interconnection among states of the system [95; 96]. [95]
considered a system of two Brownian particles with coordinates x = (x1, x2) interacting with two independent
thermal baths at temperatures T; and T, respectively, subject to a potential H(x), which are described by the
Langevin equations

0 = =0y H(x) — Tix;(t) + u;(t) +1;(t),
(mi(Hn;(t)) = 2T, Ti056(t — t1), i,j=1,2, (IV.1)

where I'; are the damping constants, which characterise the coupling of the particles to their baths/environments
(with the temperature T;), J;; is the Kronecker symbol and u;(t) is a bounded input. In this scenario, [95]
defines the information flow as follows.

Definition IV.1: Information flow

The information flows T from x, — x; and x; — x, are then given by (see [95]):

Try1 = 1 /de(x; t) [0x, H(x) 4+ T10x, In P(x; t)] 9y, In M, (IV.2)
I, P(x;t)

Tip = 1 /de(x;t) [0x, H(X) + T20x, In P(x; )] 9%, lnM. (IV.3)
I, P(x;t)

To appreciate the physical meaning of IF, it is useful to recall that Equations (IV.2) and (IV.3)) can also be
expressed in terms of entropy S or mutual information I (see Equations (17) and (23) in [95]), for instance, as
follows:

Ton = 0S[x(H)] — 9 S[xi(t+ t)[x2(D)] (IV.g)
t1—0
where S[xi(t + t1)|x2(t)] denotes the entropy of x1(t + t1) at time ¢ + #; conditioned by x;(t) at the earlier
time t. From (IV.4), we can see that IF represents the rate of change in the marginal entropy of x; minus that
of the conditional entropy of x1, x, being frozen between the time (¢, t + t1). In other words, T,_,; is that part
of the entropy change of x; (between t and ¢ + t1), which exists due to fluctuations of x; [95].

Several important remarks are in order. First, IF T;_,; and Tj_,, can be both negative and positive; a
negative Tp_,; means that x; acts to reduce the marginal entropy of x; (S1). This is different from the case of
transfer entropy which is non-negative [107]. Second, the causality is inferred only from the absolute value
of IF [103]. Third, the advantage of Equation (IV.2) over Equation (IV.4) would be that Equation (IV.2) can
be calculated using the equal-time joint/marginal PDFs without needing two-point time PDFs, which will
be especially useful in the analysis of actual (experimental or observational) data. Finally, although it is
not immediately clear from either Equations. (IV.3) or (IV.4), we will show in §IV.3 that IF depends only on
the (equal-time) covariance matrix. This is similar to other causality measures such as the classical Granger
causality [108] and transfer entropy [107] which quantify the improvement of the predictability of one variable
by the knowledge of the value of another variable in the past and at present. This means these entropy-based
measures do not pick up the onset of a sudden event which does not affect the covariance matrix (variance),
for instance, such as the mean value.
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IV.2.2 A tool to define the correlation in terms of the information rate
In this case study, we will also apply a simple measure of correlation given by (see §IV.4.3)

I*() = (), (IV.5)
where T'(t) is the known information rate value (see Chapter III) and I';,(#) is defined as follows

Definition IV.2: I'2, from marginal PDFs

For a n-variate linear process (I1.68) with n random variables x € R" = [xl, X2,..., xn]T, it is useful to
introduce T?2,(t) as follows

n (D x 2 (. 2
Tu(t) =Y T2(t) =) ( g 2 Y ( ;Z’;"") , (IV.6)
i=1 i=1 XX i=1 7%

where, we recall that 1"12 is calculated from a marginal PDF p(x;; t) of x;. Note that I'? in Equation (II1.22)
is identical to 2, in Equation (IV.6) when the n random variables are independent (See Corollary IIL.1).

The interpretation of Equation (IV.5) is given in Section IV.4.3 through the numerical simulation of the
Kramers equation.

IV.3  Case study: Non-Autonomous Kramers Equation

To demonstrate how IF and IL can be used in the prediction of abrupt changes in system dynamics, we focus
on the non-autonomous Kramers equation, as noted in §IV.1. Recall that the original (autonomous) Kramers
equation (see Equation (II1.36)) describes the Brownian motion in a potential, for instance, as a model for
reaction kinetics [30]. By including a time-dependent external input u(t), we generalise this to the following
non-autonomous model for the two stochastic variables x = [x1, x5]T

. 0 1 0
x(t) = l(wz _71 x(t) + C(t)] ( (IV.7)

Here, ¢ is a short correlated Gaussian noise with a zero mean (¢) = 0 and the strength D with the following
property

u(t) +

(C(H)E(H)) =2D(t)a(t —t'). (IV.8)

In this case study, we consider a time-dependent D(t) to incorporate a perturbation in D as follows

Dy =Dyt Lo () (IV.g)

t) = Dy + e i . .9
lalv/7

Here, the second term on RHS is an impulse function which takes a high value for a short time interval

aaround t = t19 b = {0,1} is used to cover the two cases without and with the impulse. Hence, (IV.9)

represents an ongoing perturbation with a peak around t = t;o".

* Note that there are other good candidates to represent “perturbations” such as a double step function. Yet, we have chosen (IV.9)
due to its practicality when computing analytical results (see Appendix AIV). In addition, (IV.9) is often used as an approximation of
the delta Dirac function ¢ (for instance, see [109]) which is also another good candidate to represent a sudden event.
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Furthermore, we are interested in the case where u(t) is as well an impulse like function given by

d _(t-hyp 2
u(t) = \c\ﬁe ( > . (IV.10)

Here, the impulse is localised around t = t; o with the width ¢; again d = {0,1} is used to cover the two cases

without and with the impulse. To find IL and IF for system (IV.7), we use Proposition II.6 and calculate the

2 2
£ = [P Zw
o1 X

expressions for

Gmd p(t) = [(xa (1), (x2 ()], (IV.11)

using Equations (IV.9)—(IV.10), as shown in Appendix AIV.1.
Equation (IV.11) then determines the form of the joint PDF p(x;t) in Equation (IL.70) for the two variables
i = 1,2. On the other hand, the marginal PDFs of x; and x, for Equation (IV.7) are given by

Py (s b) 1 ) Py(xpst) 1 _ o) V2
) = ——— 11 ) = ——— 2 g
1(X1; /727_[2116 ’ 2(X2; /727_[2226 12

From these PDFs, we can easily obtain the entropy based on the joint and marginal PDFs, respectively, as
follows
y 1
S() = — /dxp(x;t)lnp(x; H =3 [1+m(erz))], (IV.13)
1
S51(8) = = /dxlp(xl;t)ln p(x1;t) = 5 [1+1n(27t%11)], (IV.14)
1
Sa(t) = — /dxzp(xz;t)ln p(xg;t) = 3 [1+1In (271%)]. (IV.15)

IV.3.1  Information Length for Equation (IV.7)

We now use Proposition I1.6 (Equation (IL.70) for (IV.7)) and Theorem IIL.1. Since the covariance matrix £ as
well as the mean values p(t) (see Appendix AIV.1) for the joint PDF involve many terms including special
(error) functions, it requires a long algebra and numerical simulations (integrations) to calculate Equations
(IlI.21) and (III.22), respectively. The following thus summarise the main steps only. First, we can show that
I%(t) for the linear non-autonomous stochastic process (IL68) can be rewritten as

1
() =p" ATE T Ap+uB 2 Butp  ATE T ButuB R Apt o Tr ((z—latlzf) ( (IV.16)

We can then show that for Equation (IV.7), Equation (IV.16) becomes

O (<x2>2222+<<<x2>+wz<x1>+“> (Fx2)Zio+2n ( <xz>+w2<x1>+u)))<

1
+W (22%2 ( tZZZ)(at211)+(3t212)2) 2211 (01212) (E2(09¢Z12)
—2%12(0:%9)) + £ (0:E22)* +4Z2 %12 (9% 12)(9t211)+>3§z(3t211)2) ‘g (IV.17)
By using (x1), (x2), 211, 212 and Xy, given in Appendix AIV.1, we calculate (IV.17). Finally, to calculate IL

in Equation (IIL.22), we perform the numerical integration of I' over time for the chosen parameters and initial
conditions. Results are presented in § IV.4.
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IV.3.2  Information Flow for Equation (IV.7)
To find the information flow for Equation (IV.7), we compare it with Equation (IV.1)

oy H(x) 0x, H(x)

T = —x(t), riz'yxz(t) + w?xq (t) —u(t), Ty =0,===D(t). (IV.18)
1 2

After some algebra using Equation (IV.18) in Equations (IV.2) and (IV.3), we can show (see Appendix AIV.2
for derivation)

21 =
Ty o = —?212 IV.
12 w 222 |Z‘222/ ( 19)
1d
T2_>1 = Eaann. (IVZO)

It is important to note that unlike (IV.17), Equations (IV.19) and (IV.20) depend only on the covariance matrix
%, being independent of the mean values, as noted in §IV.1.

IV.q  Simulations of the case study

In this section, we present simulation results that show how IF and IL capture abrupt changes in the system
dynamics of the Kramers equation. To this end, we designed four simulation experimental scenarios, which
are summarised in Table IV.1. The different scenarios were chosen depending on whether D(t) and u(t)
(defined in Equations (IV.9) and/or (IV.10), respectively) include(s) an impulse function (that is, whether b = 0
or 1 and d = 0 or 1), which caused the abrupt changes in the values of L(t) and p, respectively. Specifically,
Case 1 was without any impulse (b = d = 0); Cases 2 and 3 were when the impulse was included in D and
u(t) (b =1,d=0and b = 0,d = 1), respectively; Case 4 was with both impulses (b = d = 1). As noted at the
end of §IV.4, IL and IF in Equation (IV.17) and Equations (IV.19)-(IV.20) clearly reveal that IF was not affected
by the change in the mean values. This means, IF took the same value in both Cases 1 and 3; it also took the
same value in both Cases 2 and 4. This is highlighted in Table IV.1 by the purple colour.

For Cases 1—4 in Table IV.1, we fixed the value of w to be w = 1 and varied -y to explore different scenarios
of no damping v = 0, underdamping y < 2w, critically damping 7 = 2w and over damping v > 2w.
Furthermore, we fixed the values of the initial covariance matrix as follows

x(0) = lo‘(())l 0.%11 ( (IV.21)

The initial mean values were fixed as u(0) = [—0.5,0.7]T for all Cases.

In addition, we performed the stochastic simulations for Cases 1—4 according to the Gaussian statistics
x ~ N (p, %), specified by the values of X and (x;) (i = 1,2) given in Appendix AIV.1. Simulated random
trajectories are shown in blue dots in the phase portrait of x; and x; in Figures IV.2-IV.7 of the following
subsections.

IV.4.1  Information Flow Simulation Results

As noted in Section IV.2.1, we recall that IF is used to measure a directional information flow in terms of its
entropy and that IF is either positive or negative unlike transfer entropy. In our experimental simulations, we
were interested in how sensitive IF was to abrupt changes. The time-evolutions of IF T;_,,, T,_,1, joint S(¢)
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Table IV.1: A summary of the simulated scenarios of abrupt changes in () and p(t) in the Kramers equation.
Case 1 is without any impulse; Cases 2 and 3 are when the impulse is used for D(t) and u(t), respectively;
Case 4 is with both impulses. We emphasise that IF is affected only by changes in D(t) while IL is affected
both by D(t) and u(t). For each case, we fix the value of w as w = 1 and vary 7 to explore different scenarios
of no damping v = 0, underdamping v < 2w, critically damping v = 2w and over damping v > 2w.

£\

@ Cases @

Parameters 1 / 2 3 4
— o ————(————— P N
T T T RS TR PR TR NCRCRORS o _ 1 B (t—4)2 |
D(t) : © D(t) = 0001 D(H) = 0001 + 1 exp <t—4>2)( D(t) = 0,001 . D(t) =000+ 7o e~ (g7)2 )I
] = U — 7[0.1] ~(01)2 I R () t—4)2
u(t) ! u(t) = u(t) =0 j 0= 701 P (2 ) U = 7Ty o *((o,u)z )( "
Changing ¥ = v < 2w v =2w v > 2w
v while fixing
) Undamped Underdamped Critically damped Overdamped

and marginal S (t), Sy() entropies in Equations (IV.13)-(IV.15), and the phase portrait of x; vs x, are shown
in Figures IV.2 and IV.3. We used the same initial condition %(0) given by Equation (IV.21) and w = 1 while
varying the value of 7. As noted above, random trajectories from stochastic simulations were overplotted in
blue dots in the phase portraits. Specifically, Figures IV.2 and IV.3 are for Case 1 and Case 2, respectively
(with b = 0 and b = 1 in (IV.9), respectively). The exact value of D(t) is shown in Table IV.1 and as a blue
dotted line in all panels of Figures IV.2 and IV.3 (using the y-axis on the right of each panel).

Case 1—Constant D(¢) and u(t) =0

We started with Case 1 which had no perturbation (constant D(t) = Dy = 0.001 and u(t) = 0) and
examined the effects of the system parameters < on IF. First, with no damping y = 0 (Figure IV.2a), S1, S» and
S all increased monotonically in time from a negative value (a less disordered state) to a positive value (more
disordered state) due to the stochastic noise. On the other hand, T;_,, and T,_,1 showed similar behaviours
but with opposite sign, making T,_,1 + T1_,» =~ 0. The opposite sign of T1_,, and T,_,; suggests that x, acted
to increase the marginal entropy of x; (by transferring the stochasticity fed into x, by ¢) while x; decreased
the marginal entropy of x, (by providing a restoring/inertial force causing the harmonic oscillations). The
fact that Tp_,1 4+ T;_,» ~ 0 can be corroborated by the similarity between the marginal entropies S; and S».

Second, in the underdamped case with 0 < ¢ < 2w shown in Figure IV.2b, the phase portrait exhibited the
behaviour of an underdamped harmonic oscillator. The role of the damping y # 0 was to bring the system to
an equilibrium in the long time limit where PDFs were stationary and Sq, S and S took constant values

lim Sy(F) = ~ In <2D”>,< lim Sy() = ~ In (2D”> lim S(t) = In <27[ZT)<

t—o0 2 ’)/w2 t—oc0 2 Y t—o0

as can be shown by using (AIV.40) in (IV.13)-(IV.15). Specifically, in Equation (Il.72), the first term in RHS
(which depended on X(0)) vanisheed as t — co while the second term in RHS (which depended on D(t))
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determined the value of lim;_,« X(#) which for v = 1 was as follows (see Equation AIV.40)

E(t = 00) = lo.(())m 0.8011 ( (IV-22)

The reason why S1,S5; and S overall decreased in time is because the equilibrium had a narrower PDF
(Z12(t — 00) = 0.001, Xpp(t — o0) = 0.001) (see Equation (IV.22)) than the initial PDF (X11(0) = X,(0) =
0.01). Consequently,

tlggo T1o(t) = tlggo Tr-1(t) = 0.

Third, in the critical/overdamped case v > 2w in Figures IV.2c-IV.2d, we observed a much faster decrease
in Sy than 57 as v damps x; quickly (recall that ‘%1 = x7 and see (IV.7)). Consequently, there was a faster
and higher transient in T;_,, compared with T,_,; for larger v, fluctuations in x; having a greater effect
on the rate of change in the marginal entropy S,. It is worth emphasising that our results for ¢y # 0 above
(e.g., the decrease in entropies) involved the narrowing of a PDF over time. In particular, T;_,» and T, 1
for a constant D(t) = 0.001 were caused by the change in X(t) from its initial value X(0) to the equilibrium
value in Equation (IV.22) due to D(t) = 0.001. For a much larger D(t), Equation (IV.22) took a larger value
than 211 (0) = X (0), and PDFs became broaden over time, entropies increasing in time, for instance. As a
result, T,_,; < 0 while T;_,, > 0. Appendix IV.4.4 explores how different values of the constant D(t) affect IF.
Finally, we note that in the phase portrait plots, the stochastic trajectories shown in blue dots generated by
x ~ N (p,£) remained near the trajectories of the mean values.

Case 2—Perturbation in D(t) and u(t) =0

To study how sensitive IF was to a sudden perturbation in D(t) (therefore in L(t)), we included an impulse
function localised around t = 4 (see Table IV.1) in D(t), which is shown in blue dotted line using the right y
axis on Figure IV.3. As before, Figure IV.3 shows results for the undamped, underdamped, critically damped
and over damped cases, respectively.

First, in Figure IV.3a for ¢ = 0, we observed that in a sharp contrast to Figure IV.2a, the impulse rendered
large fluctuations in the simulated trajectory x ~ A (y, £), with significant deviation from the mean trajectory
p. On the other hand, such an abrupt change in X(t) led to a rapid increase in S1,5;,S, T1, and Tp_,q
followed by oscillations. The amplitude of these oscillations slowly decreased in time, the oscillation frequency
set by w (as expected for no-damping).

Second, in the underdamped case 0 < v < 2w shown in IV.3b, T;_» and T,_,; exhibited some oscillations
before reaching the equilibrium, as can also be seen from the phase portrait behaviour. Since the damping
was still small, there was rather a long transient. It is interesting to notice that T7_,, and T,_; flipped their
signs (e.g., Tr_,1 < 0 to T,_,; > 0 around t = 4 as t increased) due to a sudden increase in D (X). This can
be understood since the perturbation applied to x; increased marginal entropy S; while x; decreased the
marginal entropy S. As a result, around the time t = 4 where D was maximum, the sign of IF became
opposite to that without the perturbation shown in Figure IV.2b. Third, for the case vy > 2w shown in Figures
IV.3c and 1V.3d, the sign of T;_,, and T,_,; behaved similarly to the underdamped case IV.3b). Overall, Figure
IV.3 shows that |T; o) and |T>_,1| exhibited their peaks around t = 4. However, a close examination of the
cases with y # 0 revealed that the peak of |T;_,»| and |T,_,1| appeared after the peak of the impulse (in blue
dotted line). That is, the peaks of |T1_,»| and |T,_,1] trailed (not preceded) the actual impulse peak. This will
be compared with the case of IL in the next section where the peak of the information length diagnostics
T2 tended to precede the impulse peak, predicting the abrupt changes earlier than IF. Furthermore, IF was
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independent of external perturbations in p.

~=0.00

50

t T
(a) Undamped.
+=1.00
2 2 2 2
1 1
1 —_— 1 _~ e~ 3 1 —
1.5 1.5 \
\\ 0 & \\ 0 S ) 0 &
2 1 2 1 -5 -1
0 10 20 0 10 20 0 10 20
t t t
0 W, 2 0.6 2
— 0.2 1 - ~o04 1
1 O
S \j 0 S H 0.2 \ 0
0.6 -1 DLERVAN .1
0 10 20 0 10 20
t t

(b) Underdamped.

Figure IV.2: Cont.

IV.4.2  Information Length Diagnostics Simulation Results

In this subsection, we investigated how sensitive information length diagnostics (£, ?) were to the abrupt
changes in the system dynamics. In contrast to IF, IL was capable of detecting changes in both mean values
(u(t)) and Z (D(t)), as can be inferred from Equation (II.22). We considered the four Cases 1—4 in Table IV.1
in Figures IV.4 to IV.7, respectively. In each case, we present the results of £, 2, 1”%, 1"%, rz_—r %n and the
phase portrait of x1 vs xp (where the stochastic simulations are shown in blue dots). As before, we used the
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Figure IV.2: Graphs for Tj_.»(t), Ta,1(t),S1(t),S2(t) and S(t) using w = 1, u(0) = [-0.5,0.7]T, £1;(0) =

X2(0) = 0.01, and 212(0) = Xp1(0) = 0. (a) undamped case (7 = 0), (b) underdamped case (y = 1), (c)
critically damped case (y = 2), and (d) overdamped case (y = 3). Each panel also includes the phase portrait
of x1 vs x5. In these plots there is no perturbations in the Kramers equation (IV.7), i.e., D(¢t) = 0.001 and

u(t) =0.

same initial conditions £(0) in Equation (IV.21) and the same parameter values (w = 1) while varying v for

undamped, underdamped, critically damped and overdamped cases. The initial mean values are fixed as

#(0) = [-0.5,0.7]T for all Cases.

It is worth noting that (the unperturbed) Case 1 in Table IV.1 corresponded to the usual Kramers equation,
previously studied in [6]. We nevertheless show results for Case 1 below to be able to compare with Cases
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Figure IV.3: Cont.

2—4 as well as show new results such as 1"%, T %, and T2 — Fzm that might be useful for understanding the
correlation between variables. Note that in the following, I? — T2, plots are not discussed in each Case, but
instead discussed separately in Section IV.4.3.

Case 1—Constant D(t) and u(t) =0

In this unperturbed case, our main focus here was on the effects of v on L, I'2 and the marginal information
velocities I' % and 1"%.
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Figure IV.3: Graphs for T 5 (t), Tos1(t), S1(t), S2(t) using w = 1, u(0) = [-0.5,0.7]T, £11(0) = ,(0) = 0.01,
and £15(0) = X»1(0) = 0. (a) undamped case (y = 0), (b) underdamped case (y = 1), (c) critically damped case
(v = 2), and (d) overdamped case (y = 3). Each panel also includes the phase portrait of x1 vs x;. In these plots,
we have a perturbation over Z in the Kramers equation (IV.7), i.e., D(t) = 0.001 + m exp(—(t—4)2/(0.1)?)

and u(t) = 0.

First, for the undamped case y = 0 shown in Figure IV.4a, harmonic oscillations (e.g., seen in the phase
portrait) appeared in I'? and T3, their oscillation frequency determined by w. We recall that I'? and T3 are
calculated from the marginal PDF of x; and xy, respectively. Because of the absence of damping, I?(t)
decreased but never reached 0. The finite value of T?(t) is due to 9;E(t) # 0 and 9;u # 0 as the PDF p(x;t)
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evolved according to (IL.70).

When 0 < ¢ < 2w in Figure IV.4b, a non-zero damping led to lim; e Fz(t) = 0, as the PDF reached its
equilibrium value while £ converged to a finite value. It is worth highlighting that non-zero I', T; and I3
signified transient behaviour far from equilibrium. Finally, in Figures IV.4c and IV.4d for v > 2w, we observed
that a higher value of -y led to the shorter duration of transients and larger fluctuations in I'2.

Case 2—Perturbation in D(t) and u(t) =0

Figure IV.5 shows the effect of an impulse like function in D(t) (see (IV.9)), which then led to an abrupt
change in the covariance of the system PDF p(x;t) given by (ILy0). Since IL depended on the value of
% Tr ((z*&)tlz)z) :<see Equation (II.22)), this abrupt change in £ had a considerable impact on I'? ().

For the case v =\0 shown in Figure IV.5a, the amplitude of T? and £ was seen to be increased around the
time of the impulse peak. The phase portrait clearly shows the increase in the uncertainty (more scattered
data). The values of I'} and I'; were also seen to increase due to the perturbation.

For 0 < 7 < 2w, the oscillations in I? and I'} were much less pronounced due to damping (see Figure
IV.5b). This behaviour prevailed also for v > 2w shown in Figures IV.5c and IV.5d. Interestingly, a close
examination revealed that the maxima in T and I'3 followed the peaks of the impulse (in blue dotted line), as
alluded at the end of Section IV.4.1. This was seen more clearly for larger 7 in Figures IV.5¢ to IV.5d where
the maxima in I'2, T? and I'Z all preceded the impulse peaks. These results demonstrate that the information

diagnostics predicted the onset of an ongoing perturbation earlier than the information flow.
Case 3—Constant D(f) and Perturbation in u(t)

Figure IV.6 shows results for a constant D(f) and an impulse-like external input u(f) (see (IV.10)) which
caused an abrupt change in y. u(f) is shown in a red dotted line using the right y axis.

When v = 0, Figure IV.6a shows how the perturbation changed the dynamics of # while X(t) remained
unchanged in the phase portrait plot. When a non-zero damping was included in Figures IV.6b to IV.6d, T2,
I'? and T3 approached zero as t — co. The phase portrait in Figures IV.6b to IV.6d shows how the perturbation
changed the trajectory temporarily.

Overall, we observed a very large increase in I, I’ and I'5 (larger increase in I'3 than in I'}), their peaks
forming a little before or around the impulse peak (shown in red dotted line). Besides, the value of £ was
higher when we had a perturbation on u(t) and a constant D(t) than when D(t) was perturbed and u(t) =0
for v > 0 (see it by comparing Figure IV.5 to Figure IV.6). Furthermore, I % was the most affected by the
changes in u(t) since x, directly depends on u(f).

Finally, it is important to highlight that our result of a high sensitivity of IL to abrupt changes in u(t) was
not shared with IF which was insensitive to u(t).

Case 4—Perturbations in Both D(¢) and u()

Case 4 in Table IV.1 is when we added impulse like functions to both D(t) and u(f) () =1and d =1 in
Equations (IV.9) and (IV.10), respectively.). Again, note that u(t) is shown in a red dotted line using the right
y axis. Overall, the phase portraits in Fig. IV.7 for the undamped, underdamped, critically damped and
overdamped scenarios show that the perturbations momentarily broadened the width of PDF (Il.70) while
causing a large deviation of the trajectory of p.

Figure IV.7a for the undamped case v = 0 shows that the perturbations increased the value of £ in
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comparison to Case 3 with ¢ = 0 (See Figure IV.6a). This is due to the increase in X in Case 4 by the impulse
in D(t), which increased the uncertainty against which the information was measured.

For non-zero damping in Figures IV.7b to IV.7d, we saw a substantial increment in the amplitude of I';
(similar to Case 2 but smaller than in Case 3). In fact, in all cases of the underdamped, critically damped and
overdamped scenarios, the overall behaviour was close to that observed in Case 2 (see Figure 1V.5) than that
in Case 4. It is because the increase in mean values due to the impulse u(t) was somewhat compensated by
the uncertainty increase due to the impulse in D(t). This is a consequence of both impulses having the same
form, e.g., taking their maximum values at the same time t = 4 (see Table IV.1). For instance, if Case 4 were
considered with the two impulses that were timed differently, much larger values of I', I'1, I', were expected
for Case 4 compared with Case 2. There were obviously differences between Case 2 and Case 4, for instance,
in the long time limit  — oo, £ in Case 4 was always bigger than that in Case 3. Finally, similar comments as
before could be made in regards to the prediction capabilities of the information length diagnostics T'2.

IV.4.3 Interpretation of the T? — ', Plots

We now discuss the plot of > — I'2, for all Cases 1-4 collectively to point out its usefulness.

First, according to (II1.22), it is clear that I'> considered the contribution from the non-independent random
variables (x1), (x2), and its covariance matrix L(t) to the information changes in time, while T, was based on
the sum of I'; from a marginal PDF of x; (see Definition II.1). Thus plotting I'> — I'2, gave an approximation
of the contribution from the cross-correlation %;;Vi # j to 2.

As an example, Figure IV.8 shows the simulation of a non-perturbed scenario (u(t) = 0 and D(t) = 0.001)
using #(0) = [-0.5,0.7]T, £11(0) = Z»(0) = 0.01, £15(0) = X51(0) =0, ¥ = 1 and w = 2 (underdamped).
This example permitted us to compare the evolution/deformation of the width of p(x;t) (given by Equation
(IL.70)) in the x1-x, plane with the value of I'? — T2, over time shown in the right panel of Figure IV.8.

Figure IV.8 when I? — T2, = 0 (at t = 0, for instance), shows that the shape of p(x;t) was a perfect circle
(this because X1, (t — 0) = 0). For I'? — T2, # 0, the shape of p(x;t) was deformed according to the value of
I'2 — T2, The simulations suggest that the bigger the value of |T? — I'Z,| the higher the correlation between the
random variables x; and x; (p(x; t) was highly deformed).

In summary, in regard to Cases 1—4, we can remark two characteristics on the behaviour of I? — T2, in
Figures IV.4 to IV.7. First, the value presented more variations when we had a perturbation on D(t), for
instance when 7 = 0 there were high oscillations not presented when there was a perturbation on u(t) but
not on D(t). Second, the higher the value of -y the less the deformations through time of p(x;t)’s width since
I'2 — T2, showed less changes through time.

IV.4.4  Effects of Different Constant D(t) on IF

As noted in Section 1V.4.1, the sign of T;_,» and T,_,; is determined by whether a PDF becomes narrower
or broader in time since in Equation (ILy2), the first term in RHS (which depends on X(0) in Equation
(IV.21)) vanishes as t — oo while the second term in RHS (which depends on D(t)) determines the value
of limy_,e X(t). Specifically, £11(0) = X (0) = 0.01 and Xq5(t — o) = %,Zzz(t — ) = %. In this
subsection, we look at this in detail by focusing on Case 1 (see Table IV.1).

We start by recalling that in Section IV.4.1, we have discussed the effects of certain fixed value Dy for D()
on IF including the case of no perturbation (Case 1), showing the effects of the parameters -y. In the following,
we present the effect of different values of constant D(t) = Dy € [0,0.5] on T,_,; and T;_,, in Figure IV.g.
Note that results for Dy > 0.5 have quite similar behaviours to the case of Dy = 0.5. As before, the different
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Figure IV.4: Cont.

values of y are considered to examine undamped, underdamped, critically damped or overdamped scenarios.
All other parameter values and initial conditions are the same as those used in Figure IV.2.

Figure IV.9a shows the evolution of T,_,; and Ti_,, for different Dy without damping v = 0. As Dy
decreases, T;_,p and T,_,; also decrease their amplitude. There is a higher peak in the transient in both
T1—p and T, 1 for Dy = 0.5. An interesting behaviour is observed when Dy = 0 (the deterministic case
without noise ¢ = 0), where T1_,; = T,_,; ~ 0; the zooming of Figure IV.9a shows very small-amplitude
(O(107)) oscillations with the angular frequency w. In the underdamped case 0 < 7 < 2w shown in Fig.
IV.gb, the value of Dy determines the sign of T;_,, and T,_,;, changing their sign around Dy = D, where
0.001 < D, < 0.1. Specifically, this change in the sign of T7_,; and T,_,; tells us that when x; minimises S;
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Figure IV.4: Graph for T?(t) and L£(t) using w = 1, u(0) = [-0.5,0.7]T, £1;(0) = Z»(0) = 0.01 and

X12(0) = X21(0) = 0 for various values of 7. (a) undamped case (y = 0), (b) underdamped case (y = 1), ()
critically damped case (y = 2), and (d) overdamped case (y = 3). Each panel also includes the phase portrait

of x1 vs x;. In these plots, we have no perturbations over the Kramers equation (IV.7), i.e., D(t) = 0.001 and
u(t) = 0.

when Dy < D, while maximising it when Dy > D.. The opposite holds for the effect of x; on S,. Note that
Dy = 0, IF oscillates forever due to the absence of damping while it asymptotically converges for a non-zero
Dy. Even when v > 2w (see Figures IV.gc and IV.g9d), we observe similar behaviours of T;_,, and Tp_,;. In

particular, x, minimises S; when D < D, while maximising it when Dy > D., with the opposite effect of x4
on S;.
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Figure IV.5: Cont.

IV.5  Abrupt event analysis via correlation coefficients

In this section, we define different correlations coefficients in terms of entropy production and information
rate as a possible tool for abrupt event detection and causality analysis. The information and entropy-based
coefficients are compared through case studies against the mutual information and Pearson correlation coeffi-
cients.
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Figure IV.5: Graph for T?(t) and £(t) using w = 1, u(0) = [-0.5,0.7]T, £1;(0) = Z»(0) = 0.01 and
X12(0) = X51(0) = 0 for various values of 7. (a) undamped case (y = 0), (b) underdamped case (y = 1), ()
critically damped case (y = 2), and (d) overdamped case (y = 3). Each panel also includes the phase portrait
of x1 vs xp. In these plots, we have a perturbation over the covariance matrix X of the Kramers equation (IV.7),
ie., D(t) = 0.001 + m exp(—(t —4)?/(0.1)?) and u(t) = 0.
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IV.s.1 Mutual information

The mutual information between two continuous random variables x; and x; with a joint Gaussian PDF p(x;t)
at time ¢ is defined as

Li(t) := /léz p(x;f) In p(xfg(r;zzc],t) dx = S;(t) + Sj(t) — S(t). (IV.23)
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Figure IV.6: Graph for T?(t) and L£(t) using w = 1, u(0) = [-0.5,0.7]T, £1;(0) = Z»(0) = 0.01 and

Y12(0) = X1(0) = 0 for various values of . (a) undamped case (y = 0), (b) underdamped case (y = 1),
(c) critically damped case (y = 2), and (d) overdamped case (v = 3). Each panel also includes the phase
portrait of x1 vs xp. Here, we have a perturbation over the mean value p of the Kramers equation (IV.7), i.e.,
D(t) = 0.001 and u(t) = W exp(—(t—4)2/(0.1)2).

Here, p(x;,t) and p(xj, t) are the marginal PDFs of the random variables x; and xj, respectively. Recall, the
sub-index i in the entropy S refers to the entropy from the marginal PDF of x; and its value is simply

Si(t) = % +ln ( nZii(t)) ( (IV.24)
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Figure IV.7: Cont.

Mutual information represents the amount of information of a random variable that can be obtained by
observing another random variable. Hence, it is a measure of the mutual dependence between the two
variables [110]. To measure correlations between two random variables in a process, we can utilise common
normalised variants of the mutual information, for instance, the total correlation formula [111; 112]

(IV.25)
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Figure IV.7: Graph for T?(t) and L£(t) using w = 1, u(0) = [-0.5,0.7]T, £1;(0) = Z»(0) = 0.01 and

X12(0) = X51(0) = 0 for various values of 7. (a) undamped case (y = 0), (b) underdamped case (y = 1), ()
critically damped case (y = 2), and (d) overdamped case (y = 3). Each panel also includes the phase portrait
of x1 vs xp. Here, we add a perturbation over the mean p and covariance X of the Kramers equation (IV.7),

i.e., D(t) = 0.001 + m exp(—(t —4)?/(0.1)?) and u(t) = m exp(—(t —4)%/(0.1)?).

where x; and x; are treated symmetrically. Equation (IV.25) is the inverse of the mean of the inverted
uncertainty coefficients C;;(t) and Cj;(t), defined as

Cii(t) = 2, (IV.26)
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Figure IV.8: The value of I'? — I'2, give us information about the deformation of p(x;t), affected by the
cross-correlation 1. The values used here are w = 2, u(0) = [-0.5,0.7]T, £11(0) = X (0) = 0.01,
$15(0) = Zp1(0) = 0, D(¢) = 0.001 and u(t) = 0.

weighted by the entropy of each variable separately [113]. The uncertainty coefficient (IV.26) gives a value
between 0 and 1, indicating no association or complete predictability of x; from x; (given x;, what fraction of
x; we can predict), respectively. Thus, (IV.25) gives an average of the predictability between x; and x;. The
total correlation formula (IV.25) is as an alternative to the well-known Pearson correlation coefficient

>
. (IV.27)

p__vzﬁ%’
when dealing with non-linear relationships between th& random variables [114; 115; 116].

IV.5.2  Information rate and entropy production correlation coefficients

In analogy to (IV.25) and (IV.27), we define new normalised correlation coefficients between two variables x;
and x; in terms of information rate and entropy production as follows

Ti(t) + Tj(t) = T(t)

or(t) = 0 , (IV.28)
pu(t) = Hi(t)JrHI(TZ)H(t)‘ (IV.29)

Here, I1; and I1; are the contributions from the variable x; and x; to the entropy production II (see Equation
(IIL.76)). The values of I'; and T'; are the information rates from the marginal PDFs of x; and x;, respectively.
For instance, given the marginal PDF p(x;,t) of the random variable x; the value of I; is defined as in
Definition II.2. Equations (IV.28)-(IV.29) are not defined exactly as the Pearson correlation coefficient (IV.27)
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Figure IV.9: Graphs for Ty ,5(t) and T, ,1(t) using w = 1, u(0) = [-0.5,0.7]T, £11(0) = Zx»(0) = 0.01
and X15(0) = X51(0) = 0 for various values of . Specifically, (a) undamped case (y = 0 varying D =
{0,0.0001,0.001,0.01,0.1,0.5}), (b) underdamped case (y = 1 varying D = {0,0.0001,0.001,0.01,0.1,0.5}), (c)
critically damped case (y = 2 varying D = {0,0.0001,0.001,0.01,0.1,0.5}), and (d) overdamped case (y = 3
varying D = {0,0.0001,0.001,0.01,0.1,0.5}). Since the entropic measures T;_;,(t) and T,_,1(¢) fully depend
on the value of X, the value of u(t) does not affect the results.

or the normalised correlation coefficient of the mutual information (IV.25). Instead, they are expressed
analogously to the information quality ratio, a quantity of the amount of information of a variable based
on another variable against total uncertainty [117]. Hence, pr/pry is said to quantify the predictability of
information rate/entropy production of a variable based on another variable. A graphical description of
Equation (IV.28) in the form of Venn diagram is shown in Figure IV.10.

When the temperature changes abruptly in a system like (II.80), the value of D (noise amplitude) is
affected. In the case of Brownian motion, such abrupt event will contribute to the uncertainty in the control of
the position of the Brownian particle. To bring light to the analysis and study of abrupt events, we use our
toy models and simulate an abrupt change in the system’s temperature by using the following impulse like
function for the ii-element of the noise amplitude matrix D and on the input function u(t)

; 7(t—ﬂtp>2
|[1|\/Ee , (IV.30)

u(t) = L ei(ti"tp>. (IV.31)

Dj;(t) = Do +
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Figure IV.10: Venn diagram de-
scribing the meaning of (IV.28).
A similar diagram can be made
for (IV.29).

Here, the second term on RHS of (IV.30) and (IV.31) takes a high value for a short time interval around t, and
a changes the amplitude of the impulses.

1V.5.3  Case study: Harmonically bound particle

We start analysing the proposed correlation coefficients by considering its application to abrupt event analysis
of system (III.80). Figures IV.11 and IV.12 show the computer simulation results and time evolution of abrupt
events in D and u, respectively. The noise amplitude is perturbed via the element Dj; of the matrix D and
the input force u only affects the state xp. Figures IV.11 and IV.12 are divided in three panels, IV.11a/IV.12a
which includes the phase portrait of x; vs x, and the time evolution of the correlation coefficients p and py;
IV.11b/IV.12b shows the time evolution of pr,I',I'; and I'y; IV.11c/IV.12¢ the time evolution of pry, I1, I1; and
I'.

From Figure IV.11, the coefficient p; is the most sensitive to noise amplitude perturbations, as it shows an
asymptote around the peak of the perturbation at ¢ = 4 (see Figure IV.11a). On the other hand, the value of
I' predicts® the ongoing perturbation (corroborating the previous results shown in [7]) since it precedes the
aforementioned perturbation (see Figure IV.11b). Regarding the perturbation in u(t) shown in Figure IV.12,
the coefficients p and p; are no longer useful because they are not sensitive to changes in the mean value of
the PDF (see Figure IV.12a). In contrast, an abrupt event in the mean value is well captured by pr and prj.

Figures IV.12b and IV.12c show that the values of pr and pr; change abruptly at the time t = 4 when
perturbation occurs. Figure IV.12b presents negative pr at t ~ 4 due to the large difference between I'; and I';.
For the similar reasons, pry also presents a high decrement at t ~ 4. Here, the coefficients are able to detect
the perturbation over the mean value but they are no longer able to predict it.

Remark IV.1. In Figures IV.11 and IV.12, the perturbation is exerted close to the system equilibrium point as I is small
by t = 4 when the impulse occurs. Hence, we expect similar results when the perturbation is applied at the equilibrium
state dyp(x, t) = 0. Yet, future work will expand in this direction to give more conclusive and rigorous results.

IV.5.4  Case study: Controllable canonical form

To analyse abrupt events in high order systems, we propose, as an offline method, the application of the
Euclidean norm to each marginal or joint information rate/entropy production of the random variables in the
system. Recall that the Euclidean norm of any time dependant function 9(t) is defined as follows

19(6)] == ( /(f 0(7)2d7>% . (IV.32)

> More precisely, it seems to forecast the perturbation with an small forecasting horizon.
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Figure IV.11: Cont.

As a demonstration of this technique, here we study the effects of abrupt events in the noise amplitude matrix
D(t) and the force input u(t) of the popular controllable canonical form of the state-space realization of a
linear system given by

0 1 0 0
(0 0 1 e 0 g

x(t) = | : : o x() [ a(E) +6(). (IV.33)
dy _dnfl —dp2 - _dl

Here, x := [xq,%2,...,%1] | € R", u € R (see Equation (IV.31)) and & := [¢1,&,...,&]" € R" is a vector of
random variables with (&;(t)) = 0, (&;(t)&;(t')) = 2D;;6(t — '), and D;; defined as in (IV.30). Model (IV.33)
provides us with a structure where the input enters a chain of integrators making it to move every state in the
Langevin equation (i.e. they are fully controllable). We consider the case when (IV.33) is of 4th order. The
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Figure IV.11: Numerical experiment of an abrupt event analysis in the model (II1.80) via correlation coefficients.
(a) plots of the total correlation pj, Pearson correlation p and a phase portrait of x; vs x,. In the phase portrait,
the pink dots and the solid line represent a single trajectory A and the mean value pu of (II1.80), respectively.
(b) plots of the information rate correlation coefficient pr, information rate I', and the contributions from x;
and x; to the information rate given by I'; and I', respectively. (c) plots of the entropy production correlation
coefficient pry, entropy production I1, and the contributions from x; and x; to the entropy production given by
ITy and ITy, respectively. Here, the perturbation acts over the covariance X of (IIL.80), i.e., u(t) = D11(t) =0

L ()
and DZZ(t) = 0.001 + W@ 01/,

values of the parameters are dy = [d, .. .,dn]" = [~1.5165, —5.2614, —6.7985, —4.2206] . In Figures IV.13 to
IV.15, we use the notation x; Vi = 1,2,3,4 and x to refer to the values of I1, S and T’ computed from marginal
PDF p(x;,t) and from the joint PDF p(x;t), respectively.

Figure IV.13a depicts the time evolution of T;,IT; and S; Vi = 1,2,3,4. It also includes the time evolution of
the three dimensional space (T, I1, S ). Figure IV.13b shows the norms of I';, IT;, S;Vi=1,2,3,4and I,I1,S in
the form of a spider plot. For instance, the value of the norm of the information rate I' computed from the
joint PDF p(x;t) and from the marginal PDF p(x;,t) is ||T'|| ~ 10000 and ||Tz|| =~ 31.6, respectively. As we
can see, the effects on T;,IT; and S; Vi = 1,2, 3, 4 by the random variables is hierarchical with regards to their
amplitude (for example |Sy4| > |S3| > [Sz| > |S1] at almost all the time) and the equilibrium of (T,I1,S) is
(0,0,0).

When we add a perturbation in u which affects directly x4 (see Equation (IV.33)), we obtain the results
shown in Figure IV.14. Such an abrupt event causes a notable increment in the norms of the states (See Figure
IV.14b) which still maintains the same hierarchical order in the states (x4 is the most affected in comparison
with x1) due to the system’s structure as expected. The direct effect of the abrupt event on each variable’s
time evolution is shown in Figure IV.14a. Recall that u is applied directly to x4. Again, S is unperturbed since
the event affects only the mean value of the PDF. On the other hand, if we separately include a perturbation
in each element Dj; of the noise matrix D, similar results occur. Figure IV.15 illustrates the norms of I, 11, S
in the form of bar plots (after applying perturbations to each D;;). The plots indicate a domino effect in the
marginal PDFs as follow. When only D is perturbed no clear effects can be seen in the rest of the variables
but when D33 is perturbed x3,x; and x; increase their values. Same happens after perturbing Dyy, again



INFORMATION GEOMETRY IN THE ANALYSIS AND CONTROL OF DYNAMICAL SYSTEMS 105

-0.5

=

& 055

-0.6

II
o - M W N

Figure IV.12: Numerical experiment of an abrupt event analysis in the model (II1.80) via correlation coefficients.
(a) plots of the total correlation pj, Pearson correlation p and a phase portrait of x1 vs xp. In the phase portrait,
the pink dots and the solid line represent a single trajectory X and the mean value pu of (II1.80), respectively.
(b) plots of the information rate correlation coefficient pr, information rate I', and the contributions from x;
and x; to the information rate given by I'; and I', respectively. (c) plots of the entropy production correlation
coefficient pry, entropy production I, and the contributions from x; and x; to the entropy production given by
ITy and Iy, respectively. Here, the perturbation acts over the mean value u of (IIL.80), i.e., Dy, (t) = Dy1(t) =0

_4N2
and u(t) = \0.1Tﬁ6_(%) .
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this is due to the structure interaction of the system we are studying. This implies that norms provide an
approximate value of the dependence between the variables of the random process.
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Figure IV.13: Numerical experiment of an abrupt event analysis in system (IV.33). (a) time evolution of the
contribution by the i-th random variable x;Vi = 1,2, 3,4 on the information rate I'; (y-axis in log scale), the
entropy production IT; (y-axis in log scale) and entropy rate S;. The plot also contains the time evolution of
the three dimensional space (T,I1,S). (b) Euclidean norms of T;,I1;, S;Vi = 1,2,3,4 and T, 11, S in the form of
a spider plot. In the simulations, the system has no perturbation, i.e., D;;(t) = u(t) = 0.
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Figure IV.14: Numerical experiment of an abrupt event analysis in system (IV.33). (a) time evolution of the
contribution by the i-th random variable x;Vi = 1,2, 3,4 on the information rate I'; (y-axis in log scale), the
entropy production IT; (y-axis in log scale) and entropy rate S;. The plot also contains the time evolution of
the three dimensional space (T,I1,S). (b) Euclidean norms of T';,T1;,S;Vi = 1,2,3,4 and I, I1, S in the form
of a spider plot. In the simulations, the system has a perturbation in the mean value of the system , i.e.,
D;i(t) =0,u(t) #0 at tp =4.
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Figure IV.15: Abrupt event analysis in system (IV.33) using the norms of I1, S, T at the marginal PDF p(x;, t)
and the joint PDF p(x;t). Each plot depicts a perturbation on a given Dj; at t, = 6 in system (IV.33).
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Chapter concluding remarks

We have investigated the prediction capability of information theory by focusing on how sensitive information-
geometric theory (information length diagnostics) [69; 89; 64; 66; 9o; 70] and one of the entropy-based information
theoretical methods (information flow) [95; 96] are to abrupt changes. Specifically, we proposed a non-autonomous
Kramers equation by including sudden perturbations to the system as impulses to mimic the onset of a sudden
event and calculate time-dependent probability density functions (PDFs) and various statistical quantities with the
help of numerical simulations. It was explicitly shown that the information flow like any other entropy-based
measures is insensitive to to perturbations which do not affect entropy (such as the mean values). Specifically, the
information length diagnostics are very sensitive to both perturbations in the covariance X(#) and mean p of the
process while the information flow only detects perturbations in its covariance. Furthermore, we demonstrated
that information length diagnostics predict the onset of an ongoing perturbation earlier than the information flow;
the peaks of T1_,5 (or T»_,1) tend to proceed the impulse peak while the peak of information length diagnostics 2
tends to precede the impulse peak.

In addition, we demonstrate that the information rate and entropy production correlation coefficients pr and
or1, respectively, detect the proposed perturbation function (IV.9) modelling of an abrupt event in the first
and second moments of the stochastic dynamics, respectively. For higher-order systems, the norm of the
information/thermodynamic quantities represents a fair approximation of the correlation between all the system
random variables.

We expect that some of the results presented in this work would be useful in different engineering applications
[3; 118] since linear approximations are often useful [119] for control engineering applications. For instance,
one can develop an information-geometric cost function for control design to achieve a guided self-organisation
[120; 121], instead of using entropy as a cost function [122]. Given high variabilities involved in complexity and
emergent behaviour [91; 92; 93], it will be interesting to further extend this work to investigate interconnection of
the components in a complex system, or causality and also to non-linear, non-Gaussian models or real data.
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AlV  Appendix Chapter IV

AIV.1  Derivations of p and X(t)

After a long algebra, we can show that (x1(t)) and
(x1(£))
= (AIV.34)
g [(xz(f»
is given by the following:
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On the other hand, the covariance matrix X can be shown to have the following elements
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Here, the superscript © denotes the initial time t = 0 and A, = —5 'y + 4w2 Besides, it can be
proved that
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AlIV.2  Derivation of the Information Flow from the Kramers equation

We provide the main steps used in the derivation of T,_,; and T;_,, after substituting Equations (IV.18) in
Equations (IV.2)-(IV.3). For T,_,; we have
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On the other hand, for T;_,, we have
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Here, we have used the properties (x7) = Zq1 + (x1)?, (x1x2) = Z1p + (x1)(x2), 12 = Xp1, and Q(x) =
—3(x =)= (x = p).



Information geometry based control

’ Chapter summary ‘

ontrolling the time evolution of a probability distribution that describes the dynamics
C of a given complex system is a challenging problem. If successful, this will benefit a
wide range of practical scenarios, e.g., controlling mesoscopic systems. In such a context,
this chapter proposes a method of control based on the so-called model-predictive-control
technique and the information geometric theory for controlling the time evolution of
probability distributions of linear and non-linear Langevin systems. Specifically, the
method combines an online optimisation algorithm and the concept of information This chapter is based on
length to minimise the deviations from the information length’s geodesic of the system’s the following author’s
probability distribution through time. Additionally, we simulate the effects on the closed- publications [10; 11; 9]:
loop system’s entropy production and entropy rate. The control algorithm is tested
numerically in the Ornstein-Uhlenbeck process, the Kramers equation and a simple
cubic system illustrating its feasibility. Furthermore, we explore the application of a non-
dynamic control algorithm called the full-state feedback control to solve different cost
functions in terms of the system’s information rate and entropy production demonstrating
the effects of IL’s geodesic in the stochastic thermodynamics.

keywords: Model-predictive-control; Stochastic control; Optimisation

V.1 Introduction

From Chapter II, we know that time-varying probability density functions (PDFs) are a preferred approach
when describing the dynamics governing different complex systems through statistical methods. In addition,
we noted that PDFs also appear commonly in fields including inference control or stochastic thermodynamics
where their value is obtained through data analysis or by solving the Fokker-Planck (FP) equation of an Itd or
Stratonovich stochastic differential equation, respectively.

Inspired by control theory [82], if the dynamics of the system of our interest are proved to be governed by
an FP equation, we can consider the regulation (set to a constant value) or tracking (follow a time-varying
reference) control problems of the time-varying PDFs [64]. In other words, we can design control strategies to
guide the PDFs time evolution through the information that the FP equation provides. Although controlling
PDFs seems unfeasible through control engineering methods, it has become viable in applications like
colloidal systems thanks to technology such as optical tweezers [81; 123; 124]. In this regard, the seminal
work [125; 126] presents a methodology to control the system PDF governed by a Fokker-Planck equation [30].
Further developments of this work include [127] which discusses a bilinear optimal control problem where
the control function depends on time and space. In [128], authors prove the existence of optimal controls
while considering first-order necessary conditions in the optimisation problem.

Since, FP equations are often mathematical descriptions of mesoscopic systems (for further details, see
[30]), i.e. systems of nano/micro scale such as molecular motors, the system’s PDF evolution through time
may also need to satisfy multiple of the so-called “thermodynamic constraints” to be called “efficient”. For
instance, the system may need to minimise entropy production [122; 129], information variability [130], or
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self-organisation [51]. The addition of these “thermodynamic constraints” in the optimisation process implies
an extension of the current literature FP control results.

From what we learned at Chapter III, we can perceive that a theory which may provide us with insights
to solve the previously mentioned optimisation problems comes from information geometry. Recall that
information geometry results out of the combination of information theory and differential geometry [42].
Additionally, as an emerging field, information geometry proposes new solutions to tasks such as maximum
likelihood estimation [131], state prediction [132; 7], quantification of causality [16; 108; 103] or maximum
work extraction [64; 96]. In stochastic thermodynamics [23; 95], information geometry is used to obtain
time-varying descriptions of the aforementioned constraints. For instance, based on the well known Cauchy-
Schwartz inequality [133], [134] presents an inequality between the Fisher divergence [135] and the information
length (IL) [6; 7] to quantify the amount of the disorder in an irreversible decay processes. In [64], the geodesic
of IL is used to describe the path with the least amount of statistical variations connecting the initial and final
probability distributions of the system dynamics (for further details, see [130]). Hence, information geometry
can be used in a control protocol to impose geodesic dynamics on the system’s PDF time evolution such that
the system behaves with the minimum “geometric information variability” [51]. The design and application
of a technique that allows us to achieve such minimum geometric information variability constitutes the main
problem to be solved in this Chapter.

Before we create an optimal protocol for the PDF’s time evolution, it is important to briefly review
some of the existing control algorithms. In this vein, the literature presents significant amount of control
procedures from the classical PID control [136] to more sophisticated algorithms like data-driven, model-free
or fractional-order controls (for instance, see [118; 137; 138]). Nonetheless, for our scenario, we require an
algorithm to handle complicated optimisation problems while being a feasible option to be implemented in
an experimental setup for future work.

To solve our problem, we can consider one of the most popular optimisation-based control techniques
called the model-predictive-control (MPC) scheme [139]. Generally, MPC is an online optimisation algorithm
for constrained control problems whose benefits have been noticed in applications to robotics [140], solar
energy [141] or bioengineering [142]. Furthermore, MPC can be easily implemented thanks to packages such
as CasADi [143] or the Hybrid Toolbox [144].

Based on the presented discussion, the chapter presents the solution of an optimisation problem which
consist of a cost function combining the concepts of information length and the quadratic-regulator (QR)
[145] to guide the system’s PDF time evolution through the path with the minimum geometric information
variability (the geodesic of the information length) via MPC. In our applications, the system’s PDF will remain
Gaussian at all instants of time given that the system’s initial conditions follow a Gaussian distribution or that
we use the Laplace assumption. The restriction to Gaussian dynamics enables us to use a set of deterministic
differential equations to describe the dynamics of the mean and covariance of the Gaussian distribution (See
Proposition 11.7) as part of the prediction algorithm in the MPC method.

As mentioned in the Chapter’s summary, the algorithm is applied to the Ornstein-Uhlenbeck process
[67], the Kramers equation [7] and a cubic stochastic differential equation [11]. As noted in Chapter II,
such systems are used to describe a particle over a heat reservoir (mesoscopic stochastic dynamics) and, in
practice, the dynamics of both the noise amplitude and mean value in such systems can be manipulated
via changes in temperature and optical tweezers, respectively [23; 146; 124]. Through the application of
previous results from [62], the effects of the MPC method in the Ornstein—-Uhlenbeck and cubic processes’
stochastic thermodynamics are analysed by simulating the values of entropy production and entropy rate in
the closed-loop system. In the chapter, we also present a brief description of the BIBO stability conditions
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which are considered to constrain the control actions proposed by the MPC. Furthermore, we explore the
application of a non-dynamic control algorithm called the full-state feedback control to solve different cost
functions in terms of the system’s information rate and entropy production demonstrating the effects of IL's
geodesic in the stochastic thermodynamics. Finally, we give a set of concluding remarks and a discussion of
the future work.

V.2 Minimum information variability problem

Before we proceed, let us explain in more detail how IL can be used to minimise deviations from the

geodesic of the system’s PDF time evolution. In [134], the authors use the inequality J (tf) > L(ts)? where
t t ap(x; 2 . . .

J(tf) = Tftof I2(t)dt = ftof dt [ xp(}c;t) [ pg’; t)} (Fisher divergence) with T = t; —ty and £ given by

(Il.21). Such inequality follows frokn the Cauchy-Schwartz inequality [T2dt [f2dt > ([fudt)” with u = 1.

But, most importantly, the equality holds for the minimum path where I’ is conktant (see, ¢.g. [147; 134]), and

the deviation from this equality is said to quantify the amount of the disorder in an irreversible process [134].
From [130], such statement can be clarified by the following procedure. Let us define the time-average for

a function f(t) as E[f ()] = 1 |, tgf f(t)dt. Then, we can define the time-averaged variance

T

_ 2
azzj £

- = E[I?] - E[]? > 0. (V1)

Equation (V.1) describes an accumulative deviation from the geodesic connecting the initial and final distribu-
tions of the system dynamics. Thus, we can conclude that by setting I as a constant, we obtain a geodesic
that defines a path where the process has the minimum geometric information variability.

V.3 Minimum variability control in Gaussian dynamics

In a stochastic Gaussian process, to drive the system’s PDF time evolution through the geodesic of IL while
also having a desired set-point at time ¢ = ¢, we propose the following cost function

]:/Off< L (T2(T)—=T2(0) 2+ (Y(T) - Ya (7)) T Q (Y(1)—Ya(T)) + CT(T)Rc(T)) 61, (V.2)

where I; € R,Q € R(n+n?)x(ntn?) 'y .— [u,vec(Z)]T € R+ is the vector of states p and vec(X)* that define
the time evolution of p(x; ) as described by Proposition II.6 and II.7 when considering linear and non-linear
SDE, respectively. Y; = [p;, vec(Z;)]" is the desired position of the n + n? states defined by p,; and Z;
at time t, and ¢ € R™ (such that m < 1+ nz) is the vector of controls defined by ¢ = [c1,¢2,. .. ,cm}T =
[u(t),w:= {(Dj;j|Djj # 0 € DVi,j = 1,2,... ,n}]T, therefore R € R"™*™. In this work, we call Equation (V.2)
The Information Length Quadratic Regulator (IL-QR). As it will be discussed in §V.3.2, the solution of (V.2) will
be obtained via a numerical scheme which allows us to avoid analytic complications while being useful for
practical scenarios. To find the geodesic dynamics analytically, we can use the solution of the Euler-Lagrange
equations of IL. The steps of such approach are discussed and successfully applied in [64] for a first order

*vec(A) of a matrix A € R™*" stands for the vectorisation of the matrix A, i.e., a linear transformation which converts the matrix A
into a column vector. Specifically,
vec(A) = [a11, ..., Am1, 012, -, A2, - -, A1, - - .,am,n]T.
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stochastic differential equation. In § (V.7), we give the details of the procedure when considering a more
generalised scenario.

From (V.2), we see that the first term in the right-hand side imposes a constant I'? (needed to minimise the
deviations from the geodesic [64]). The term involving Q imposes the system to reach a given PDF defined
by Y,;. The third term in the right-hand side of (V.2) regularises the control action ¢ to avoid abrupt changes
in the inputs. Finally, Q and R are matrices that penalise the error ¢ = Y — Y, and the control input u,
respectively.

In our method, the control of the dynamics for p is given by u(t), while the dynamics of X(t) is modified
by controlling the noise-width via a time-dependant vector w(t) whose elements substitute the nonzero
constant values of the matrix D (numerically, we can also apply control to all elements in such a matrix
regardless of having a mathematical model where they are imposed to be zero). As it is discussed through the
numerical examples, the noise width can be modified by changing a macroscopic observable like temperature
(for further details, see the Brownian motion models presented in [30]).

V3.1 BIBO Stability in linear stochastic process

Since we are dealing with a control problem, it is important to describe the stability conditions for the dynamics
we try to control. Specifically, for the linear SDE (I1.68), the system’s bounded-input bounded-output (BIBO)
stability is described by the following Theorem.

Theorem V.1: BIBO stability in linear SDE

The mean (I1.77) and covariance (I.78) dynamics of (I1.68) are BIBO stable if and only if the eigenvalues
A; of the matrix A satisfy the following inequality

R[A] <O, (V.3)

where R[s| stands for the real part of the complex value s € C.

Proof. For a detailed proof of this result, please refer to [38] and [148]. |

Remark V.1. Theorem V.1 is considered to be satisfied throughout our examples. i.e. the control method is applied to
stable systems only. Furthermore, the control actions are constrained to finite values. For non-linear SDE, the explicit
BIBO stability conditions are left for future work.

V3.2 A solution via model-predictive-control

As discussed in §V.1, the solution of our optimisation problem will be computed through the MPC method.
Hence, the following discrete optimal control problem encoding the MPC formulation is required

N

c = argmﬁin ]N:Z
k=0

HﬂHYwWXﬂH%0+5%mﬂH)>(

s.t. T2[k] = f(Y[k],€[k])

(1L<f2 ] - 1%[0])’
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Y[K] = [u[e K], vec(Z[&K])] T

[ k] = Agulk — 1] + Bu[e, k — 1]
L[c k] = AjZ[k — 1]+ Z[k — 1]A] +2D[¢, k — 1]
u[0)=m,Z[0] =S VmeR",S e R"™"

&lk] = [u[k], wlk]] "
i < <cyi c1iCyi ERVI=1,2,...,m. (V.g)

In Equation (V.4), the™-symbol over Y and I’ refer to their predicted values over the influence of the control €

throughout the optimisation process in the finite horizon of length N. Note that the value of Y js constrained
by the discretised version of the set of equations (I.77)-(I1.78) given by (&

k| = Agulk—1] +Byulk —1], (V.5)
kK| = AyZk—1]+Zk—1]A] +2D[k—1], (V.6)

ul
]

where A; =1+ T;A, B; = TsB if a first-order approximation of the time derivative considering the sample-

period T is applied (we apply a 4th order Runge Kutta instead of a first-order approximation to compute Y
in our simulations). Note that we have added the argument ¢ in Equation (V.4) when describing Equations(
(V.5)-(V.6) to emphasise the application of the control during the optimisation procedure. The initial conditions
1[0],Z[0] of (V.5)-(V.6) change every time an optimal control ¢ solution has been computed and they are
subject to the measurements m, S of the real/simulated process. Every element c; of the control vector &
is constrained by a lower and an upper limit denoted ¢;; and c,;, respectively. Finally, f is the function

describing the predicted value T? defined as follows
f(YIK], €[k)) = (Ap[k] +Bule,k]) " (k] (Ap[k] + Bule k)
+ %Tr (():[k]*l ( Tk —1] +Z[k—1]AT +2D[¢, k — 1]) )2) (V.7)

To have a better understanding of the MPC method when applied to solve the IL-QR problem in a real
scenario, Figure V.1 shows the MPC method control diagram and the functioning of the MPC’s optimiser
when considering a second order stochastic system in the sub-figures V.1a and V.1b, respectively. Figure
(V.1a) shows that in real-time (i.e. while the process is evolving), the MPC algorithm takes a given setpoint
Iz [0], Y4, the prediction value Y of p and X from a prediction model, a set of constrains, the cost function [y
and the current system dynamics Y to solve the optimisation problem given in (V.4). Afterwards, the optimal
control ¢ solution of Equation (V.4) is applied to the system. The MPC method finds the optimal control ¢ by
considering the differential equations of jt and I as a prediction model in a finite horizon of length N.

Figure V.1b briefly details the working principle of the MPC’s optimiser block when considering a stochastic
process described by a bivariate time-varying PDF p with random variables x; and x;. Here, the MPC’s
optimiser method considers the measured systems PDF output (given in black colour) to initialise the
optimisation process. The optimisation is perform by extrapolating the values of the PDF p in a finite horizon
of length N comparing it with the reference trajectory described by the PDF p;. The optimisation problem
is solved via the interior point method using CasADi [143]. In this work, thanks to the type of Langevin
equations being considered, the control, prediction and simulation of the PDF has been eased through the use
of deterministic descriptions of the first two statistical moments through time (for further, details see Chapter
II). When considering pure data or more complicated stochastic differential equations, the time-varying PDFs
need to be estimated through inference methods [149] or stochastic simulations [150].
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Model-predictive-control

: ] N constraints
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..... X1

Prediction Horizon of length N

(b)
Figure V.1: a) Control diagram describing the main parts of the implemented MPC methodology. b) Diagram
of a discrete MPC scheme applied to a second order stochastic process.

V.g Case study: The O-U process

To present the numeric implementation of the MPC for the solution of the IL-QR cost function, we first
consider its application to the Ornstein-Uhlenbeck (O-U) process (see Figure V.2) defined by the following
Langevin equation

{=—(g(t) —u(t)) +&(t), (V.8)

where ((t) is a random variable, u(t) is a deterministic force, {(t) is a short correlated random forcing such
that (Z(t)¢(t1)) = 2Dd(t — t) with D > 0 and (&(¢)) = 0.

The results of the MPC implementation are shown in Figures V.3 to V.6. Figure V.3 depicts the case when
the desired state Y, of the O-U process is Y4 = [1/30,1/(2 x 0.3)] . Figure V.3 also shows the time evolution
of the states Y(t) = [u, B(t)] and controls c(t) = [u(t), D(t)] " (the rest of the parameter simulation details are



INFORMATION GEOMETRY IN THE ANALYSIS AND CONTROL OF DYNAMICAL SYSTEMS 119

Figure V.2: The O-U process
V(¢) equation is commonly used to
describe a prototype of a noisy
relaxation process. For instance,
the movement of a particle con-
fined to a harmonic potential
V(¢) = 3v(¢ — u(t))? and ther-
mal fluctuations with tempera-
ture T (D = kgT+vy and kg is the
Boltzmann constant) such that
u(t) g {(t) fluctuates stochastically.

Y

given in Figure V.3 caption). From the results, we see that the method finds a geodesic motion (solution to the
IL-QR) from the initial to the final state in less than 0.4 seconds. The geodesic motion is corroborated by the
constant value of I'%(t) ~ T?(0) = 2.4 and the plot of the information length £ whose shape is a line with
slope of 1.5526. T?(0) is computed by considering that u(t = 0) = D(t = 0) = 0. Here, we highlight that the
value of ¥ is found to temporally vary very slightly compared with the hyperbolic analytical solution in [64]
given for a non-constant X (see Appendix V.7).
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Figure V.3: IL-QR for the O-U process using Y(0) = [5/6,1/(2 x 0.3)] " and Y4(t) = [1/30,1/(2 x 0.3)]".
The control is applied in u(t) and D(t). Besides, y =1, Ts =1 x 1073, N =50, I = 1 x 103, R =1 x 1072,
Q12 = Q21 =0,0Q11 = 1 x 10% and Qp =5 x 10%.

When analysing the stochastic thermodynamics of the closed-loop system. Figure V.4 shows the plot of the
entropy rate S in comparison with the entropy production I1, and a plot of the value of I'> with the value
of expression (II.51). Recall that the analytical expressions for S and IT with their derivation are given in
Chapter IL. In the closed-loop system, we can see that the MPC method slightly changes the value of both
the entropy production IT and the entropy rate S in the process. Since the value of ¥ and y in the desired
state Y, are close and far from its initial condition at state Y(0), respectively, the balance between S, IT and I'?
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given by (IIL.51) is kept by maintining an almost constant D(t) and a u(t) with almost constant velocity.
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Under conditions almost similar to the case of Figure V.3, Figure V.5 shows the behaviour of the closed-loop
system PDF, the states y, %, the controls D and u as well as the behaviour of T2 for Y,;(t) = [1/30,1/(2 x 3)] .
Here, I'?(0) is computed by considering that u(t = 0) = 0 and D(t = 0) = 1/(2 x 0.3). The final state Y, is
reached at a time around t = 2.8. Again, the geodesic behaviour is corroborated by the constant value of
I%(t) ~ T?(0) = 0.41 and the graph of the information length £ showing a line with slope of 0.64759.

0.2 ¥=0.66206t 5 0 5
‘ : 0 @~ N(p,X)
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Figure V.5: IL-QR for the O-U process using Y(0) = [5/6,1/(2 x 0.3)] T and Y4(t) = [1/30,1/(2 x 3)] . The

control is applied in u(t) and D(t). Besides, y =1, Ts = 1 x 1073, N =50, I} = 1 x 10*, R = 1 x 10721,

Q12 = Q21 =0,Q11 =1 x 10? and Qp =5 x 10%.

In comparison to the stochastic thermodynamics shown in Figure V.4, Figure V.6 shows small changes in
the entropy production IT and considerable variations in the entropy rate S of the closed-loop system as the
value of £ and y in the desired state Y, are both different from its initial condition Y(0). This difference also
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causes slight variations in both D(t) and u(t). Figure V.6 also shows that the balance equation (IIL.51) holds.

Figure V.6: Stochastic thermody-
namics of IL-QR for the O-U pro-
cess using parameters described
in Figure V.5.

V.5 Case study: The Kramers equation

To study the solution of the IL-QR problem in a higher order system via the MPC method, let us now consider
the non-autonomous version of the Kramers equation (IV.7). Recall that the Kramers equation is an equation
of motion in position and velocity space describing the Brownian motion of particles in an external field [30]
and, in practice, as shown in Figure Ill.15, the Kramers equation (IV.7) is also a good first approximation to
describe the dynamics in one-dimension of a particle in an optical trap [81]. The Kramers equation control ¢
and state Y vectors are defined by

¢ = [uD]T, (V.9)
Y (11, 12, £11, 12, 0] - (V.10)

Here, y1 and y; are the mean values of the random variables ; and {, respectively. X11,%12, X, are the
values describing the covariance matrix Z.

Figures V.7 and V.8 show the simulation results of the Kramers equation closed-loop when considering
the desired states Y,;(t) = [0,0,1/(2 x 3),0,1/(2 x 3)]" and Y4(t) = [-5/6,0,1/(2 x 3),0,1/(2 x 3)]T,
respectively. Figures V.7 and V.8 include the time evolution plots of the mean values 1, y» and the covariance
matrix values 211, X1, 2oy of the Kramers equation random variables {1 and (. In addition, they include the
time evolution of the bivariate PDF p(x;t) with the spatial vector x = [x1, xo] " with x; and x, representing
the position and velocity of the system dynamics, respectively. The rest of the parameters used throughout
the simulations are mentioned in the Figure captions.

For the first numerical experiment, Figure V.7 demonstrates that the MPC method is capable of maintaining
I'? constant through time while reaching the desired state Y;. Here, the value of I'(0) in (V.4) is obtained as
follows

T2(0) = (Au(0) + Bu(0)) Z71(0) (Au(0) + Bu(0)) + % Tr ((f—l(o) (AZ(0) + Z(0)AT + 2D(O)))2)
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Figure V.7: IL-QR for the Kramers equation using Y(0) = [5/6,5/6,1/(2 x 0.3),0,1/(2 x 0.3)] T and Y,4(¢) =
[0,0,1/(2 % 3),0,1/(2 x 3)] . The control is applied in u(t) and D(t). Besides, w =1,y =2, T, =1 x 107},
N=50,I; =5x10°, R=1x10"°I3, Q = 1 x 10°Is.

= 6.16667, (V.11)

where #(0) = 0 and vec(D(0)) = [0,0,0,1/(2 x 0.3)] " while A, #(0) and £(0) are taken from the correspond-
ing Y(0) and the mathematical model (IV.7), respectively. The geodesic dynamics gives a behaviour with slow
oscillations in the state Y. The controls # and D present high oscillations as the system reaches the desired
state Y4. The system gets to Y, at & 7 with an error of 1 x 1073. The geodesic behaviour is corroborated by
the linear behaviour of the information length £ compared to the fitted equation y = 24.8332¢.

Figure V.7 shows a second numerical experiment where Y, is even farther from the system’s equilibrium.
Yet, the MPC method can maintain I'> constant trough time while reaching Y. Like the example of Figure V.7,
in this case 1"2(0) = 6.16667. Small oscillations remain in the time evolution of 1, pup, 211, 217 and . The
system reaches the desired state Y; at ¢ ~ 8.5. Hence, the farther the desired state Y, is from the initial state
Y the longer the time it takes to reach it while following the geodesic path. The geodesic behaviour is shown
by the plot of the information length £ whose behaviour is compared to the fitted equation y = 24.8336¢. As
in the example of Figure V.7, the controls present high oscillatory behaviour as the system gets to Y.

V.6  Case study: Cubic system

We now present an example of the application of the MPC method to obtain the minimum variability
behaviour of a non-linear stochastic system. Figure V.10 shows the IL-QR applied to the cubic stochastic
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zy ~ N (1, X)
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Figure V.8: IL-QR for the Kramers equation using Y(0) = [5/6,5/6,1/(2 x 0.3),0,1/(2 x 0.3)] " and Y4(t) =
[~5/6,0,1/(2 % 3),0,1/(2 x 3)]". The control is applied in u(t) and D(t). Besides, w = 1, y = 2, Ts =
1x107, N=50,I; =5x 103, R=1x 107°I3, Q = 1 x 10°I5.

process given by
X(t) = —yx(t)® +u(t) + &(t). (V.12)

where (&) =0, (¢(t)E(t')) = 2Dé(t —t') and v € R™. Via the Laplace assumption (see Proposition I1.7), we can
define the control vector and the state vector as ¢ = [u, D] " and Y = [y, 2], respectively. In the simulation
the initial state Y(0) = [2+5/6,1/(2 x 30)] " while the desired state is Y,(t) = [2+1/30,1/(2 x 3)]".
Additionally, we consider the parameters v = 0.1, T; = 1 x 1073, N=5,1; =1x10% R =1x10"°I,,
Q12 = Qo1 = 0,012 =1 x 10% and Qyy = 8 x 10%. Here, T; is the integration time step and N is the number of
future time steps considered in the prediction model. The value of I'(0) is imposed via the initial conditions
and equation (III.22).

V.6.1 Limits of the Laplace Assumption

Since the Laplace assumption imposes Gaussian dynamics, it is important to check on its limitations. For such
a purpose, consider a comparison between the PDF that is based on the Laplace Assumption (Proposition
IL.7) q(x, t) defined as

q(x, 1) = ey (V.13)

where p and X are determined by the solution of

o= =y’ +u—3yuz, (V.14)
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Y = —6yZu’+2D, (V.15)

and the “real” system PDF p(x,t) of system (V.12) obtained via stochastic simulations and kernel density
estimators (for further details see [151]). Now, to highlight the limits of the Gaussian approximation g(x, t),
we apply the Kullback-divergence (KL) Dg;, or relative entropy between the estimated § and the Gaussian
approximation g of the time-varying system (V.12) PDFs defined as

Dic (7l19) = /ﬂépwnog (ng))) é (V.16)

Figure V.9 shows the KL divergence trough time between § and g when changing the parameters v and D in
equation (V.12) 2. The result shows that a valid LA requires a small damping (slow behaviour) and a wider
noise amplitude in comparison with the initial value of X.
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2 20 ues v and D of Equation (V.12).
% o5 n TS 2 25 3 When 7 changes D = 0.01, when
! D changes v = 0.01. The ini-
100 . oy . . . .
8 .l 0022000 tial condition is a Gaussian distri-
g) w0l D-0.000100 bution defined by u(0) = 5 and
: wf %(0) = 0.01.
=
v 20 -

I I I )
0 0.5 1 15 2 25 3

V.6.2 Simulation results

In Figure V.10(a), we show the time evolution of the mean y, the inverse temperature § = %, the input force
u, the noise amplitude D, the information rate I'’? and the information length £. We also show the PDF time
evolution of the simulation model computed via the Laplace approximation (g) or via stochastic simulations
(7) and the corresponding KL-divergence (V.16) between them. In the subplot of # and B, the legend LA
and SS stand for Laplace assumption and stochastic simulations, respectively. Interestingly, we can see from
this that the Laplace approximation works fine when used as a prediction model in the MPC method. The
controls have a chattering effect (oscillations having a finite frequency and amplitude), similar to the one
encountered when implementing other control methods like the sliding mode control [152], when trying to
keep the system in the desired state Y.

Figure V.10(b) demonstrates the effects of controls (V.28) on the closed-loop system stochastic thermo-
dynamics. The results show that at the desired state Y; the value of S oscillates around zero with a small
amplitude. This means, ® = —I1 holds at some instants of time when Y reaches Y. In other words, all the
energy is exchanged with the system’s environment when the control keeps Y on the non-equilibrium state
Yd.

?Code https://github.com/AdrianGuel/StochasticProcesses/blob/main/CubicvsLA.ipynb
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(b) Stochastic thermodynamics time evolution.
Figure V.10: IL-QR under LA applied to system (V.12) with Y(0) = [2+5/6,1/(2 x 30)]" and Y,(t) =
[2+1/30,1/(2 x 3)]". The control is applied in u(t) and D(t). Besides, v = 0.1, Ts = 1 X 1073, N = 5,
I} =1x103, R=1x10"°1, Q1 = Q21 = 0,Q12 = 1 x 10% and Q, = 8 x 10%.

V.7 A solution by the Euler-Lagrange equation
In the work [64], E. Kim et al. present an analytical solution describing the geodesic motion connecting

a given initial p(x;0) and a final p(x; tr) probability distribution by solving the Euler-Lagrange equations
in terms of the covariance X~ and mean y value of a first order stochastic process. Here, we take the O-U
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process to compare such analytical solution of the geodesic dynamics with the solution obtained by the MPC
method. Additionally, we give the set of differential equations describing the geodesic motion for an n-variate
Gaussian process utilising [64]’s approach.

The Euler Lagrange equations for the Lagrangian I'? in terms of the vector # (mean value) and the matrix
Y. (covariance) are

d [ar?(t) oT2(t)

d (or%(t)\ [ or%(t)
dt ( F)s ) > (V:18)

Using (Il.22) in (V.17) and (V.18), we obtain (see Appendix AV.1)
p+IZln =0, (V.19)
Etun’ —2x'E =0. (V.20)

As mentioned above, [64] presents a closed-form analytical solution to the boundary value problem of
equations (V.19) and (V.20) when the dimension of both # and X are one. Specifically, equations (V.19)-(V.20)
have a trivial solution where X is constant. For non-constant %, the following hyperbolic solutions are found
in [64]:

B(t) = P«cosh B\/E(t — A)] < (V.21)

u(t) = b tanh B\/&(t — A)} <FP‘M- (V.22)

Here, B = 5= and u(t = A) = (u(0) + y(tp))/ii pm- The values of B, « and A are computed using a given
set of boundary conditions (for the complete discussion, see [64]). For instance, the parameter

1 Q

A= VFOI(0) cosh(Q)’

(V.23)

where Q = sinhfl(%) using ¢ = /B(0)(u(0) —u(tr)). Clearly, through equations (V.21)-(V.22) and the
dynamical model of the O-U process (V.8), we can construct the optimal control f(t) of the input u(f) and the
optimal noise amplitude Dj(t) of D(t). From [64], given that 1£(0) = 0 such optimal controls are given by

) = u(t)—/“%(m, (V.as)
Dit) = %[(—?mm@ﬁ(t—m]( (V.25)

To compare the analytical and the MPC solution of the geodesic of the IL, Figure V.11 shows the behaviour
of the O-U process when controlled through the analytical solution (V.24)-(V.25) or the IL-MPC method. The
Figure contains different subplots that show the time evolution of x, 1/2,T2, £ and the optimal controls D;
and f. In the simulation, the desired state and the damping are Y;(t) = [1/30,1/(2 x 0.3)]" and ¢ = 1,
respectively. Additionally, we set a fixed final time fr = 2A = 0.9304 (one cycle of the hyperbolic geodesic
motion (V.21)-(V.22)) by considering the initial state Y(0) = [5/6,1/(2 x 0.3)]". Figure V.11 uses dashed
and non-dashed lines for the MPC and the analytical response, respectively. From the comparison, a major
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Figure V.11: Comparison between the analytical solution of Eqs (V.19)-(V.20) vs the IL-QR solution for the
O-U process (V.8). The IL-QR parameters are Y(0) = [5/6,1/(2x 0.3)] T, Y;(t) = [1/30,1/(2 x 0.3)] T, v =1,
To=1x103 N=50,I; =1x103, R=1x10"%I,, Q = 1 x 10L,.

conclusion is that the time evolution of § is no longer hyperbolic when using the MPC method. This means
that the MPC method finds an almost constant X solution but not the hyperbolic solution shown in [64]. The
MPC allow us to reach the final state Y, at tr with an error of 6.6 x 1074,

As a second example, Figure V.12 shows the dynamics of the controlled O-U process when the initial state
is Y(0) = [5/6,1/(2 x 3)] " (fixing tr = 2A = 0.7367), the desired state Y4(t) = [1/30,1/(2 x 3)] " and the
damping v = 1. Again, the MPC method recovers a geodesic solution where § time evolution is constant. In
this scenario, the MPC method reaches to the desired state Y; with an error of 9.8 x 10~% in a time t > ff
demonstrating that the numerical optimisation scheme may not recover an optimal time.

As a final remark, note that if the n-variate case is considered, Equations (V.19)-(V.20) form a set of
non-linear differential equations whose solution may be obtained by a numerical procedure. But, even for the
case of a second-order stochastic process, this becomes a challenging problem (we have a boundary value
problem of 12 non-linear differential equations). Hence, the MPC method provides an alternative solution
to this problem while being an experimentally feasible approach as demonstrated by the application to the
Kramers equation in Section V.5.
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Figure V.12: Comparison between the analytical solution of Egs (V.19)-(V.20) vs the IL-QR solution for the
O-U process (V.8). The IL-QR parameters are Y(0) = [5/6,1/(2 x 3)]", Y, (t) = [1/30,1/(2x 3)]T, v =1,
Te=1x103N=10,I; =1x 103, R=1x10"%I,, Q = 1 x 10%L,.

V.8 Full-state feedback control

So far, we have successfully employed a control algorithm that allows minimum information variability. Yet,
it would be interesting to explore other classical control techniques subject to thermodynamic constraints for
the generation of efficient processes.

As a final application, here we explore the use of IL for control design in a given linear stochastic process
but through what control engineers call the full-state feedback controller given by

u(t) = —kx(f), (V.26)
where k € R'". Through this control, we obtain the following closed-loop system
X(t) = Aax(t) +¢(t), (V.27)

where A = A — Bk. The full-state feedback control permits us to manipulate the system’s mean value via
changing the eigenvalues of A. As discussed previously, such eigenvalues also modify the time evolution of
L. In systems like (III.80), the value of X can as well be manipulated by the temperature of the fluid whose
value is related to the elements Dq; and Dy, of the noise amplitude matrix D.
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Taking the aforementioned details into consideration, the following optimisation problems for the design
of minimum variability control can be solved

min i = /(f I(7)dr,
st. p=Agpu
L= A Z+ZA+2D (V.28)
#(0)=m,Z(0)=S
kii <ki <kyi, 0<Dj < Dmax
Vi=1,2,...,n,
and
min J = [[[( ~T(0)?],
st p=Agpu
L=A L+ZA}+2D
#(0)=m,L(0)=S
kii <ki <kyi, 0<Djj < Dmax
Vi=1,2,...,n.

(V.29)

In Equation (V.28), J; is a cost function that considers the minimisation of IL from ¢ = 0 to t = #; to obtain the
“minimum” statistical changes in the given period of time. On the other hand, Equation (V.29) considers a cost
function J, equal to the norm of T'(t)? — I'(0)2. The objective of J, is to keep I'> constant through time (with
the least amount of fluctuations) to approximately follow the “geodesic”, a problem well described in [64].
Both optimisation problems are subject to the dynamics of the mean and covariance of the PDF given certain
initial conditions for them. The problems also consider upper and lower limits to k; and D;; Vi =1,2,...,n
given by k; ;, k, ; and 0, Dimax, respectively. Note D;; > 0 because the temperature cannot be negative. The
values of k;; and k, ; are determined such that the following stability condition is satisfied

sSI— Ayl #0 VseC st Rs>0. (V.30)
Using w = 1,7 = 2, 41(0) = 0.5, 42(0) = 0.7, 217 = Xpp = 0.01,X15 = Xp1 = 0, Diax = 0, kip = -1k, =

—2,ky1 =kyp =o0cand u(t) = —[k; k) 2 in system (IIL.80), we have explored the solution of Equations

(V.28) and (V.29) via the MATLAB Toolbox FMINCON [153]. The solutions give us the set values of k and D
that give at least a local minimum. Note that our goal here is to see the implications of a solution to such
problems instead of rigorously finding the global optimal solution.

Figure V.13 depicts the time evolution of T', £,I1, x1, x; and the spaces (p(x,t),x1,x2) and (x1,xp) after
applying the values of k and D that give a solution to the optimisation problem (V.28). As a result, the value
of k contains k; = 2.1229 and k, = 4.4453 and D, contains Dy; = 0.2684 and Dy, = 2.1181. This values
produce an abrupt change in I', a quasi-logarithmic change in £ with a maximum value slightly over 5 and
a slow almost critically damped change in the system dynamics towards the equilibrium. In addition, the
control quickly drives IT and S to zero. Even though the control action imposes a slow evolution of the
mean value, the information rate quickly decreases. Such behaviour is desirable for systems where minimum
information variability is more important than the speed under which we reach the equilibrium.



130 ADRIAN JOSUE GUEL CORTEZ

The solution of the optimisation problem (V.29) depicted in Figure V.14 shows that a geodesic solution is
obtained when entropy production IT and entropy rate S are zero. This is imposed by the resultant control
parameters k1 = —0.8431, k = —2, D1; = 0 and Dy = 0 which generate a harmonic oscillatory behaviour
of the mean value p = [yy, 4] " and small changes in the time evolution of the covariance matrix elements
211,212 and Xy, to keep I' constant at all £.
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Figure V.13: Full-state feedback control and temperature setting minimising J;. A local minima is at
k = [2.1229,4.4453] " and D = [0.2684,0;0,2.1181].
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Figure V.14: Full-state feedback control and temperature
k = [-0.8431,-2] " and D = [0,0;0,0].

Chapter concluding remarks

In this chapter, we demonstrated the application of the MPC method to obtain the minimum information variability
in systems governed by linear and non-linear stochastic differential equations. The system’s linearity produces
time-varying Gaussian PDFs with statistical moments governed by a set of deterministic differential equations via
the Laplace assumption. The simulations demonstrate that the MPC method is a practical approach to solving the
geodesic of the information length between the initial and the desired probabilistic state via the solution of the
proposed IL-QR loss function. From the Thermodynamics perspective, the simulations of the MPC in the O-U
process show that the MPC directly affects the amount of entropy production generated by the system to fulfil all
the optimisation requirements.

In addition, we identified the limitations of the Laplace assumption and proved it to reduce the computational
cost of calculating the time-varying PDFs and to develop a prediction model in the MPC algorithm. Furthermore,
we show that it is possible to obtain the geodesic of the information length via a simple full-state feedback control
algorithm.

Future work will include the maximisation of the free-energy [51] by minimising the value of the entropy
production, the application to non-linear stochastic dynamics (for instance, toy models [154], systems with
uncertain physical parameters [155], Brownian motion [156] or diffusion [157; 158]) and the analysis of the
closed-loop stochastic thermodynamics for higher-order systems.

setting minimising J,. A local minima is at
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AV Appendix Chapter V

AV.1  Geodesic dynamics derivation

Based on matrix calculus identities from [55], we can derive the the Euler-Lagrange equations for T?(t). First,

d (oT?(t)
dt( - )%0 (AV31)

for u we have

where arazlit) = 2X " 1j1. Therefore

% (2—1) p+Z =2 5 i+ 2 i =0, (AV.32)

which leads to equation (V.19). For Z we have

orx(t) 1 I PP
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Information geometry application to engineering. An
electrical power system case study

‘ Chapter summary ‘

N this chapter, we explore the application of the information length to data-driven
I systems, specially, systems where data are given in the form of time-series. For such
a purpose, we first describe a simple algorithm to compute the value of the information
rate I' and information length £ from the given time-series. In addition, we apply a
basic recursive neural network (RNN) structure in combination with the previously

mentioned algorithm to forecast the IL. Then, we apply these algorithms to a case This chapter is based on

the following author’s

study consisting on the analysis of Kinetic Energy (KE) of the Nordic Power System e sy [ 7]

during three consecutive years as a way to provide useful insights into the power system
KE variability and to demonstrate its utility as a starting point in decision making for
power systems management. Our results reveal that the proposed method provides an
effective description of the seasonal statistical variability enabling the identification of
the particular month and day that have the least and the most KE variability.

keywords: Model-predictive-control; Stochastic control; Optimisation

model-based Data-driven
VI.1 A data-driven world x()
=
. . . . CL . u(t)
[
As society progresses, science and engineering deal with increasingly B vty 0

complex problems characterised by larger sets of variables and informa- L !
tion usually presented as data. From such data, the engineer/scientist

is supposed to provide hypotheses and correct conclusions. In this

scenario, model-based approaches do not become obsolete but rather Figure VL1: Modern engineer-

a limited tool to fully describe aspects of dynamical systems such as ing applications may require

anomalies, rare events or observations in real-time that significantly a paradigm shift from model-

deviate from an expected behaviour. This, for instance, in applications based to data-driven thinking.

to finance, cyber security, and health care [159]. Model-based - techniques  com-

In the previous chapters, we have shown how Information Length monly impose a solid mathe-

can be used to analyse and control complex systems described via linear matical description of the world

and non-linear Langevin equations. Specifically, we demonstrated the while a data-driven approach

capabilities of information geometry to detect and predict abrupt events, would directly infer from direct

its connection to stochastic thermodynamics, unveiling a possible metric measurements, for instance, via

to create energetically efficient processes, and its application in a control statistical methods. IL provides

algorithm that generates minimum variability or optimal PDF time a data-driven tool as it only re-

quires the system’s time-varying
PDF to extract features that can

evolution.

Even though our discussion has focused on information geometry
applied to SDEs, we highlight that IL is a model-free tool that can
impact a wider range of problems as it only requires the system’s

be used for control or anomaly
detection.
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time-varying PDF (see Figure VI.1). From the latter, in this chapter,
we aim to extend our work by exploiting IL’s model-free properties.
Specifically, we introduce IL as a tool to analyse data presented as time
series. Recall that time series are ubiquitously used to describe raw
measurements of complex systems’ time-evolving quantities [160].

V1.2 IL from Time-series

As shown in Figure V1.2, a time series is a set of data points indexed in time order. Here, we will define x[kTs]
as a data point in a time series X such that k is the time index and T is the sampling period, i.e. [161; 162]

X = (x[Ts], x[2Ts], x[3Ts), . .. ). (VL1)

Figure V1.2: Time series plot. A
time series is a series of data
points indexed in time order. The
data in the time series commonly
come from information sampled
with a sampled period Ts from

v

— e an evolving measurement x(t)
i ) t such that x[kT;] represents the
data in the time series sampled
at time kT; where k € Z+.

As data sets in the form of X exist everywhere in practical applications, for example in financial systems,
electrical and mechanical signals, to exploit information geometry capabilities on X, it is important to define a
methodology to estimate the value of IL from discrete time measurements.

V1.2.1 The discrete information length

Specifically, to compute the value of IL for a time series of a random variable x, a discrete version of Equation
(III.11) is applied. Such expression can be defined as follows [163]

L |
L[n]:Tsk;) THRTT .
. )

]

where k denotes discrete time with sampling period Ts and j denotes a spatial point in the discretization of
the space variable x. The probability mass function® (PMF) is denoted by P[j, kT;]; and the sampling time and
spatial step are denoted as Ts = (t;/n) (t is the total time) and s respectively. Since, logarithm is used in

* The discrete version of the time-dependent PDF p(x; t).
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(VL.2), when P[j; kT;] takes the smallest value 0, the In(0) gives an undefined value. To overcome this issue,
we apply the following change of variable

7 =p, (VL3)
we have
dp 2
d 2 [ﬂ dg1?
P(dtln(;ﬂ)> =, [dt} . (VLg)

Therefore, we can rewrite the information rate I' of the random variable x in terms of the variable g (defined
in (VIL.3)) by substituting (V1.4) in (Ill.11) as follows

r(H)? = 4/R (%q(x,t))zdx. (VLs)

Now retrieving p in (VI.5) and discretising the time-derivative of g using the limit

d _ o VPL (k+ DT — /P kT]
aq(x,t) = Tl:gno T. , (VL6)

we have the following version of the discrete time information rate

2
PT)=5 Y4 W(U; (k+ )T, - \/P[j;kTs]> ,
S
[,[Tl]:Ts i r[kTs]. (VL)
k=0

Equation (VI.7) defines the IL in discrete time.

V1.2.2 IL computation from a time series

In this work, we use equation (VL7) to compute IL time series. In the procedure, we estimate each p|[j; kTs]
via an sliding-window algorithm [164], i.e. we select a set of data points over the time series and move it over
time. As we will discuss, the sliding window can move over the set of real data (see Algorithm 2) or the set of
estimated values (see Algorithm 3). The corresponding PMF of the k-th time is found by using the kernel
smoothing function method?, described in [165] (named ksdensity in MATLAB®), over the sliding-window.

The pseudo-code description for computing IL from time series is shown in Algorithm 2. The algorithm
considers an initial data set D; of size N, i.e. at least N measurements are necessary to estimate the first value
of I'. The result of the algorithm corresponds to the value of £ in (VL.7). Inside the procedure, the function
InformationLength in Algorithm 2 corresponds to the programming of the discrete functions in Eq. (V1.7).

2 This method returns a probability density estimate based on a normal kernel function (for further details, see https://uk.
mathworks.com/help/stats/ksdensity.html).
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Algorithm 2: Algorithm for the estimation of the Information Length from a time series.

Data: Consider the initial data set: D; := {D[kTs]|D[kTs] € R Vk=i— N,i—N+1,...,i} such that N is
the number of samples (window size) in the data set (KE data in our case) sampled with sampling

period Ts and i € N is the current time. Besides, n € IN is the final discrete time of the experiment.
Result: The value of £[n] and I'*[nT;] (see Eq. (VL7)).
2 Py = ksdensity(Dy) // Estimate the initial PMF using the function ksdensity from MATLAB® on
the initial data Dy.
i=1
3 whilei < n do
4 P; = ksdensity(D;)// Estimate next PMF.
/* Compute IL using Eq. (VL7). =*/
[L[i], T2[iTs]]=InformationLength(P;, P; ;)

5
6 i=i+1
7 end

s return £[n], T?[nT;]

V1.3 IL forecasting through deep learning

Now, since IL has been proved to detect ongoing perturbations that Remark VI.1. Here, our goal is to provide
the basics for applying IL with a forecasting
algorithm. We do not intend to provide a full
value on real-time can be of great importance in any decision-making study of the forecasting algorithm method-
ologies that could be implemented. Instead,

. . . . . we explore a popular method and combine
concept, we introduce a forecasting algorithm that implements a basic it with the IL metric to analyse the possible

simulate abrupt events in the statistical space [7], predicting its future
process such as power-systems management. To this end, as a proof of

recursive neural network over a sliding window to estimate the value implications.
of the PMF P[j, kTs] at the discrete time kTs.

Figure VI.3: Schematic describ-
ing the data-driven methodology
to compute IL through a fore-

casting algorithm. The method
_________________ uses the predicted value £ from

the time series x (the present
N4l and predicted values presented
in green and red colour, respec-
tively) with sampling period T;
and includes it in the sliding win-
dow of size N to estimate the
next value of the PMF (thus, the

next value of I'?).

First, we recall that NNs are a series of architectures and algorithms based on brain behaviour 3. The goal

3 For a complete discussion about NN and its applications see https://machine-learning-for-physicists.org/
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behind these models is to learn from examples and, in a similar way as human cerebral cells do and to change
the interactions between basic units known as neurons [166]. Here, the NN is used as a regressor which
incorporates non-linearity and the potential to learn from data. Specifically, the methodology uses a long
short-term memory (LSTM) model.

A LSTM is an Recurrent Neural Network (RNN)-based architecture, where the ability to retain part of
the information that belongs to the hidden layer can be used for forecasting at particular times [167]. The
advantage of LSTM, in relation to common RNN models, is the improvement of the performance over the
gradient vanishing problem, which represents a difficulty in the traditional back-propagation algorithm
employed for training. However, the comparison of other neural models or the usage of different forecasting
methods is out of the scope of this paper.

For our analysis, we have used the implemented LSTM network in MATLAB®#, a deep leaning method
using 200 hidden units [168]. In Algorithm 3, we provide the pseudocode that computes IL using (V1.7) and
the time series forecasted value %. Figure VL3 illustrates the proposed methodology. In brief, as suggested by
Fig. VL3, in the first prediction Algorithm 3 uses N data (data set Dy) with sampling period T; to train the
RNN via the function TrainingFunc and estimate the initial PMF P, using the function ksdensity. Next, it
forecasts the next value in the time series £ using the PredictandUpdate function, and adds it to the next
sliding window N + 1 (data set D;) via the function UpdateDataSet to estimate the next PMF P;. Finally,
the value of IL is computed from the initial PMF Py and the forecasted P;. Note that, after the value £
is predicted by the RNN, we update the network with the real value of the previous prediction using the
function PredictandUpdate in the next prediction. This process is repeated till we reach the final discrete
time # and return the values of £[n], T?[nTs].

Algorithm 3: Information length forecasting algorithm.

Data: Consider the normalised initial data set: D; := {D[kT;]|D[kTs] e R Vk=i—N,i—N+1,...,i} such
that N is the number of samples (window size) in the data set sampled with sampling period Ts and

i € IN is the current time. Besides, n € N is the final discrete time.
Result: The value of £[n] and I'?[nT;] (see Eq. (VL7)).

/* Train the LSTM arquitecture N . x/

2 N = TrainingFunc(Dj)

3 Py = ksdensity(Dy) // Estimate the initial PMF using the function ksdensity from
MATLAB® on the initial data Dj.

gi=1

5 whilei < n do

/* Insert a new measurement, predict the new value £ and update the network N . */

6 | [N, %] =PredictandUpdateNet(\, D[iT;])

7 D;=UpdateDataSet(D; _1,%)// Move the sliding window adding prediction £%.

8 P; = ksdensity(D;)// Estimate next PMF.

/* Compute IL using Eq. (VL7). =x/

9 [L[i], T2[iTs]]=InformationLength(P;, P;_;)

10 i=i+1

1 end

12 return L[n], T2[nT;]

4 For further details, see https://uk.mathworks.com/help/deeplearning/ug/long-short-term-memory-networks.html
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V1.4 Case study: An electrical power systems

In this section, we now explore the application of the previously given algorithms as a way to provide useful
insights into a power system KE variability and to demonstrate its utility as a starting point in decision
making for power systems management. Specifically, the proposed IL metric is applied to monthly collected
data from the Nordic Power System (NPS) during three consecutive years in order to investigate its KE
evolution.

Figure VI.4: Map of countries
that belong to the Nordic Power
System (NPS).

The NPS is the interconnected and single market area of the Nordic countries that belongs to the region
in Northern Europe and the North Atlantic, specifically Sweden, Norway, Finland, and eastern Denmark
(See Figure V1.4). For the past ten years, the reduction of rotational inertia® has been a concern for the
NPS Transmission System Operators (TSOs)° as its value indicates the capacity of a generator to cope with
active power imbalances (for further details, see [171]). One of the short-term measures to ensure the system
frequency stability has consisted in installing a measurement and monitoring system to capture the rotational
inertia available in the NPS. This monitoring system produces situational awareness alarms to indicate
when the levels of the inertia fall below a predefined limit. Using this approach, the TSOs attempt to avoid
operational scenarios where the reduced inertia and an N — 1 contingency criterion” can negatively affect the
frequency stability.

The NPS used the so-called “unit commitment method’ to calculate the total system rotational inertia, and
it is based on adding the rotational inertia of each synchronous machine connected to the system. The TSOs
of the NPS have calculated the KE of the NPS in real-time since 2015. This chapter takes advantage of the
recorded data of the KE to develop a metric to quantify its variability and unveil hidden information.

We utilise the historical data of the KE in the NPS (in GWs) recorded during the entire years of 2018, 2019,
and 2020. The time series of the KE consists of 44640 samples; it comprises the total data of these years with a
resolution of one sample per minute. Figure VI.5a shows a plot of the KE data where seasonal variation of

5 Here, we refer to the rotational inertial of the synchronous generators in the system. In a few words, in power systems, the term
inertia refers to the energy stored in large rotating generators and some industrial motors, which gives them the tendency to remain
rotating [169].

®TSOs are the agents responsible for the reliable transmission of power from generation plants to regional or local electricity
distribution operators by way of a high voltage electrical grid [170].

7 (N-1)-Criterion means the rule according to which elements remaining in operation after a fault of one element within TSO’s control
area must be capable of accommodating the new operational situation without exceeding operational security limits [172].
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Figure VL5: KE time series of 2018, 2019, and 2020.

the KE is evident. For 2018, low values are located during the summer months where the dominant-heating
and lighting load is reduced (min: 127 GWs) and as a consequence, the number of generators to cope with
the load is minor. As expected, the maximum KE is located during the winter months (max 272 GW.s).
Figure VL5 reflects the raise of concern about the reduction of KE by comparing the annual averages of KE.
Average KE during 2018 had a value of 200 GWs, whereas during 2019, and 2020 is 195 and 190 respectively,
representing 5% reduction.

A further descriptive using classical statistics of the KE raw data in the form of a monthly box plot is
performed in Figure V1.6 (including distribution of the data as a histogram, the left side of the boxplot).
Figure V1.6 allows identifying the mean and variance per month of the KE during the years studied. From
Figure VI.6a, November 2018 shows the highest variance of the KE with extreme values outside the upper
and lower quartiles that almost reach the minimal global inertia reached during summer months. On the
other hand, May 2018 exhibits minimum changes in the KE, and it coincides with mild temperature and
moderate load in the Nordic countries. For years 2019 and 2020, the histograms show the highest variance
during January and November, respectively. In addition, the lowest variance occurs during June, and July
respectively. Although these statistical measurements can provide us with information from the KE of the
entire month, a day-by-day or hour-per-hour description of the statistical fluctuations is still missing. Here,
the IL metric can provide us with such information since, as we have discussed previously, it tracks time
series evolution through time-variant PMFs [61; 7].
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Figure VI.6: Classic statistical Analysis of the KE Analysed per Month. The charts show a combination of
histograms and boxplots per month in the years 2018, 2019 and 2020.

V1.4.1 Information Length Metric Results

In the following, to visualise and analyse the given data, we have assigned the measurements to seasonal
groups per year. Typically, in the Nordic countries, spring runs from March/April to May, summer from
June to August, fall from September to October/November and winter from November/December to
March/February. However, the seasons might have longer winter and summer periods, and the seasons in
between, spring and fall, can be shorter. Thus, the demand and power reserves vary accordingly.

From Figure V1.5, the dramatic effect of seasonality on the KE is perceived, the summer and winter trends
are well defined whereas the spring and fall periods can be considered as the decreasing/increasing ramps
as the consumption during the months on those seasons decrease/ increase respectively. Additionally, less
consumption typically occurs during summer nights. Note that, the load and generation conditions of the KE
data are unknown and out of the scope of this work.

Information Length £(t) per Month during 2018

Figure V1.7 shows the value of IL L(t) per month in the years 2018, 2019 and 2020. Here, we start the
analysis of the IL metric in the KE from the year 2018. Although, the months with higher load demand (in the
Nordic countries are during the winter season due to the lighting and heating households necessity) could
be intuitively assigned as the ones with the higher amount of fluctuations. By analysing the value of the IL
metric per month during 2018, the highest and the lowest £(t) are during August, and December, respectively.
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Figure VI.g: IL Metric Comparison between the month with the minimum and maximum £ in 2019 and 2020

Thus, indicating that during those months the KE vary the most or remain stiff, respectively. In this regard,
from Figure VI.6a, we can also distinguish an anticorrelation between the variance and IL per month, which
persists in the analysis of the two consecutive years. In other words, in comparison to IL, when IL tends to be
high the covariance is small. In addition, although in summer the power consumption is reduced (the heating
is not needed), the typical load fluctuations during the day show a high £(t) value. This is because compared
to the less variability in winter, where fewer variations in the consumption indicate less variation in the PMF,
in summer load fluctuations are more repetitive. This analysis implies that the capacity and reserves need to
be adjusted while the day-ahead planning should be carefully optimised. This optimisation process is not
analysed in this paper.

To perform a more detailed analysis of the £(t) metric, we have selected the months with the highest and
lowest IL in the year to create Figure V1.8, where the evolution over the month of £ and I' are depicted. When
talking about 2018, these are August and December, as we have mentioned before. Figure VI.8a presents
a collection of time-dependent PMFs that describe the KE evolution through the month. Note that, even
though all the computations are per hour, the PMFs in Figure VI1.8a are sampled per day to permit a better
visualisation of their fluctuations. Besides, Figure VI.8b shows the value of the Information Rate I' which
describes the gradients of the variation of both months PMFs through time. High values and more concurrent
peaks during August can be seen, which means that August presents faster and rapid PMF variations. These
are depicted by high peaks in I' on the KE. Lower values of I' represent slower changes. Let us recall that all
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quantities are dimensionless.

Furthermore, in Figure VI.8b, the Information Rate allows to identify the specific days or hours with
extreme transitions (abrupt events), as it is seen on the day 11 and, 12 during August, and three subsequent
peaks on days 18, 19, and 20. The highest peak in December happens on the third day, and subsequent peaks
on the days 12, and 13. Both months tend to have fewer fluctuations at the end of the month.

Figure VI.8c shows the information length £(t) associated with the results presented in Figure VI.8b. We
see that £(t) during August increases faster overtime rate than in December, specifically in the days 12 and
20 whose rates are considerably ramping up, whereas in December there are fewer fluctuations around the
smaller slope. This corroborates how L(t) can be interpreted as a measure of information changes in PMFs.
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Information Length £(t) per Month during 2019 and 2020

To expand the analysis of the IL metric, we explore the KE time series of the next consecutive years 2019
and 2020. Based on Figure V1.7, for 2019, the months with the highest and lowest variability are July and
February, respectively. Besides, for 2020, the months with the highest and lowest variability are August and
January, respectively. These months present similar characteristics in comparison to the winter and summer
seasons of 2018 mentioned in the previous subsection. Note that February has fewer days than July, for such
a reason, we have included a dashed line in Figures VI.gb and VI.gc setting the end of February.

For July of 2019, in Figure VIL.gb, the days with the highest variability peaks are the 1st and 14th, which
interestingly are at the beginning and middle of the month followed by the increasing consumption. The
summer in the Nordic countries is characterised by population movement to summer households which are
continuously being modernised, for instance, by including new electricity services. The abrupt and joint
activation of these households produce significant changes (strong variations) in power consumption. Two
main variability peaks are observed on February 1st and 10th of 2019, while the remainder of the month
remains with few strong variations.

Along August of 2020, several KE fluctuations are more visible as seen in Figure VI.ge. The highest peak
is seen on the 11th. However, this month presents a heavily strong variability with high intermittency and
irregularity. During January of 2020, several more peaks are seen, especially at the end of the month during
the transition to February.

Figures VLgc and VL.of show a clear difference between the information length L£(t) of the respective
months. A month with higher fluctuations will have a higher value at the end of the £(t) monthly calculation.
Thus, the difference between August and January of 2020, since both months are highly fluctuating. The same
difference is observed in the final values between July and February of 2019. Similarly, this indicator shows a
higher variability for summer and winter of 2020 compared to 2019.

Forecasting Results

Now, as a proof of concept, We utilise the probabilistic properties of the KE observables to make predictions
in the values of £ and I As we have discussed in Algorithm 3, the proposed short-term, hour-ahead
probabilistic forecast based on LSTM incorporating uses a normalised PMF. Besides, the prediction has an
hour-rolling horizon that is being updated with every new estimated value £ of the KE time series. Here, we
test Algorithm 3 using the data of January 2018.

The a posteriori multimodal PMFs evolution for the LSTM process are shown in Figure VL.10a. Note that
Figure VI.10 shows only the second half of the month since the other half of the data have been used for the
LSTM training. As a result, we forecast the value of I only for the second half of the month. In this regard,
Figure VI.10b shows the forecasted I'?(t) and £(t) metrics. Here, we note that the variability is maintained
with various gradients during the month. The highest predicted variability (abrupt event) value is observed
during the day 26, however, the general variability values are similar, meaning the same KE trend, a high
effort of the system to maintain the heavy consumption since January is in the winter period.

Finally, to quantify the forecasting error, the Root Mean Square Error (RMSE) between the prediction
and the observed data is used as a forecasting index. The results of the index are shown in Figure VL 1oc.
Although the model gives the highest error of 15%, the forecast data perform significantly well having an
RMSE of 4.33%.
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Figure VI.10: Analysis of the Prediction of Information Length using Algorithm 3 where the first half of
January 2018 has been used to train the NN and the second half of the month is predicted.

V1.4.2  Case study discussion

The potential growth of non-synchronous generation in power systems worldwide is potentially leading to a
KE reduction in the system requiring a deep understanding of the trends and fluctuations within months,
hours or seasons. The development and application of new metrics can help to design or adjust the generators
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or controllers with the ability to respond to a peak seasonal demand. To this end, we utilise the IL metric
to the behaviour of the KE during the year. Specifically, we measure the time series fluctuations showing
the potential® of IL to detect extreme and abrupt events in the system. A clear advantage of the proposed
technique is that the availability of specific demand or generation profiles is not required. However, patterns
or aggregated annual energy consumption data of the system will potentially help to clarify further detailed
aspects when using the proposed metric. This aspect is constrained to availability since such data might
require security clearance from TSOs point of view. As the implementation of KE by TSOs is a recently
developed monitoring system, the collection of further data will be needed to perform a more exhaustive
analysis.

Although, operating at full capacity for long periods of time is unusual for a TSO, anticipatory behaviour
and innovative tools that contribute to gain insights on the system are needed to incorporate more flexibility
to support grid planning for future irregular or rare events. Moreover, KE analysis, as a relatively new power
systems topic, requires further understanding to provide operator planning tools that quantify, and extract
relevant data.

It is important to underline that traditional statistical analysis should not be understood as erroneous but
as complementary to the probabilistic metrics presented in this paper. Both can provide relevant information
metrics of the KE periodic variations.

Nonetheless, as we have shown, the IL metric can track the variability through the time series evolution via
time-dependent PMFs. This gives the IL metric an advantage over traditional statistical analysis. For the KE
annual cases, we consider it more valuable to understand the day-by-day variability since a TSO could use
this for its day-ahead operations. Even though we have analysed the highest and lowest variability months of
the KE data per year, the proposed metric can be used within other ranges of time.

Chapter concluding remarks

Through this chapter, we have introduced algorithms to compute and forecast the IL from time series. The
algorithms have been applied to a case study in electric power systems. The application uses IL to study the
annual Kinetic Energy time series in the NPS during 2018, 2019, and 2020. In the study, we identify the variability
along the seasons and evaluate the months where the KE fluctuations have abrupt events and the minimum
variability. Besides, The IL metric enables us to detect daily gradient variations that are otherwise difficult to
measure for a TSO. Additionally, the proposed forecasting algorithm uses the metric to predict the future KE
fluctuations in an hour-ahead horizon, enabling TSOs to adjust the generator’s settings accordingly.

Future work will investigate other possible probabilistic and dynamic metrics to measure power system-related
signals with highly intermittent big data. For instance, we plan to use information length to measure the
information flow between the elements in the system by considering its causality properties [16]. Finally, regarding
this application, future work will also focus on studying the practicality of the forecasting algorithm presented
here by comparing its performance with other well-assessed forecasting techniques.

8 As the information rate is the maximum speed that every observable in the system can take (for further details, see [75]), its value
would massively increase in the event of a real sudden (and possibly catastrophic) change in the system. Clearly, the prediction of its
value would be subject to the error of the implemented forecasting method.



Conclusions

VIiI.1  Concluding remarks

The present work has explored the connection between three major areas of research, namely, information
geometry, stochastic thermodynamics and control engineering. From information geometry and via the
Laplace assumption, we defined the concept of IL as a measure of the distance traversed by the PDF resulting
from a general multivariate stochastic dynamical system. In the same fashion, IL was related to stochastic
thermodynamic relations via the value of entropy rate S, creating a physical relation between the length of a
path in a statistical manifold (labelled by the elements of the mean vector # and covariance matrix X) and the
entropy production.

While IL defines the length of the path that the PDF takes over time, it comes from the integration of the
information rate I' value. Such quantity was also presented as a way to quantify abrupt changes in stochastic
dynamics. Considering a case study of a non-autonomous second-order SDE, simulations showed that I was
able to predict abrupt changes in the covariance matrix which were artificially induced via an impulse-like
function over the noise amplitude. Furthermore, information rate was able to measure perturbations which
do not affect entropy in comparison to entropy-based measures such as information flow. In the same context,
the thesis also presented different information-based correlation measures that can be applied to quantify the
effects of perturbations over the multiple variables of an SDE while describing the interconnection structure
within the system’s variables. The proposed correlation coefficients were compared against the classical
Pearson and mutual information coefficients, again, proving its advantage when detecting perturbations
which do not affect the entropy of the system because information geometric measures also depend on the
mean value vector ¢ dynamics.

Inspired by possible applications to optimal mass transport and energy efficiency design, the work
additionally presented the computation of IL's geodesic to obtain the minimum information variability
evolution of the stochastic dynamics. The geodesic is obtained via the MPC algorithm consisting of an
on-line optimisation procedure. Hence, the algorithm would permit us to obtain a minimum information
variability path in real-time. In the results, we showed the effects that MPC has on the closed-loop stochastic
thermodynamics indicating that the algorithm produces entropy to maintain the system out of equilibrium in
a desired state while reducing the entropy rate. Comparing the MPC results with the previous study of IL
geodesic in the O-U process [64], we concluded that the MPC method does not give us a hyperbolic behaviour
in the variance of the O-U process as the analytical solution presented in [64].

Finally, we explored the application of IL diagnostics to problems where the data are given in the form
of time series. Specifically, we considered a case study of the kinetic energy variability of the Nordic power
system. The results showed that IL and information rate can help us to identify the variability along the
seasons and evaluate the months where the kinetic energy fluctuations have abrupt events. In the same study,
we proposed a forecasting algorithm that uses the IL metric to predict future kinetic energy fluctuations in an
hour-ahead horizon, enabling the power system manager to adjust energy generation settings accordingly.

In this manner, we consider that the presented research was able to propose starting points in the pursuit of
creating integrated automatic systems whose final purpose is to produce dynamics with minimum statistical
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variability while giving a diagnosis of entropic measurements and perturbation effects.

VIl.2  Future work

As part of future work, we plan integrating our results with current machine learning methods (ML) to
enhance the performance of any autonomous system. For example, let us consider the illustration shown
in Figure VIL.1, where a mechanism (in this case an android) has the task of balancing a bar by placing
it at an angle of 9go° with the vertical while obtaining feedback information through a camera. Present
literature proposes techniques such as reinforcement learning [173] or active inference [174] to process
feedback information which we may combine with IL to infer the actions that will allow us to achieve our
goal.

Figure VIL1: Information-based
A information

pe set-point autonomous system. An android
Q' * ; receives information via a sensor

(in this case a camera) to infer

Task 0: which actions to take in order to
contro balance a bar by placing it at an

angle of 0° or 180° with the ver-

tical, depending on how you ori-
ent the axis.

Another example of future work where our results can be combined with ML methods lies on detecting
perturbations in data-driven systems. Specifically, we can improve the forecasting and computation of IL from
time series presented in VI since computing information geometry from time series improves the performance
of decision making systems, autonomous robots (as in the previous example), or mathematical modelling.

Finally, our results can be extended to any stochastic process by applying histograms instead of kernel
density estimators in our algorithms. For instance, we can modify the MPC method to create histograms
from the SDE solution in a parallelised computational process. Then, from the histograms, we compute a
prediction of the IL to solve the optimisation and control problem.
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